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Motivation

Classical direct methods for solving Ax = b (lectures 1, 2):

® Designed for dense matrices;

® Require O(n%) arithmetic operations (except matrices with structure, e.g. band matrices)

® Require (half of) A stored.

lll-suited, or sub-optimal, for many applications:
® A may be very large (O(n?) storage, O(n®) computing work, either potentially prohibitive).
® Frequent situations involving large, sparse sparse matrices

— ODE/PDE discretization by e.g. finite elements/differences;
— Factorization (a) fills initially-zero entries, (b) involves unnecessary operations on zero entries.
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Motivation

Sometimes: A dense but has accurate enough low-rank approximation

® e.g. fast-multipole or hierarchical-matrix for large boundary element models;

® e.g. dense ill-conditioned matrices with numerical rank < n (see lecture 6).
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Motivation

Alternative approach: iterative methods:
® Define approximating sequences xg, X1, X2, ... — x solving Ax = b

® |n general, limiting process: | x = lim x |.
k— 00

® [terate a rule defining next iterate xx11 from current iterate x.

® Direct vs. iterative algorithms:
— Direct methods (e.g. LU, LDL"...) give exact result within finitely many operations;
— Iterative methods give exact result as a limit (potentially infinitely many operations)

® |n practice, happy to stop at K-th iteration giving a ‘“close enough” approximation xy.
® |deal practical goal: ||[xx — x]||/||x]|| < & for given tolerance & (impractical since x unknown!)
® Feasible practical goal: ||b — Axk||/||b]| < e

Expected advantages of iterative methods:
® Availability of (too-large, too-expensive...) A not needed; instead, use evaluations x — Ax.
® Take full advantage of matrix sparsity (if present).
® Allows working with O(n) storage.

This course (lectures 3, 4): three kinds of iterative methods for linear systems:
® Classical methods based on matrix splitting (briefly);
® Conjugate gradient method for SPD systems;

® Generalized minimum residuals (GMRES) for general square systems.
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Splitting (fixed-point) methods

Basic idea:
® Set A= A; — A, with Aj chosen as “easily invertible”;
® Define iterations Ajxy1; = Aox,+ b.
® Algebraically (not computationally!):

k
X1 = AT (b Apxk) = AT (b+ AAT N (b + Aaxi1)) - = AT DD (A2ATY) b
i=0
® Sufficient convergence condition: ||A2A;1|\ < 1| since

- - s ]
| > aeAartys| < { S 1AArt bl < -
i=0 { i=0 } 1- ||A2A1 1”

® Fixed-point iteration interpretation:
X1 = F(xx), F(x) = AT (b + Axx)

Iterations A1xx+1 = Aoxk + b converge for any initial guess xg iff p(AzAl_l) <1
(guarantees x — F(x) is contracting).
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Splitting (fixed-point) methods

Some well-known splitting-based algorithms.
Split A according to (diagonal — lower triangle — upper triangle);
® Jacobi iterations: A1 = D, Ap = L+ U.
® Gauss-Seidel iterations: Ay = D — L, A, = U.
® Successive over-relaxation (SOR) iterations: Ay = D—nlL, A» = nU+(n—1)D (n€R, n#0),
[D—nL]xks1 = [nU+ (1—n)D]xx +nb (x0: user-chosen initial guess).
— Gauss-Seidel as special case of SOR (n =1).

— Relaxation parameter 7 (tunable): helps ensure convergence or enhance convergence rates
— SOR iterations do not converge for any A, even with best 7.

Some properties of splitting-based iterations:
® If A diagonally dominant (|aji| > 3=, |aj| for each 1 <i<n), Jacobi converges for any xo.
® If A real SPD, Gauss-Seidel converges for any xp.
® Necessary convergence condition for SOR: 0 < 7 < 2 (otherwise, SOR diverges for some xp).
® If A real SPD, SOR converges for any 0 <7 <2 and any xp.

(proofs use Householder-John theorem: if A and A— B — B are real SPD, then p((A—B)™'B) < 1.
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Outlook

General observations:
® Splitting-based iterations very useful for specific classes of problems;
® Convergence not guaranteed for general A;
® Some methods rely on triangular systems, hence unsuitable if A large and dense.

