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General considerations

® Ax = b uniquely solvable if (i) N'(A) = {0} and (ii) b€ R(A)
True for any b when m=n and A is invertible.

® Solution given by general theoretical formulas, e.g.:
xj = det(A;)/det(A), with A;:=[a1,...,aj—1,b,ai+1,...,an] (Cramer).

However, totally impractical except for very small matrices

Direct vs. iterative methods for Ax = b:

® Direct methods: compute exact solution within finitely many operations. (assuming idealized
conditions of exact arithmetic). Example: forward / backward substitution (soon).

® lterative methods: compute sequences of successive approximations (limiting process with
infinitely many operations). Examples: later.

Direct methods: usually exploit multiplicative decomposition of A into “simple” factors
(diagonal, unitary, triangular).

® This course: LU, Cholesky, QR factorizations.

M. Bonnet, L. Faria (POems, ENSTA) Meéthodes numériques icil é 2/26




Triangular systems

Systems with triangular matrices: Easy to solve numerically!

® A lower triangular: forward substitution

x1 = bi/ai1,
xo = (b2 — az21x1)/ a2,

. i—1
Xj = (bi—;a,-jxj-)/a,-i (I'Sn)

® A upper triangular: backward substitution

Xn = bn/anm

Xp—1 = (bnfl - anfl,nxn)/anfl,nflv

n

x;::(b;— > ayx ) /e (i21)

j=it1
® Forward/backward substitution: simple but essential components for many solution methods.

Backward stability of forward/backward substitution

Let A € K"%" triangular. Let X: solve Ax = b by finite-precision (forward/backward) substitution.
Then: (A4 E)X = b where E is triangular and |E| < nemach|A| (notation: [ X| = [|x;[])-

X exactly solves nearby linear system (A + E)X = b. Backward stability if A well-conditioned.
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LU factorization

For A € K" " invertible: A = LU (L, U: lower / upper triangular — may need pivoting, see later) J

Solution method:
compute A= LU, then, (i): solve Ly = b; (ii): solve Ux = y.

Gaussian elimination:

Algebraically described using elimination matrices (z € K"~11):

1
1 0 z 1
Guz) = l:z /1:| E
Zn 1

Then (zeroing-out first column below diagonal):
an u 1 0 ain ain
A= Gi(—¢ A= =
[61 AJ ’ 1{=h/am) [—él/au /n_l] [zl A [ 0 A
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Computation of LU factorization (continued)

® Zeroing-out first column below diagonal (in compact notation):
1 0 arl up
—li/an 1| |4 A2

Needs nonzero pivot: 1

A=
/1 A2

all U1:| , Gl(fél/all)A:

_ ail uy
0 A

® To continue process: more elimination matrices  Gx(z) = 1
Zp1 1
. . Zn 1
® Then (zeroing-out second column below diagonal):

Y ul ail uy
Ay = [;,22 Aj , Go(—Ly/a)Gi(—l1/an)A= | 0 &b, u)
0 0 Af
® Still continuing (produces upper triangular U, needs nonzero pivots ai1,...,a,—1,n—1):

Gn-1(~tn-1/an-1,n-1) . .. Go(—£5/ap) G1(—L1/a11)A = U.
® Finally, invert using G;l(z) = Gk(—z) to obtain
A= G].(El/au) G2(£’2/a§2) 000 Gn,l(zn,l/an,l’n,l)U, ie. A=LU.
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Example (with no roundoff errors)

2 1 1 0
4 3 3 1
a
A= |4 3 3 1) _|m o =8, u1:[110], Ay=17 9 5
8 7 9 5 0 As 6 7 o 8
6 7 9 8

Introduce required zeros in three steps:

1 0 0 0|2 1 1 o0 2 1 1 0]
=2 1 0 4 3 3 1 o1 1 1
GA=1_4 0 108 7 95 “lo3 5 s
-3 0 0 1f[6 7 9 8] 0 4 6 8]
[1 o o0 o]f2 1 1 0] 2 1 1 0]
o 1 o of|lo 1 1 1 o1 11
©GaA=10 3 1 ollo 3 5 5/ —lo o 2 2
0 —4 0 1f[0 4 6 8] 0 0 2 4]
1 o 0o o0]f2 1 1 0] 2 1 1 0]
o1 o of|lo 1 1 1 o1 o1 1]
GROA=10 6 1 ofllo 0o 2 2| Tlo o 2 2/ Y
0 0 —1 1f[0 0 2 4] 0 0 0 2
1 0 0 O
. 1_12 1 0 O0f _ _ -1 _
Then: (G3G2G1) = 4 3 1 0 =L and A—(G3G2G1) (G3G2G1A)— LU
3 4 1 1
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Basic LU factorization algorithm (not recommended, see next)

