Plan général, organisation

Partie 1: Généralités

Partie 2: Méthodes directes

Partie 3: Méthodes itératives

Partie 4: Problemes aux valeurs et vecteurs propres
Séance 5a: Généralités, Puissances itérées, puissances inverses
Séance 6a: Itérations orthogonales et algorithme QR

Partie 5: Systémes linéaires mal conditionnés
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Computation of matrix spectra

General approach: use invariance of eigenvalues under similarity transformations:

® Let Ac K™ let X € K"™" invertible, set T := X "1AX.
Then Pp(A) = Pr () (same eigenvalues and multiplicities).

Matrix spectra computations: find similarity decomposition A = XTX ! where eigenvalues of T
“easy” to compute.

® Factorizations for direct methods (e.g. LU, Cholesky) not appropriate
For instance: A = LU reveals eigenvalues of L, U, but no connection to eigenvalues of A.

® In fact, we know LU etc cannot work (since direct eigenvalue algorithms inpossible)

Better starting point: the Schur decomposition of A:
® Any A € K"™" has a Schur decomposition A = QTQ" (Q € K"*" unitary, T € K"*" upper

triangular)
® Schur decomposition is a similarity transformation of A (so Pa(\) = Pr()))
® Since T triangular, diag(T) holds the eigenvalues of A.
® Evenif Ac R"*", Q, T € C"*" in general (as real matrices may have complex eigenvalues).
® If Ais Hermitian, T is real and diagonal.
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Computation of matrix spectra: a possible outline

Ideal general approach: compute eigenvalues by finding Schur decomposition of A.

Towards finding A = QTQ": introduce zeros in lower triangle of A (again!), but note carefully:
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Let F unitary; assume FA puts zeros in whole 1st column under diagonal.
Then, similarity needs forming FAF", but right multiplication undoes zeroing-out (try with

Householder reflector)

Remedy: use instead (e.g. Householder) transformations such that (for Hermitian A)

FA =

RAFH =

A Hermitian = FAF" tridiagonal
For non-Hermitian A, can reach FAF" upper Hessenberg:

A=

This is not yet the Schur decomposition (but we get closer)

RAFH =

L FAFH =

L FAFH =

Reduction to tridiagonal /Hessenberg takes fixed computational work (direct step)
Then, the rest (e.g. tridiagonal/Hessenberg to Schur) is iterative

Finding A = QTQ" may need complex arithmetic even if A real (but then we prefer real

arithmetic).
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Computation of matrix spectra: orthogonal iterations

Assume |A1| > |A2]| > ... |An|, with corresponding eigenvectors Q1, ..., gn.
Starting idea: apply power iterations to a set of p vectors X, = [x1,...,Xxp] € K"*P:

X9 =x, xM=ax©® . x=ax{D

Then E,gk) = span(xfk),...,xl(,k)) — Ep = span(ql,...,qp)

Conceivably: (a) run k iterations (until convergence of span(xl(k), - ,x,(,k))),
(b) diagonalize smaller matrix A,(Dk) = (XUNHAX(K) ¢ KPxP.

k) . : .
However, vectors of X,g ) increasingly collinear

Remedy: orthogonalization (again!), i.e. find next iterate X,gk) via

X,Sk)R(k) = AX,Sk_l) use QR decomposition on AX,gk_l)

Algorithm 13 Orthogonal iterations

1: A € K™ Hermitian, XF(,O) = [Xfo), e ,x,(,o)] € K"*P with orthonormal columns (initialization)
2. for k=1,2,... do

3 Z00) = ax{k (apply A)

4: X,gk) R,(,k) = z(k) (compute reduced QR decomposition of Z(K) ¢ KnxP)

5.  Stop if convergence, set \; = (XI.(k))HAqfk), q; = X,-(k)

6: end for
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How and why orthogonal iterations work

Focus on case p = 2 (recall p = 1 is standard power iteration):

(k) (k) (k) (k) _ A (k=1)
AX,gk—l) _ X,Sk)R(k) with R — [rll rl(%()] i e (a) o rli X1k AX1k )
0 (b) )+ ) = A

(a) xfo), xfl),xfz) .. .xl(k) ... generated by power iterations, hence xfk) — q1.
(b) Write xfk) =q1 +5(1k) with ||5(1k)|| — 0, then set
A=(l-qd)'Al — aql)
=A-xqdl = Aq =0, Ag = Aq; (i>2)

Consequently:

AT At @ e ooy
— rl(g)xfk) + r2(§)xz(k) — Al(q?xék_l))ql = (q1 -|—s(1k))HAX2(k_1)

= M (aig ) + (1) A"

A = 0 1 () 1 (o)A
k) (k k
= A0+ ()

0) (1) (2 (k)

Xy 'y X5 'yX5 | ...Xp ' ...generated by power iterations for A. J
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Computation of matrix spectra: orthogonal iterations

Convergence of orthogonal iterations
Let A € K"*" Hermitian with |A1] > [XA2| > ... |Ap].
Assume all leading submatrices (ng,ﬁo))l:q,l;q (1<qg<p) of Q;'X,SO) € KP*P are nonsingular.