By contrast: CGM and GMRES (i) always converge, and (ii) do not need matrix storage.

Alternative: iterative solution algorithms based on quadratic minimization. This course:
® General observations, inadequacy of steepest-descent
® SPD systems and conjugate gradient method (CGM)
® Krylov spaces
® General square systems and generalized minimal residuals (GMRES, Krylov-based)

® Krylov space interpretation and convergence of CGM
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SPD systems and quadratic minimization

Quadratic minimization viewpoint for SPD systems (uniquely solvable using LDLT /Cholesky).
® let Ac R"" SPD, b € R". Quadratic minimization problem

min J(x) := %XTAX —x"b+c
xERN

has a unique solution x* (A SPD = J(x) strictly convex).
® Solution found from 1st order necessary condition
VJ(x*)=0, ie Ax*=b
® Since A SPD: eigenvalues A1 > X2 ... >\, >0, condition mumber k2(A) = A1/An.

® Since A SPD: energy norm and scalar product
X% == x"Ax | Aallxll2 < [|x[la < Axllx]l2, (v, x)a = yTAx|.
® With these definitions:
J(x) = %foA’IbHi + cste
(will be used to interpret/assess CGM).
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SPD systems and quadratic minimization

General form of unconstrained gradient-based minimization (data

® |nitialization: x = xg

® |terations k = 0,1,2,... until convergence:

(i) Choose descent direction py € R" (must verify p} VJ(xx) < 0);
(ii) 1D minimization along descent direction (line-search), here in closed form:

T
r

ty = arg min {j(t) = J(xk +tpk)} = I.T.k k re := b — Axy: current residual.

>0 Py APk

(iii) Solution update:

Xk+1 '= Xk + tkPk-
® Convergence test, e.g. on relative residual: is ||b — Ax||/||b]| < & reached?

Crucial ingredient: method defining descent direction py for each iteration.

: A, b and tolerance ¢):

Méthodes numériques
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SPD systems and quadratic minimization

® Natural choice: pyx := —VJ(xx) (steepest, i.e. initially-fastest, descent direction from xy)

® However, turns out to be inefficient:

k2(A) — 1
e < ( ra(A) + 1

k
) €0,

with g :=||xx —x*||a

Say k2(A) = 100, then e, < (99/101) e, takes 100s of iterations to reach e, <10 3eg

2
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SPD systems and quadratic minimization

Example: |Ax=b  with A= [g Z] , b= {_82} (A1 =7, o = 2, 2(A) = 7/2).

Solution x* = {2, —2}T: 19 (resp. 43) iterations for ||b— Ax||/||b|| <10~* (resp. 10719).
Theoretical rate e, < (5/9) ey, predicts 16 (resp. 39) iterations.
2

1
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Conjugate gradient method (CGM)

Congugate gradient heuristics.
® Each p, A-orthogonal (“conjugate”) to all previous directions:
(pj,pk)A =0 forall j<k.

Heuristic idea: each new pj in an unexplored direction of R”

® Algorithm derivation: try xo = 0 (so rp = b) and py = ro (k=0), then

Pk = rk + Bkpk—1 + Bk—1Pk—2 + ... + B1po (rk :=b—Axx = =V J(x) :

pk: ‘“corrected” steepest-descent made A-orthogonal to all previous ones.

® |nduction on k then gives 1 = ... = [x_1 =0 and
| Xk41 = Xk + Q1P Pk = rk + BrPk—1, rk+1 = rk — agApk |
Me—1"k—1 ek
A1 = ——————, Bk=—"—-
(Pk—LPk—l)A Me_1Mk—1

(see details in lecture notes)
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Conjugate gradient method (CGM)

Algorithm 4 Conjugate gradient algorithm for SPD problems (explanatory form)

1. A€ R"™" SPD and b € R" (problem data)
2 x0=0,rnn=>b p=nr (initialization)
3 for k=1,2,... do

4 qr_1= Apk_1 (matrix-vector product)
T
r,_1rk—1 .
5. oy = ’;17 (optimal step)
Pr_19k—1
6: Xk = Xk—1 + QpPr—1 (solution update)
7 k= rk_1— Qkqk_1 (residual update)
T
rrre . -
8 Bk = Tki (conjugacy coefficient)
Fe—1Tk—1
9 px = rc + PBrPr_1 (descent direction for next iteration)

10: Stop if convergence, set x = xi
11: end for

Optimality property of CG iterates
Residual ry1; := b—Axj orthogonal to all previous directions: pjTrk_H =0 (0 <j < k). Therefore:
® Xi+1 minimizes J(x) over span(py, ..., px) (not just along current py).