Algorithm 1 Basic LU factorization
A€ Km™n (data)
for k =1to n—1do
for j = k+1 to ndo

aj = ajk/akk (compute jk-th entry of L)
aj,(k+1)in = 3, (ki1)in — ek (k+1)n  (update entries Uj 1), of U)
end for
end for
Algorithm breaks down if top left entry of any of Ay, A}, AY, ... (i.e. a1, a),,a%;...) is zero. J

Computational complexity (counting arithmetic operations in algorithm):

n—1
operation count of LU = Z(n—k)(2n—2k+1) = %n(nz—l) ~ %n3
k=1
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Problems with basic LU factorization

® LU factorization may fail on “nice” matrices. Examples:

1 2 1 1
|91 _f{1 3 2 2 . _
A= {1 1] ’ B = 1 2 1 2 (zero pivot will appear at bs3)
2 5 4 5

A has basic LU factorization if det(Al:kyl:k £ 0) for 1 < k < n—1 (may fail for invertible A)

® LU factorization may produce ill-conditioned L, U.
® LU factorization may produce too-large L, U.Example:

e 1| . |1 o e 1
|:1 1]—L5U5 with LE—{_EI 1], Ug—{o l—al}

k2(As) = (3+V5)/2+0(¢), ra(L:)=1+0(¢) but ka(U:) = O(c72)
[Lc|, |Us| = O(e71) (large L, U factors)

Ae

roundoff errors from LU factorization

Assume A (i) made of floating-point numbers, (ii) no zero pivot found in LU factorization.
Computed factors L, U then satisfy LU = A+ E, |E| < 3(n—1)emach (|A| + |L]|U])

® Why these problems? Factorization may encounter small pivots ay.
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Pivoting

General idea: permute row and/or columns to move larger entries of A to diagonal.

Pivoting methods:
® Full (row and column) pivoting, step k: find largest entry in A;(. Quite expensive for large
matrices.

!

/
® Row pivoting, step k: seek largest entry in |:akk:|
k

® Rook pivoting: alternate row/column searches until finding pivot largest in row and column.

LU factorization with row pivoting

Let A € K"*" invertible. There exists (i) a permutation matrix I, (ii) lower / upper triangular
factors L, U such that T1A = LU.

LU-factorized form of system Ax = b is

LUx =Tlb (apply permutation to b, then solve as before).
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LU factorization with row pivoting: proof

Proof on small matrix A € K*4*4:

® assume row pivoting at each LU step:
G3M3GalMa G A= U
i.e. G3(N3GNL)(N3Ma G NINT) N3MaMy A= U

—_— =
G Gy n

ie. GG, GiNA=U

® Process generalizes to A € K"*", and

Gno1Gn2Gpr_3...GNA=U

i.e. NA=LU, L=6G'62...
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SPD matrices: LDLT and Cholesky factorizations

® AcK™" Hermitian with x"Ax >0 for all x#0 is called symmetric positive definite (SPD).
® (Classical examples: stiffness or mass matrix in finite element method, covariance matrices
® | U factorization applicable but sub-optimal

Idea: find symmetric factorization of A SPD via symmetric elimination:

1
a;p M 1 0 z 1
A= 1 = = 1
L’l A2] -av [ 'nl} S .
Zn 1
0
— Gl(—ﬁl/an)AG{*(—&/an) = |:a(1)1 A,:l 9 é = Ay — ZIKT/QH (2)
2

(A SPD and G invertible) => GAG" SPD (exercise), hence | A} is SPD |.

Continuing elimination yields the LDLT factorization of A:

A= LDL" with D diagonal SPD, i.e. D = diag(di1,...,dnn) >0
L= Gi(f1/a11) Ga(€/ay) - - - Goo1(£_1/ap_1,,—1) lower-triangular. J

(L lower-triangular: see derivation of LU factorization).
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SPD matrices: LDLT and Cholesky factorizations

® Variant of LDLT: the Cholesky factorization
A=LDL" = |A = GG" with G := LD'/? | (G lower-triangular)
Backward stability of Cholesky factorization

Let A € K™X" with m> n. Let G be its Cholesky factor computed (in finite precision) using
Algorithm 13. Then there exists a matrix E € K™*" such that

A+ E=GG"  with ||E||/IIAll = O(Emach)

® Solution method:

compute A = GG", then: (i): solve Gy = b; (ii): solve G"'x =y
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Cholesky factorization

