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Motivation

Contexte
I Etude et dimensionnement de machines tournantes
I Géométrie parfois complexe

⇓

Turboalternateur EDF

Développement d’outils dans logiciel EF

I Choix de Cast3M ⇒maîtrise et pérennisation
I Analyses modales (modes R et C) et harmoniques (balourd ...)
I Modélisations : poutre/2D Fourier/3D,

massif/coque,
isotrope/orthotrope ...
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Motivation

Présence de composants au caractère rapidement non-linéaire
(paliers, squeeze-film ...)

⇒Analyses non-linéaires nécessaires !

I Intégration temporelle
I Analyses dans le domaine fréquentiel (HBM)
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Intégration temporelle
Equations of motion

Rotor in rotating frame
[M]ü′ + [ΩG + Cvisc ]u̇′ + [Kelas + Ω2Kcent + K(σ0)]u′ = F ′ext

Linking rotating and non-rotating
frame (

U1
U2
U3

)
=

[
1 0 0
0 cos Ωt − sin Ωt
0 sin Ωt cos Ωt

]
·

(
U1′

U2′

U3′

)
U = R(Ωt) · U′

A Lagrange multiplier Λ is introduced :(
0 −I R
−IT 0 0
RT 0 0

)
·

[
Λ
U
U′

]
=

(
0
0
0

)
L(Ωt) · q = 0
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Intégration temporelle

The Newmark scheme
ün+1 =

1
β∆t2

(un+1 − un)−
1

β∆t
u̇n + (1−

1
2β

)ün

u̇n+1 =
γ

β∆t
(un+1 − un) + (1−

γ

β
)u̇n + ∆t(1−

γ

2β
)ün

Schemes properties
Scheme γ β ∆tc/∆te

Central difference 1/2 0 2
Fox and Goodwin 1/2 1/12 2.45
Linear acceleration 1/2 1/6 3.46
Average acceleration 1/2 1/4 ∞

Modified average acceleration 1/2 + α 1/4(1 + α)2 ∞
Runge-Kutta 4 - - 2

√
2

Fu-De Vogelaere - - 2
√
2
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Intégration temporelle
Newmark average acceleration method (implicit)

Application to a linear 4-dof stator-rotor test problem

stator rotor

Equation of motion
Kq + Cq̇ + Mq̈ = F

+ Kinematics constraint
L(Ωt)q = 0

avec : qT =
(
λy λz uy uz u′y u′z

)
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proved to maintain the value of the critical time step.
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K =


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Intégration temporelle
Newmark average acceleration method (implicit)

Results of the 4-dof test problem
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⇒instability of the “unconditionally stable scheme” !
⇒Lagrange multipliers are suspected...
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Intégration temporelle
Newmark average acceleration method (implicit)

After long thinking...

Cardona, A., & Geradin, M. (1989). Time integration of the equations of motion in mechanism analysis.
Computers & structures, 33(3), 801-820

“Newmark trapezoidal rule is unconditionally unstable in the presence of constraints”
(analysis based on the computation of the eigenvalues and eigenvectors of the
amplification matrix A of a constrained system)
⇒Proposed solution : use time integrator with controlled numerical damping.

12 / 40
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Intégration temporelle
Implicit schemes with numerical damping

Hilber-Hughes-Taylor and α-generalized methods
(1− αm)Mün+1 + αmMün + (1− αf )Cu̇n+1 + αf Cu̇n + (1− αf )Kun+1 + αf Kun

= (1− αf )F ext
n+1 + αf F ext
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Intégration temporelle
Implicit schemes with numerical damping

Results of the 4-dof test problem
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, No more instability
Small dependance of the solution to the numerical damping
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Intégration temporelle
Newmark central difference method (explicit)

I Test case of Zhu et al.

and w0 =
√

kshaft/mdisc

I Unbalance force
I Nonlinear force:

due to pressure distribution in squeeze-film (short bearing assumption):

p(θ, z) = − 6µC
h3

(
L2
4 − z2

)(
ε̇ cos θ + εφ̇ sin θ

)
with h = C(1 + ε cos θ)

I Goal = determine the response for every speed of rotation Ω
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⇒ An alternative would be the computation of the nonlinear

response in frequency domain...
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HBM
Intégration dans Cast3M

3Pb to solve:
−r = Mü + Cu̇ + Ku − f nl (u̇, u)− f ext = 0

⇒discretization, model definition,
boundary condition, loading,
eigenmodes basis, ...