® CGM must converge in at most n iterations (since span(po, ..., Ppp—1) =R" then)
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Conjugate gradient method (CGM)

Algorithm 5 Conjugate gradient algorithm for SPD problems (practical form)

1. A€ R"™" SPD and b € R" (problem data)
2x=0,r=bp=r (initialization)

3: for k=1,2,... do

4 q=Ap matrix-vector product)

(

y=p'q (auxiliary coefficient)
a=(r"r)/y (optimal step)
x=x+ap (solution update)
r=r—agq (residual update)
B=(r"r)/ay (conjugacy coefficient)

100 p=r+8p (descent direction for next iteration)
11: Stop if convergence, return solution x

12: end for

© ® N oT

® One matrix-vector product / iteration (usually main computing effort)

® If prefer some xp # 0, set x = x" +xg (Ax’ = b—Axp), start from x} =0
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Example: CGM in finite element analysis (plate in compression)

® 4410 DOFs, stiffness matrix K is SPD, sparse,

renumbering!)
® nonzeros in K (upper part only): 32263 (net), 386015 (within profile), 641802 (within

bandwidth)

MB, A. Frangi, C. Rey, The finite element method in solid mechanics (Mc Graw Hill Education, 2014)
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Example: CGM in finite element analysis (plate in compression)

— relative residual norm
10° — relative solution accuracy

| | | I | | |
100 200 300 400 500 600 700

CG iteration number

S}

Relative solution accuracy 107° (relative to direct solver) reached after about 300 iterations (7%
of matrix size)

M. Bonnet, L. Faria (POems, ENSTA) Méthodes numériques icil é 16 / 26




Krylov spaces

Revisit splitting methods:

® Consider (simplistic) splitting A =1+ (A—1) and iterate:
k1 +(A=Dxk=b ie. xxr1=b+xk—Axx, x=0, x1=5b

(method not recommended for applications: converges only if p(A—1) <1!)

® By induction: | x; € span(b, Ab, A%b,...,A"1b), k=1,2,...

® Similar observations apply to other splitting methods.

Definition: Krylov subspace

Let Ac K" " beK". For any k < n, define the Krylov subspace Ky = K (A, b) as
Kk(A, b) := span(b, Ab, A%b, ..., Ak"1p).

® Krylov subspaces are nested: k < ¢ — Ky C K,.

® Krylov basis vectors generated by matrix-vector products w — Aw;

® we Kk(A b) < w = p(A)b for some polynomial p of degree k —1.
Krylov spaces integral to many iterative solution methods (link matrix equations to matrix
polynomials)

® Concept of Krylov space underpins many other iterative methods (in particular GMRES)

® Conjugate gradient method (CGM) introduced (previous lecture) following heuristic argument

Concept of Krylov space will porovide insight into CGM (e.g. convergence rate estimates)
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Krylov spaces

Characteristic polynomial, minimal polynomial

® Characteristic polynomial py of A€ K"*": | pa(A) = det(A—AI) | (pa has degree n)
® Ps(A) =0 for any A€ K"*" (Cayley-Hamilton theorem)
® Minimal polynomial ga of A€ K"*": polynomial g4 of smallest degree such that ga(A) = 0.

Krylov subspace sequences may stagnate:
® One may have Cy(A, b) = Ky41(A, b) for some £ < n.
® Krylov subspaces then stationary: Ky(A, b) = Kp11(A, b) = Kei2(A,b) = ... = Kn(A, b).
® Grade of b with respect to A: smallest £ such that ICy(A, b) = K¢y1(A, b)
® Exists ga.p such that ga.,(A)b = 0 (minimal polynomial of b with respect to A), with

£ = degree(qa.p) < degree(qa) .