Algorithm 2 Cholesky factorization (derived from equations a;; = Z’,‘(:i 8kigkj)

1 Ae Knxn (data — only lower triangular part need be stored)
2. for k =1 to ndo

3 apk = [akk — (akyl:k,1)Hak71:k71]1/2 (Compute diagonal entry of Cholesky factor G)
4 for j = k+1 to n do

5 aj = ajk — [(aj,l:k_1)”ak71:k_1]/akk (update j-th column of Cholesky factor G)
6: end for
7. end for

Computational complexity of Cholesky factorization:
n n

operation count = Z {2(k—1) + Z (2k—1)(n—k—1)} ~ %n3
k=1

j=k+1
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Outlook

® So far, square, uniquely solvable systems Ax = b

® Two quite classical, “workhorse” algorithms:
® U factorization (square invertible), needs ~ 2n°/3 operations if A dense
® LDLT/Cholesky factorization (SPD), needs ~ n®/3 operations if A dense

® Not covered: symmetric indefinite (not SPD).

® For example, Cholesky a classical choice in finite element methods.

What if system Ax = b not square?
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Least-squares problems

® So far, square, uniquely solvable systems Ax = b
® However, more annoying systems often come up:

® A ¢ K" " square but not invertible
® A€ K™*" not square (often m > n, occasionally m < n)

Data analysis, interpretation of experiments with models...

® Solution then (i) may not exist, (ii) is multiple if it exists.
Common approach: seek least-squares (LS) solutions:

find x € K", ||Ax — b||2 — min

® Solution methods for LS problems provide many of the general-purpose tools of
computational linear algebra. In particular (see later), very useful components of

— Eigenvalue algorithms
— Data compression, image processing

® |ntroduction of two new fundamental tools of numerical linear algebra:

— QR factorization
— Singular value decomposition
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The QR factorization

® LU (square invertible), LDLT (square SPD). ..
Factorization for (arbitrary, rectangular) A € Km*"?

® General approach: zeroing out columns under diagonal (as with LU):

® However, Gaussian elimination (LU style) not a great approach, as A is arbitrary:

® Could meet zero pivots
® Potential conditioning issues

® |nstead, seek to zero out columns using unitary matrices, e.g.

ail a/ un "
A= FA= |11 . FHF =1
[zl A2:| - [ 0 Ag] ( )

Will prove very suitable for least squares.
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Householder reflections

® Householder reflection:

VVH

[IvI®

wHt is a rank-one matrix: (w")v = (v*v)v and (w")v, =0

F(v)=Im

F(v)v=—v, F(v)vp =vy

® First column of A € K™*" m > n: choosing

) a1 +sign(a11)l|a1]| i =
Lo )en B 11)lla1 } (sign(x) := x/|x|)

we find

A | | F(V1)A = —sign(a11)ai1 ul{
0o A o Al
ay
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Householder reflections

® Continuing the process:

0 0

V=S ap,sign(ap)lapl g =4 0
6’2 a33+ 5'%22,333)”33 [

we reach
rni rin
FOW) FO™ Y. FO?) F(W)A=R, R=|"
I
o .. o

Moreover, F(v") F(v"~1)... F(v?) F(v!) is unitary (as product of unitary matrices), so:
Q € K™ ™ unitary

A= QR, Q= FOWHY F(WAP . FE(v" YR F(vM)T |,
(v)" F(v7) ( ) A R € K™*" upper triangular
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QR factorization (A € K™*", m> n)

QR factorization

Let A€ K™X" m> n. There exist @ € K™*™ unitary, R € K™X" upper triangular, and a
permutation M €R"*" such that

Al = QR.

More precisely, with r < min(m, n) the rank of A:

(@) fr=n A=QR , R= [’Z”} , ' R, € K"" upper triangular invertible.

R R,_ R, € K™ upper triangular invertible,
(b) If r<m A= QRI, R‘[’ n } El ek |

0 0 Rn_, e Kr*(n=1)
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QR factorization (A € K™*", m> n)

Algorithm 3 QR factorization using Householder reflections

1 Ae Kmxn (data)
2: for k =1 to ndo
3 x=Akmk (part of k-th column below diagonal of A (included))
4y =sign(x)]x]|
5. v=(x+~vye1)/(x1+7) (Householder vector vk, normalized so that v =1)
6:  Bxk=1/(a+~)y (normalization factor 2/||v||? for F(v¥))
7 ag = — (Apply F(vk) to column k of A, only computing leading entry)
8: Ak:m,(k+1):n - Ak:m,(k+1):n - ﬁk V(VHAk:m,(k+1):n)
(Apply F(v¥) to block of A hanging on the right of aj)
9 Alkt1)imk = Voi(m—k41) (store vk minus leading entry in column k of A)
10: end for