3Fourier serie decomposition:
u(t) = U0 +

∑
k=1..H Uk cos kωt + Vk sin kωt

−R(U, ω) = Z(ω)U− Fnl (U)− Fext = 0
⇒HBM procedur

3Continuation solving method:

Solution n 

⇒CONTINU + AFT procedur

3Stability analysis (Floquet exponents with
Hill’s method):[

∆0 + λ∆1 + λ2∆2
]

Ũ = 0
⇒FLOQUET procedur
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Ũ = 0
⇒FLOQUET procedur

26 / 40



HBM
Intégration dans Cast3M

3Pb to solve:
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HBM
Duffing oscillator

I Duffing equation of motion:
ü + 2ξω0u̇ + ω2

0u + µu3 = pω2
0 cosωt

Fixed values: ξ = 5%, ω0 = 1 and p = 0.5.
Continuation with respect to ω.
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HBM
Forced Van der Pol oscillator

I Forced Van der Pol equation of motion:
ü − α

(
1− u2

)
u̇ + u = p cosωt

Fixed values: α = 1% and ω = 1. Continuation with respect to p.
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HBM
Forced Van der Pol oscillator

I Phase portrait for p = 0.5:
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Numerical Tracking of Limit
Points for Direct Parametric
Analysis in Nonlinear
Rotordynamics
A frequency-domain approach for direct parametric analysis of limit points (LPs) of non-
linear dynamical systems is presented in this paper. Instead of computing responses
curves for several values of a given system parameter, the direct tracking of LPs is per-
formed. The whole numerical procedure is based on the harmonic balance method
(HBM) and can be decomposed in three distinct steps. First, a response curve is calcu-
lated by HBM combined with a continuation technique until an LP is detected. Then this
starting LP is used to initialize the direct tracking of LPs which is based on the combina-
tion of a so-called extended system and a continuation technique. With only one computa-
tion, a complete branch of LPs is obtained, which provides the stability boundary with
respect to system parameters such as nonlinearity or excitation level. Several numerical
examples demonstrate the capabilities and the performance of the proposed method.
[DOI: 10.1115/1.4032182]

1 Introduction

Generally speaking, the rotating systems utilized in the energy
production have a small rotor–stator gap, are able to run during
long periods, and are mounted on hydrodynamic bearings.
Rotor–stator interactions in case of blade loss, crack propagation
due to fatigue, and a variable stiffness due to the nonlinear restor-
ing forces of the bearings can make the rotordynamics nonlinear
and the responses complicated: significant amplitude and fre-
quency shifts are introduced, sub- and super-harmonics appear,
and hysteresis occur. It is of great importance to understand, pre-
dict, and control this complicated dynamics. For low cost, repeat-
ability, and operability reasons, this is commonly achieved by
means of numerical simulation. The literature comprises a lot of
numerical investigations for various nonlinear properties, such as
rotor–stator contact [1,2], crack breathing [3,4], hydrodynamic
bearings [5,6], on-board rotor mounted on hydrodynamic bearings
[7], etc.

In order to compute solutions to such problems, time integra-
tion methods are commonly used. However, for steady-state peri-
odic solutions, specific methods such as the shooting method [8]
or the frequency-domain HBM [9,10] are preferred owing to their
higher computational efficiency. Determining the local stability of
a periodic solution is particularly interesting in an engineering

context since only stable solutions are experimentally encountered
[11]. Moreover, a change in the stability can lead to significant,
qualitative, and possibly dramatic changes in the system response.
Bifurcations that indicate regime changes are largely studied
[12,13]. Efforts have been previously made by researchers for
accurate detection of bifurcation points which include fold bifur-
cations (LPs) and branch point (BP) bifurcations. Since the Jaco-
bian matrix becomes singular at these points, most of the
proposed methods use this characteristic as additional constraint
in so-called augmented systems defining bifurcation points
[14–16].

At the design stage, a particular attention must be paid to the
influence of parameters. A parametric analysis is often performed
in order to find the best parameters that meet operating require-
ments and lead to optimal run. For instance, choosing appropriate
parameters can avoid dangerous resonance phenomena by moving
the resonance frequencies out of the operating frequency range or
by decreasing the resonance amplitudes to acceptable levels. In
vibration analysis, the resonance levels and frequencies are of pri-
mary interest in forced response investigations. Many works aim
at finding the peak amplitudes in nonlinear dynamical systems.
Petrov [17,18] applied the HBM to compute the worst vibration
cases of bladed disks with friction contact interfaces. In Ref. [19],
Liao combines the shooting method and Floquet theory along
with a global search algorithm to determine the resonant peak of
nonlinear systems.

When stability is the main design criteria, such a parametric
analysis is commonly achieved by computing a stability chart
which contains the various stability boundaries of the system with
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a periodic solution is particularly interesting in an engineering

context since only stable solutions are experimentally encountered
[11]. Moreover, a change in the stability can lead to significant,
qualitative, and possibly dramatic changes in the system response.
Bifurcations that indicate regime changes are largely studied
[12,13]. Efforts have been previously made by researchers for
accurate detection of bifurcation points which include fold bifur-
cations (LPs) and branch point (BP) bifurcations. Since the Jaco-
bian matrix becomes singular at these points, most of the
proposed methods use this characteristic as additional constraint
in so-called augmented systems defining bifurcation points
[14–16].