We still need/want iterative solvers for general square invertible systems. Krylov spaces will help! J
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GMRES

We still need/want iterative solvers for general square invertible systems. Krylov spaces will help! )

® Generalized Minimal RESiduals (GMRES) for Ax = b, A€ K"*" any invertible matrix

® Basic idea:

X, = arg min ||b— Ax||? (x1 € K1(A, b), xo € K2(A,b) DK1(A,b)...)
xEK(A,b)

Iterates (i) minimize system residual, (ii) are sought in Krylov spaces of increasing dimension
® Naive implementation: set
xx = agb + a1 Ab + ... + ax_1AK"1b yi i= {ag,...,ax_1}" unknown)
Define Krylov matrix Ky := [b, Ab, ...Ak_lb] € K<k then:
Yk := arg min ||b — (AK))ykll3 (least-squares problem of size n X k)
y€EKK
® Practical issues:

— Krylov vectors b, Ab, A%b . . . increasingly collinear (converge to eigenvector for A;(A))
Makes GMRES potentially ill-conditioned
— Least-squares problem for k-th iteration: QR factorization (say) needs O(nk?) operations.
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GMRES

® Practical issues:

— Krylov vectors b, Ab, A%b . . . increasingly collinear (converge to eigenvector for A1 (A))
Makes GMRES potentially ill-conditioned = orthogonalization

— Least-squares problem for k-th iteration: QR factorization (say) needs O(nk?) operations
—> decompose A, recursive least squares problems

Both issues solved by (recursive) Arnoldi iteration.

® Principle: construct orthonormal vectors g1, g2, ... € K" such that for each Kk =1,2,...

AQr = QuiiHk |, ie. Algr ... gkl =[q1 -+ Gk, Gry1]Hx, (5)

h11 h12 hlk
ho1 h22
H, = e KKTXk  (upper Hessenberg matrix)
hi k-1 hk
0 hit1,k
(6)
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Arnoldi iterations

Column-by-column enforcement of equality

Algr - ad =[a1 --- ak, Gr+1] :
hic k-1 Bk
0 hrt1,k

g1 arbitrary unit vector, then enforce orthonormality of q1, g2, g3, . ..

column 1:  Aqi = h11q1 + ha1g2 = h11, ho1, @2
(q'q2 =0, llg2ll =1)
column 2:  Agy = h1aq1 + haoga + h32g3 = hi12, h22, h32, g3
(a3 =q5q3 =0, |lg3]| =1)
column 3:  Ags = h13q1 + h23q2 + h33q3 + hazqs = hi3, ha3, h33, haz, qa
(afqs=qbas =d5qa =0, [lqal| =1)...

By induction: gy € span(qi1, Aqi, ..., AK"1qy) for k =1,2,3...
span(q1, G2, - - -, k) = span(qu, Aqi, . . ., AA71q1) = Ky(A, b)
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Arnoldi iterations: algorithm

Algorithm 6 Arnoldi iterations

1. A€ K"™" and b € K" (problem data)

2: q1 = b/||b|| (initialization)

3: for k=1,2,... do

4 gre1 = Aqk (new Krylov vector: initialize qx41)
5. for j =1 to k do

6: hjy = qj'?'qk+1 (entry in k-th column of Hy)

7: k+1 = Gk+1 — hjkq; (update (not yet normalized) vector qy1)
8. end for

9 higik = |lgrsll (last entry in k-th column of Hy)
100 Gig1 = Ghrr/ ekl (normalize qyy1)

11: end for

Note: to solve Ax = b, Arnoldi started with g1 = b. Then:
® span(q1, Aqi, ..., A" 1q1) = span(q1, g2, ..., qx) = Ki(A, b) for k=1,2,3...