Backward stability of QR factorization

Let A€ K™X" with m>n. Let 5§ be the QR factorization of A computed (in finite precision)
using Algorithm 3. Then there exists E € K™*" such that

A+ E=QR  with ||E||/||Al = O(Emach)

. . N . 2
Computational complexity of QR factorization: operation count ~ §n2(3m— n) .
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QR factorization (A € K™*", m> n)

® QR factorization applicable to any matrix.
® Computing cost of QR factorization: ~ %n3 ops. for square A, i.e. twice the LU cost.
® | U factorization for rectangular A may or may not work

® QR factorization is rank-revealing: rank r of A is size of R;.

Solvability of linear systems Ax = b (A € K™*" m>n, rank r <n):
Ax=b =— QRMN'x=b = Rx' =Q"b (with x' = HTX),

(@) ifr=n:

[R,,} {X,} _ { (Q"b)1:n } If (Q"b)ps1m =0 unique solution m
0 (

Q"b)nt1:m If (Q"b)pi1:m #0 no solution

(b) If r<m:

[R, R,,,] { X, }_{ (Q"b)s1.r }
0 0 X,,Jrl:,, (QHb)r+1:m

If (Q"b)r+1:m =0 multiple solutions | Rrxq., = (Q"b)1:r — Rn—rX/ 1.y
If (@"b)r11.m #0 no solution
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Least squares problems

® Data fitting example: find best degree-n polynomial p(y) to fit m > n data points
(,V/,Zi)lgigmi

N
w

m
Find x := {ao,al,...,an}T, J(x) = Z |ao+aryi...+any] — zi 2 5 min
i—1

Matrix form: 2
1 ...y 2 7

|J(X) = ||Ax — b||?> = min |, A= | S, o x=< 09, b=<

1 ym ... yp a'n Zm

1st-order (necessary) optimality condition: VxJ =0, i.e. A"Ax = A"b (“normal equations”)
® General linear least squares problem: find a best solution in the 2-norm sense:

min ||Ax — b||?.
x€eKn

— LS solution(s) always exist (since we work in finite dimension!)
— If min,cgn ||Ax — b||?> = 0, x solves Ax = b (obviously).
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Least squares problems
® Solvability of m]ilg ||Ax — b||?> ? Use QR factorization Al = QR, set x’ = MTx = M~1x:
xeKkn

|Ax = b]|* = [|QRx" — b||* = |Q(Rx — Q"b)||* = [|Rx" — Q"b]|?
= HR’X{:r + R”*fxr/+l:n - (QHb)lif” 2 + I|(QHb)F+11mH 27

minimize w.r.t. x fixed

® Set to zero the x-dependent part of the residual:

(@) lfr=n:
Rox = (Q"b)1.n unique solution m
(b) If r<n:
Rex{.r + Rn—rXty1.n = (Q"D)1:r multiple solutions | Rrxy., = (Q"b)1:r — Rn—rX|11.p

® | east squares residual:
: 2 _ H 2
min [ Ax = B> = (Q"b) +1.m

If residual is zero, Ax = b has a solution.
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Singular value decomposition (SVD)

® Diagonalization of square matrices: A = XAX ! for some invertible X and diagonal A

® A normal if and only if A diagonalizable with X unitary.
Includes all Hermitian matrices.

0 a
Singular value decomposition generalizes diagonalization to any (even rectangular) matrix.
® et Ac K™ then A"A € K"*" and AAH € K™X™ are square Hermitian.

Well-defined (symmetric positive) eigenvalue problems: | A"Av = Av | and | AA"u = pv

(), v) eigenpair of AYA = (), Av) eigenpair of AA"

b
® There are (non-normal) non-diagonalizable matrices, e.g. A= {a ]

(1, u) eigenpair of AA" = (u, A"u) eigenpair of A"A

(equal multiplicities if A = x> 0, unequal multiplicity in general for A = 1 = 0).

Singular value decomposition

Any A€ K™% has a SVD A = USV", where:
® U=1un,-..,um] EK™M V =[v,...,vp] €K"™P": unitary square matrices,
® ScR™X" “diagonal”, with Sj = oy, Sjj = 0 if i #}.

® Singular values o; are real positive; conventionally o1 > 02> ... Omin(m,n) = 0-

® Available operators: [U,S,V]=svd(A) (MATLAB), F=svdfact(A) (Julia; F contains U, S, V)
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Some properties

° \=pi=0?(1<i<r).