At the design stage, a particular attention must be paid to the
influence of parameters. A parametric analysis is often performed
in order to find the best parameters that meet operating require-
ments and lead to optimal run. For instance, choosing appropriate
parameters can avoid dangerous resonance phenomena by moving
the resonance frequencies out of the operating frequency range or
by decreasing the resonance amplitudes to acceptable levels. In
vibration analysis, the resonance levels and frequencies are of pri-
mary interest in forced response investigations. Many works aim
at finding the peak amplitudes in nonlinear dynamical systems.
Petrov [17,18] applied the HBM to compute the worst vibration
cases of bladed disks with friction contact interfaces. In Ref. [19],
Liao combines the shooting method and Floquet theory along
with a global search algorithm to determine the resonant peak of
nonlinear systems.

When stability is the main design criteria, such a parametric
analysis is commonly achieved by computing a stability chart
which contains the various stability boundaries of the system with
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lated by HBM combined with a continuation technique until an LP is detected. Then this
starting LP is used to initialize the direct tracking of LPs which is based on the combina-
tion of a so-called extended system and a continuation technique. With only one computa-
tion, a complete branch of LPs is obtained, which provides the stability boundary with
respect to system parameters such as nonlinearity or excitation level. Several numerical
examples demonstrate the capabilities and the performance of the proposed method.
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1 Introduction

Generally speaking, the rotating systems utilized in the energy
production have a small rotor–stator gap, are able to run during
long periods, and are mounted on hydrodynamic bearings.
Rotor–stator interactions in case of blade loss, crack propagation
due to fatigue, and a variable stiffness due to the nonlinear restor-
ing forces of the bearings can make the rotordynamics nonlinear
and the responses complicated: significant amplitude and fre-
quency shifts are introduced, sub- and super-harmonics appear,
and hysteresis occur. It is of great importance to understand, pre-
dict, and control this complicated dynamics. For low cost, repeat-
ability, and operability reasons, this is commonly achieved by
means of numerical simulation. The literature comprises a lot of
numerical investigations for various nonlinear properties, such as
rotor–stator contact [1,2], crack breathing [3,4], hydrodynamic
bearings [5,6], on-board rotor mounted on hydrodynamic bearings
[7], etc.

In order to compute solutions to such problems, time integra-
tion methods are commonly used. However, for steady-state peri-
odic solutions, specific methods such as the shooting method [8]
or the frequency-domain HBM [9,10] are preferred owing to their
higher computational efficiency. Determining the local stability of
a periodic solution is particularly interesting in an engineering

context since only stable solutions are experimentally encountered
[11]. Moreover, a change in the stability can lead to significant,
qualitative, and possibly dramatic changes in the system response.
Bifurcations that indicate regime changes are largely studied
[12,13]. Efforts have been previously made by researchers for
accurate detection of bifurcation points which include fold bifur-
cations (LPs) and branch point (BP) bifurcations. Since the Jaco-
bian matrix becomes singular at these points, most of the
proposed methods use this characteristic as additional constraint
in so-called augmented systems defining bifurcation points
[14–16].

At the design stage, a particular attention must be paid to the
influence of parameters. A parametric analysis is often performed
in order to find the best parameters that meet operating require-
ments and lead to optimal run. For instance, choosing appropriate
parameters can avoid dangerous resonance phenomena by moving
the resonance frequencies out of the operating frequency range or
by decreasing the resonance amplitudes to acceptable levels. In
vibration analysis, the resonance levels and frequencies are of pri-
mary interest in forced response investigations. Many works aim
at finding the peak amplitudes in nonlinear dynamical systems.
Petrov [17,18] applied the HBM to compute the worst vibration
cases of bladed disks with friction contact interfaces. In Ref. [19],
Liao combines the shooting method and Floquet theory along
with a global search algorithm to determine the resonant peak of
nonlinear systems.

When stability is the main design criteria, such a parametric
analysis is commonly achieved by computing a stability chart
which contains the various stability boundaries of the system with
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1 Introduction

Generally speaking, the rotating systems utilized in the energy
production have a small rotor–stator gap, are able to run during
long periods, and are mounted on hydrodynamic bearings.
Rotor–stator interactions in case of blade loss, crack propagation
due to fatigue, and a variable stiffness due to the nonlinear restor-
ing forces of the bearings can make the rotordynamics nonlinear
and the responses complicated: significant amplitude and fre-
quency shifts are introduced, sub- and super-harmonics appear,
and hysteresis occur. It is of great importance to understand, pre-
dict, and control this complicated dynamics. For low cost, repeat-
ability, and operability reasons, this is commonly achieved by
means of numerical simulation. The literature comprises a lot of
numerical investigations for various nonlinear properties, such as
rotor–stator contact [1,2], crack breathing [3,4], hydrodynamic
bearings [5,6], on-board rotor mounted on hydrodynamic bearings
[7], etc.