Let X,gk) = [xfo), . ,xéo)]: set of orthonormal vectors produced by k orthogonal iterations. Then:

Ix%) £ qi| = 0(C*),  with C:= max [Aj1l/INj] < 1.
1<<p
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Computation of matrix spectra: QR iterations

® Adapt orthogonal iterations to complete spectrum of A € K"*" (Hermitian);
® Remove restriction |A1]| > [Ao| > ... |Ap| > ...

Focus on T) := X(WHAX(K) (note T(K) — diag(Ag,. .., An):

Tk = x(k=DHpgx(k=1) — x(k=DHx (KR (QR decomposition of AX(K~1))
T — x(KHAx (k) — x(KH A x(k=1) ) (k=1)H (k) — x(k)H x (k) p(k) x (k—1)H x (k)
= R(K) x(k=1)H x (k)

Reformulate:

(a) T = QUIR(K), (b) T = R QK QU .= x(k=1Hx (k) ynitary.

Algorithm 14 Basic QR iterations

1. A € K" Hermitian, T(©) = A (initialization)

2: for k=1,2,... do

30 QURMK) = T(k=1) (compute QR decomposition of T(k—1) ¢ Knxp)
2. THK = RK) QK (update T(K))

5. Stop if convergence, diag( T(k)) contains the eigenvalues of A

6: end for
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Computation of matrix spectra: shortcomings of basic QR iterations

Basic QR iterations are workable (in particular backward stable) but lack efficiency:

Each QR factorization costs O(n?) operations (see lecture 2)

Expect O(n) QR iterations needed, so O(n*) computing work overall.

Rate of convergence of eigenvalues depends on their distribution

Convergence may fail if |\;| = |\j11] for some j.

Two major improvements adresss these issues:

® First put A in tridiagonal form (needs O(n3) work).
QR decompositions of a tridiagonal matrix then take O(n?) work = O(n?) overall work.

® Accelerate convergence using a shifted form of QR algorithm
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Computation of matrix spectra: reduction to tridiagonal form

Method 1: symmetric application of Householder reflectors

FiA = RAFH = . FAFH =

® Requires storage of A
® Proved stability

Method 2: Lanczos orthogonalization iterations
® Recall Arnoldi iterations (used for GMRES):
A= QHQ" Q unitary, H upper Hessenberg

Here, A Hermitian — H tridiagonal.
® Specialize Arnoldi iterations to A Hermitian (so H tridiagonal) — Lanczos iterations

® Only requires matrix-vector products q — Agq, i.e. suitable for large sparse matrices
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Lanczos iterations

Column-by-column enforcement of equality (starting with g1 arbitrary unit vector)

a1 pB1 0

B1 a2

Algr - gl =1[a1 - - gk ak41] | 0

column 1: Aq:

column 2:  Ag»

column k:  Aqy

column n:  Aqn

By induction: q, €

span(q1, g2, - - -

M. Bonnet, L. Faria (POems, ENSTA)

= o191 + B192

= P1q1 + a2q> + B2q3

= Bk—19k—1 + axqi + Brkqk+1

= Bn—k1Gn—1 + nqn

0

= a1, 51, Q2
(giq2=0, [|q2]| =1)
:>Oé2,/82, qs3

(Glaz=a5g3=0, ||g3]|=1)

= ay, Bk, Gk+1

(gh_19k+1=Grqk+1 =0, |lgk+1l|=1)...

—> Qp

span(q1, Aqi, ..., Ak"1qy) for k =1,2,3...

aqk) = Span(qlv Aqi, - -

-, A lgr) = Ky (A, b)
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Inverse-iteration interpretation of the QR algorithm

® Generic orthogonal iteration at root of basic QR algorithm:
XK Rk — axk=DH A — x(k) p(k) x(k=1)H
® Evaluate A~ = (A~1)" (since A Hermitian):
A~ = XD (RN =1 (KM — x(K)(R(K))=H x (k—D)H
Rewrite using “flipped identity” P (properties: P2 =1, P[x1,...,%n] = [Xn,-..,x1]):

A~ = (xBP) (P(RW) P) (X DP)N ] P

1 ... 0

® Observe (i) X(k=Dp, XK P unitary; (ii) P(R())~HP upper triangular.

Orthogonal iteration for A on X(K) equivalent to orthogonal iteration for A= on X(K) P J
(k)

In particular, 1st column of X(k)P, i.e. xp ’, undergoes inverse iteration (without shift).
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Computation of matrix spectra: shifted QR algorithm

Inverse-iteration interpretation suggests using a shift ,u(k); main steps become
(a) T(k=1) —M(k)/ = QR 3nd (b) T(k) — R(k)Q(k)+M(k)/.