A= USV" = Zl'.":inl(m’") ojujvi' (SVD is weighted sum of rank-one matrices).

® Reduced SVD. For A € K™*", rank(A) = r < min(m, n):
A= USV" = u,S V! Ur =[u1,...,u], Sr=diag(o1,...,0r), Vi=|[v1,...,v]
(vectors up41, ..., um and v,i1, ..., v, inactive, generate N(A) and R(A)1).
.

SVD is rank-revealing: rank(A) equal to number of nonzero singular values.

Matrix 2-norm: we have ||A||2 = o1 , since

[Axll2 = [1UrSe Vixll2 = (IS Vixll2 < [[Srll2]| Vixll2 < [[Srll2llx]l2 = allx]l2

® Computing a SVD
— requires solving an eigenvalue problem (see later),
— takes O(m?n) operations for A € K™*",
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Singular value decomposition (SVD): example

0 2 0 O
A=10 0 0 O
0 0 1 0O
Full SVD:
1 0 O 2 0 0 (lJ g (1) 8
A= USV" | u=1]o o 1|, S=fo 1 0 of, V=
0 1 0 0 0 0 0 100
0 0 0 1
® rank(A) =2
® g1=2,00=1,03=0
Reduced SVD:
Lo 2 o -
A=US VI U =10 of, S&= o V=
0 1 0 1 0 1
0 0
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SVD applied to arbitrary linear systems
Solvability of Ax = b (again):
Ax=b = USV"x=b = S(V/'x)=U"b
o {a,-(v,-”x)—ul'.*b 1<i<r)

0=ul'b (r+1<i<m)

® Solvability condition: uf'b =0 (r+1<i<m), expresses b € R(A).

Then, | oj(vi'x) = uf'b | (1 <i<r) determine projections v!'x uniquely

Remaining projections \}in (r+1<i<m) arbitrary.

® General solution (if it exists):

r H n
u'b n—r .
X = E — Vi + E Xj Vi (Xr+1,---,xn) EK arbitrary
i1 i i=rt1
Setting x,+1 = ... = xp = 0 gives minimum-norm solution

® Uniqueness condition: (implies m > n).

M. Bonnet, L. Faria (POems, ENSTA) Méthodes numériques icil é 27/26




SVD applied to least-squares problems

Linear least-squares problem min [|Ax — b||? :
xeKn

[[Ax — bl[? = [USV*x — b||? = [[U(SV"x — U"b)||* = ||S(V"x) — U"b|[?
b
=D loi(v'x) = (uf'b)]* + Z |uf'bf?
i=1 i=r+1

Solutions:

=>4

i=1

v, + Z Xj Vi (Xr41,---,xn) € K"™" arbitrary

ai i=r+1

Residual:

min, |Ax — b||? = Z [uf'b|?
i=r+1
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Pseudo-inverse of a matrix

Generalized inverse (i.e. pseudo-inverse) of A€ K™X": a matrix AT € K"™*™ verifying

(a) AATA=A, (b) (AAT)H = AAT,

Moore-Penrose conditions
(c) ATAAT = AT, (d) (ATAM =ATA ( )

Algebraic properties of AT
° (AN)T = A
® (Moore-Penrose) Pseudo-inverse A™ satisfying (a)-(d) exists and is unique
® If A invertible, At = A—1
® If rank(A) = n (full column rank, hence m> n, A"A invertible): AT = (A"A)~1A".
® If rank(A) = m (full row rank, hence m < n, AA" invertible), AT = AH(AA"A)~L.

® Explicit formula using reduced SVD:
AT =V, 571U
® General solution least-squares problem:
x=A"b+ (I — AT A)w, w € K" arbitrary
® AT does not depend continuously on A. Example (rank(A) = r, rank(A:) = r+1):
|AL — ATl _ or
lIA*]| €

A = U, S V1 Ac = US V! +euravyt, = >1

M. Bonnet, L. Faria (POems, ENSTA) Méthodes numériques icil é 29/26




The backslash operator by way of summary

Use QR solver no { Is A square? Use triangular solver

no

yes i-

Is A permuted triangular? e pramuiice] G

angular solver
no
yes no e
Use Hessenberg solver Is A Hessenberg? Is A Hermitian?
no yes
. no

Use LU solver [Is diag(A) all > 0 or all < 0?]—» Use LDLT solver

yes
yes
Use Cholesky solver Does Cholesky succeed? no

Flowchart of the backslash operator “\" of MATLAB

M. Bonnet, L. Faria (POems, ENSTA) Méthodes numériques icil é 30/26