® allows to seek xx as xx = Qryk
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Apply Arnoldi iterations to GMRES

® Set xx = Qiyk foreach k=1,2,3...
® Use AQx = Qk+1Hk in residual ||b — Ax||2:

[b— Axcll5 = [[b— AQuy«ll3
= |lb— Qui1Hiyl3
= |Q} 16 — Hiykl3

=Ber — Hiwkll3 (B :=[bll, 1 = b/B) =>|yx = arg mkin |Ber — Hiyll5
y€eK

o H, € KKtDxk (compare with AK) € K"%k)
® step k of GMRES requires q41 and k-th column of Hy, i.e. one Arnoldi iteration

Algorithm 7 GMRES algorithm with Arnoldi iterations

1. A€ K"™" and b € K" (problem data)

22 x=0,B=|bl, g1 =b/8 (initialization)

3 for k=1,2,... do

4:  Step k of Arnoldi iteration (see Algorithm 6)

5. Find y €KX, ||Ber — Hyyl||3 — min (least squares problem)
6:  x = Quy (current solution)

7 Stop if convergence, return x

8: end for
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GMRES

® |nitialization: x =0, 8 = ||b||, q1 = b/S
® |teration 1: Arnoldi step = hi1, ho1, g2, then

2
Bl _ | {a1}|| — min; X1 := qra1
0 ho1
Iteration 2: Arnoldi step = hi2, hao, h32, g3, then
- 2
B hi1 hi2 o
00— |ha h2 al — min; X2 1= qiroq + gaa
0 0  hgp| \P?
Iteration 3: Arnoldi step = hi3, ho3, i27337 h43, ga, then
B hi1 hi2 his
0 bt hyy hos| ) .
of " |o e s [e %] — min; X3 1= q1a1 + Qa2 + q3as3
o] o 0 hyl\®

and so on (you get the picture). ..
® Size of least-squares problems grows with the iterations
® Restarted GMRES: run m (50—100) iterations, then stop, fetch xp, and restart with xp := xp
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GMRES as polynomial approximation problem

® Key observation: xx € Ki(A, b), so | xx = q(A)b | for some degree-(k — 1) polynomial g

® Let Px = { p polynomial of degree k, p(0) =1}
Then: residual: r, := b — Ax, = (1 — Ag(A))b and 1 — Xq(X) € Py
® Defining least-squares problem for GMRES:

Find x, € K", ||b — Ax|? — minimum

< Find px € Px, ||pc(A)b]Z — minimum (i.e. pi = arg min Hp(A)bng)
PEPk

Convergence of GMRES iterates

® Since pa(A) = 0, GMRES must converge after at most n iterations.

® If £ is the grade of b relative to A, GMRES converge after ¢ iterations to x; with b — Ax, = 0.

® Minimizing polynomial py verifies ||rk|| = ||px(A)b| = | el < ek (A)IB]| |
How small can ||px(A)||2 be for a given matrix A?
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GMRES as polynomial approximation problem

® How small can ||px(A)||2 be for a given matrix A?
® Relatively simple analysis for A diagonalizable: assume
A= XAX"1 X € K™" A =diag(A1,...,An)
Then:
p(A) = Xp(M)X™1 (= xdiag(p(M1), - - -, p(An)) X 1)

Il oy = 1xpmyx 1)

bl =
SIXIXH{ _swe 1O =s00{ s 1o}

=A1,..2n

Fast convergence of GMRES if can find px € Py whose size on A decreases quickly with degree k.
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GMRES as polynomial approximation problem: eigenvalue clustering

Favorable situation: assume A1, ..., \, evenly distributed in D(zo, r), |zo| > r.
Im(\) Im(X\
f
20 R(‘Q)
D(z0,7) \\/D(Zm r)
Re(\)
FAST SLow

Approximate minimizing polynomial: try px(z) = (1 — z/zo)k (satisfies p(0) = 1).

K
Then: sup  |pk| = (L) . residual reduced by factor r/|zp| <1 (or less) at each iteration

z€D(zy,r) |ZO|

Eigenvalues of A tightly clustered away from 0 —> fast convergence of GMRES

® By contrast: eigenvalues of A clustered around 0 = slow convergence of GMRES.