In order to compute solutions to such problems, time integra-
tion methods are commonly used. However, for steady-state peri-
odic solutions, specific methods such as the shooting method [8]
or the frequency-domain HBM [9,10] are preferred owing to their
higher computational efficiency. Determining the local stability of
a periodic solution is particularly interesting in an engineering

context since only stable solutions are experimentally encountered
[11]. Moreover, a change in the stability can lead to significant,
qualitative, and possibly dramatic changes in the system response.
Bifurcations that indicate regime changes are largely studied
[12,13]. Efforts have been previously made by researchers for
accurate detection of bifurcation points which include fold bifur-
cations (LPs) and branch point (BP) bifurcations. Since the Jaco-
bian matrix becomes singular at these points, most of the
proposed methods use this characteristic as additional constraint
in so-called augmented systems defining bifurcation points
[14–16].

At the design stage, a particular attention must be paid to the
influence of parameters. A parametric analysis is often performed
in order to find the best parameters that meet operating require-
ments and lead to optimal run. For instance, choosing appropriate
parameters can avoid dangerous resonance phenomena by moving
the resonance frequencies out of the operating frequency range or
by decreasing the resonance amplitudes to acceptable levels. In
vibration analysis, the resonance levels and frequencies are of pri-
mary interest in forced response investigations. Many works aim
at finding the peak amplitudes in nonlinear dynamical systems.
Petrov [17,18] applied the HBM to compute the worst vibration
cases of bladed disks with friction contact interfaces. In Ref. [19],
Liao combines the shooting method and Floquet theory along
with a global search algorithm to determine the resonant peak of
nonlinear systems.

When stability is the main design criteria, such a parametric
analysis is commonly achieved by computing a stability chart
which contains the various stability boundaries of the system with
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contact with friction

h

36 / 40



HBM
2. Suivi des points de bifurcation

2. Suivi des points de bifurcation
New unknown : parameter α
Prediction : along φ
New equation (correction steps) : pseudo-arc-length equation :(

∆U ∆ω ∆α
)
·
(
δU δω δα

)T = 0

Example: Jeffcott rotor (2 dof system) submitted to
contact with friction

h

36 / 40



HBM
2. Suivi des points de bifurcation

2. Suivi des points de bifurcation
New unknown : parameter α
Prediction : along φ
New equation (correction steps) : pseudo-arc-length equation :(

∆U ∆ω ∆α
)
·
(
δU δω δα

)T = 0

Example: Jeffcott rotor (2 dof system) submitted to
contact with friction

h

36 / 40



HBM
2. Suivi des points de bifurcation

Response for µ = 0.05
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HBM
2. Suivi des points de bifurcation

Response for µ = 0.11
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HBM
2. Suivi des points de bifurcation

Response for µ = 0.20
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HBM
2. Suivi des points de bifurcation

Response for different values of µ
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2. Suivi des points de bifurcation

Limit Point tracking (new parameter = µ)
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HBM
2. Suivi des points de bifurcation

Neimark-Sacker tracking (new parameter = µ)

 0
 0.05

 0.1
 0.15

 0.2
 0.25

 0.3
 0.35

 0.4

 0

 1

 2

 3

 4

 5

 6

 7

 0
 0.05

 0.1
 0.15

 0.2
 0.25

 0.3
 0.35

 0.4

 0

 1

 2

 3

 4

 5

 6

 7

 0
 0.05

 0.1
 0.15

 0.2
 0.25

 0.3
 0.35

 0.4

Friction coefficient µ  0
 0.2

 0.4
 0.6

 0.8
 1

 1.2

Frequency ω
_
 

 0

 1

 2

 3

 4

 5

 6

 7

A
m

p
lit

u
d
e 

r/
h

Stable
Unstable

LP
NS

LP tracking
NS tracking

37 / 40



HBM
2. Suivi des points de bifurcation

LP and NS tracking

37 / 40



HBM
2. Suivi des points de bifurcation

LP and NS tracking
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Conclusions et Perspectives
HHT and α-generalized implicit schemes implemented in
Cast3M (only for linear analysis)

, Efficient explicit schemes available for nonlinear rotordynamics
in Cast3M

, Continuation + HBM + AFT + Stability analysis implemented
in Cast3M

/ limited for now to (relatively small) and forced system
, Numerical method developped to follow LP, BP and NS

bifurcations
/ Not yet implemented in Cast3M

Future : Change / into , and explore collocation method,
quasi-periodic motion computation, ...
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