® Preconditioning: replace Ax = b by equivalent system with eigenvalues clustered away from 0.
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Example (complex non-symmetric system)

Complex unsymmetric square system (from BEM model of wave scattering by obstacle), n = 2520

0,02
« cigenvalues of A in complex plane
o —t e
- -
. LI -
-0,02
. -
< . Lt
£ 004 .
= . - -
. .
.
006
.
-0,08
.
1 | 1 1 1
0,04 0,02 o 0,02 0.04 0,06

Re(L)

Original system Ax = b; shifted system (A+ol)x=b’

M. Bonnet, L. Faria (POems, ENSTA)

relative residual

— *good’ shift (eigv. clustering away from origin)

— “bad’_shift (cigv. clustering around origin)

|
0 50 100 150 200

GMRES iteration
numériques

I
250 300

(with b’ = b=0x to keep same solution!)
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Krylov-space interpretation of conjugate gradient method

Recall CGM is minimization algorithm for J(x) := %XTAX —x"b+c

Recall main steps of CG algorithm: xo = 0, ro = b, pg = rp, then:
Xk = Xk—1 + QkPr—1, rk = r—1 — akApk_1, Pk = rk + BrPk—1
Induction: x, € Kx(A, b), implies ry, = b — Axx € Ki11(A, b)

Since A SPD: energy norm and scalar product

xTAx | Anlixllz < llxlla < Mllix]l2, (v, x)a =y Ax |

With these definitions, minimize J(x) <= minimize energy norm of solution error:

J(x) = %Hx—A’lei + cste = %Hx—x* Hi + cste.
® Solution error e := xx — x* in a Krylov subspace (note ¢g = —x* = —A~1b):

xk € Ki(A, b) C Kip1(A,A7ID)) = Kis1(A &) = ek € Kis1(A, e0);
® For each iteration k, there exists pyx € Pi such that e, = px(A)ep, and

min x—A"1p|? — min Aen |12
xEK 4 (A,b) I 2 fin lp(A)eolla
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Krylov-space interpretation of conjugate gradient method

min x—A~1pl? <= min A 2
L I s min llp(A)eolla

® A= QAQ" with Q orthogonal (since A SPD).
® Expand g = qi€1 + ... gnen = Qeg; then:

llp(A)eol4 eT(Qp(/\)oT)QAQT(op(A)QT)eo =T (p(MAp(A) e

Zs)\ p(A)]?

® Upper bound of relative solution error:

lp(A)eoll 2
o <A max [p(A)
leoll3 AT, [P
® Estimate convergence rate of CGM via polynomial minimization problem:
. A Ao A
A } | n 2
i L s, POV} ;
® Solution is known from interpolation theory:
1 2X A1+ A
V) = =Ty ) =2ty
Tk(7) )‘1 - >\n A1 - )\n

(Tk(t): Chebyshev polynomial, Ty (cos®) = cos(k))
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Krylov-space interpretation of conjugate gradient method

1 2\ M+ k41
N=——Ti(v- = = >1 (k=
PN =715 (o ,\17,\,,> M_An r1 (x

® T,(t) Chebyshev polynomial:

[t| <1, t =cosf Tk (t) = cos(k6),

[t] >1 (t)_ (z +z~ ), with t:%(z—&-z*l)
® Majorization: —1 < (v — )\1 /\ ) <1, hence

2

Tk(77 ,\17,\n) <1

® Evaluate Tk('y) N\;(z—&-z )/2}th z= f.+1)/£%§—1), and hence
1 +1 1 K+1\k
Tly) = [(f+1> (f_1> } 2 \/E_1> ’

Convergence rate of the conjugate gradient method

Let A SPD with condition number k. Run k CG iters. on Ax=b. Then: lexlla

r2(A))

<2(

VE—1
VE+1

X

lleolla
llenlla « o k=L Yk
Recall ala < 2( — ) for steepest-descent (compare)
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Preconditioning

® Convergence rate of CGM, GMRES. . . strongly depends on A (e.g. eigenvalue distribution)
® Speeding up convergence essential for efficiently solving large systems

® Preconditioning Ax = b: reformulations such as
(M1 A)x = M1b (left preconditioning),

(AMR)z = b, Mz = x (right preconditioning),
(M1AM2)z = Mib, Mz = x  (symmetric preconditioning).

® Heuristic idea: find (invertible) preconditioners M; and/or M, producing equivalent systems
with better convergence properties.

® Sometimes, preconditioners in inverse form, e.g.
(Ml_lA)x = Ml_lb (left preconditioning),
(AM; 1)z =b, Mox =2z (right preconditioning).
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Preconditioning

Preconditioning largely an “art”: no general methodology, tailor to specifics of considered
application. Some common preconditioning approaches:

® Diagonal preconditioner, e.g. My = diag(aﬁl, ..., am) (left preconditioner).

® Block preconditioners (M; or M> block-diagonal) sometimes naturally suggested by problem
(multi-component physical system).

® |ncomplete (e.g. LU, Cholesky) factorizations, triangular factors sparse or otherwise easy to
invert;

® Sparse approximate inverse: sparse matrix M such that (e.g.) ||/ — MA|| — min;

® Use less-precise discretizations (e.g. multigrid methods, truncated Fourier/wavelet
expansions);
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Example: left-preconditioned GMRES algorithm

® Take left-preconditioned system of the form | M™1Ax = M~1b|

® Each Krylov basis vector of the form g1 = M™1Aqy, i.e. Mgii1 = Aqy

Algorithm 8 Left-preconditioned GMRES algorithm

1. A€ K"™" and b € K" (problem data)

22 x=0,B8=|bll, g1 =b/8 (initialization)

3 for k=1,2,... do

4 solve Mqy+1 = Aqy for qii1 (new Krylov vector: initialize qxy1)
5. for j=1to k do

6: hy = qj'."qurl (entry in k-th column of Hy)

7: Gk+1 = Gr+1 — hjkq; (update (not yet normalized) vector qx1)
8 end for

9 hig1 e = |lgrsll (last entry in k-th column of Hy)
100 Grt1 = Gier1/ Akl (normalize qy1)

11: Find y €Kk, ||ber — Hky||3 — min (least squares problem)

122 x= QQy (current solution)

13:  Stop if convergence, return x

14: end for

M. Bonnet, L. Faria (POems, ENSTA) Méthodes numériques icil é 34/26




Example: acoustic scattering by sound-hard obstacle

Boundary integral equation (u: (unknown) total acoustic field, ujn (given) incident field)

%u(x) + /5 n(y)-VG(x,y)u(y)dS(y) = Uinc(x) forall x € S (S: obstacle surface)

ciwly—xl/c
G(x,y)= — (acoustic field at y created by unit source at x)
4m|y — x|

Discretized using boundary elements on S (“finite elements on surfaces”)

, A dense, compression methods available, solved using GMRES.

2D C-shape contour

i
Darbas M., Darrigrand E., Lafranche Y. Combining analytic preconditioner and Fast Multipole Method for the 3D Helmholtz

equation. J. Comput. Phys., 236:289-316 (2013).
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Example: preconditioned BEM for scattering problem

CFIE ;k=5.8, n}\=10

0.5
0 o
T P
@© + +
Q +
> N »
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i)
© .
£ .
- _1 + * $+
-15
5 0 2 4
Real part

Eigenvalue distribution, non-preconditioned (left) and preconditioned (right) formulations

Imaginary part

CFIE+OSRC ; k=5.8, n,=10, Np=8

0.5
o X 2z
-0.5
-1
15 05 \1 15 2
Real part

Darbas M., Darrigrand E., Lafranche Y. Combining analytic preconditioner and Fast Multipole Method for the 3D Helmholtz

equation. J. Comput. Phys., 236:289-316 (2013).
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Example: preconditioned BEM for scattering problem

Sphere with cavity, nx=10

Sphere with cavity, k=7

300

GMRES iterations
- - N N
o () o [N
o o o o

o
o

= CFIE
~CFIE+FMM
- CFIE+OSRC+FMM

500
- CFIE
~CFIE+FMM

2 400 - CFIE+OSRC+FMM

£ 300

& 200

4

=

O 400

o—= -

15

20

(a) GMRES iterations vs k

(b) GMRES iterations vs ny

GMRES iteration count with/without preconditioning, vs. frequency (left) or mesh

density/wavelength (right).

Darbas M., Darrigrand E., Lafranche Y. Combining analytic preconditioner and Fast Multipole Method for the 3D Helmholtz
equation. J. Comput. Phys., 236:289-316 (2013).
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