How to (adaptively) choose shifts?

= ) o= g™V

“nice” matrices.
— Wilkinson shift (eigenvalue of bottom rightmost 2 x 2 block of T(k—1) closest to t,(7k 1))

(k

natural choice (Rayleigh quotient for g, _1)), but known to fail on some

Algorithm 15 Shifted QR iterations

1. Ae Knxn Hermltlan (data)

2. (QHYHT)QO) = (Tridiagonalization of A)

3 for k=1,2,... do

4: Choose u(k) (shift value, e.g. use the Wilkinson shift)

5. QURMK) = Tk=1)_ (k)| (compute QR factorization of T(k—1) (K] ¢ Knxp)
6: T = RKQK) 4 (k)] (update T(K))

7. If any off-diagonal entry t( ) "1 Is sufficiently small,

(k)
(k) (k) k) |70
set t: G T tj-H-,J = 0 to obtain T\ = . T2(k) .

From now, apply the QR algorithm separately to Tl(k) and Tz(k) (“deflation™)

8.  Stop if convergence, diag( T(k)) contains the eigenvalues of A
9: end for
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Computation of matrix spectra: example

A € R"™" a random real symmetric matrix.
| 70 — 700

Stopping criterion of QR iterations: [T < 10712
n|| iterations iterations | spectrum

(deflation) | (no deflation) error 10'3?

10 17 254 | 5.1954e-16 g
20 37 1275 | 1.0795e-15 % 10°F
50 96 20365 1lel15| £ |
100 185 8.6751e-16 e 107
200 370 1.6564e-15 5 10.12?
500 880 1.5776e-15 I

10 | | | | | | |
° : iteril(t)ion P 2

_ A= Agrll

Spectrum error: e\ = , A= {)\1, .. .,)x,,}

[IA]
® Deflation (here not fully implemented) dramatically reduces iteration count

® Very high accuracy on whole spectrum achievable (note however: comparison spectrum also
numerical <— eig(A))
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Computation of matrix spectra: extension to unsymmetric problems

(A= X)x =0}, A unsymmetric

® Set A in upper Hessenberg form (e.g. using Householder reflectors):

X X X .. X

X X X

_ H — |0 X X X
A= QHQ", H =

o ... 0 X X |

Spectra of A and H coincide.
® (shifted) QR iterations applicable to H:
TO = H, then (a) T¢D W= QWRK) and (b) T = R QK 4 (k).
o If Ac Crxn T() 5 T upper triangular;

® If Ae R"™" and QR algorithm in real arithmetic, T(k) — T “almost upper triangular”
(2 x 2 diagonal blocks — pairs of conjugate complex eigenvalues);

M. Bonnet, L. Faria (POems, ENSTA) Méthodes numériques matricielles avancées 26 /51



Plan général

Partie 1: Généralités

Partie 2: Méthodes directes

Partie 3: Méthodes itératives

Partie 4: Problemes aux valeurs et vecteurs propres

Partie 5: Systémes linéaires mal conditionnés
Séance 6b: Compression et approximation de systémes mal conditionnés
Séance 7a: Recherche de solutions parcimonieuses.
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lll-conditioned problems

® In some areas of applications, linear systems Ax = b (A€ K™*", most often m > n) with
“unpleasant” properties, e.g.

— A has, in theory, full column rank;
— However, A ill-conditioned with very fast decay of singular values, i.e. numerically rank-deficient:

|IA — A, || < ||A]|| for some rank-r matrix A,, r < n

— imperfect data b (e.g. measurement errors)

® Such cases occur e.g. for

— Inverse and identification problems (infer “hidden” physical properties from indirect measurements)
— Image processing and image restoration
— Data analysis

® In what follows: least-squares solutions of Ax = b (A€ K™*" m> n, Rank(A) = n).

Recall matrix SVD (see lecture 2):
U=1[u,...,us) € K™*"

A:US\/H:ZO','U,'V!—| V:[Vl,...,vn]EKnxn
=L S = diag(o1,...,0,) € R™*"
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Example: backward heat equation

Physical problem: find the temperature distribution in a system before thermal measurements are
made (example: space shuttle re-entry).

N—— —— N —
measurement heat eq. unknown

numerical solution of 1D BHCP

0,2

— true
reconstructed, noise = 0
o—o reconstructed, noise = le-10

0,15

0,05

o= . |
0 0.2 0.4 0.6 0.8 1
X
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Example: backward heat equation

Physical problem: find the temperature distribution in a system before thermal measurements are
made (example: space shuttle re-entry).

N——
measurement heat eq. unknown

KOx©® — 0:© =0 (0<t<T,0<x<Y) k= k/(pc)
©(0,t) =04, t) =0 (0<t<T)
O(x,0) = ©p(x) (0<x <)
® General solution (Fourier series): ©O(x,t) = an sin_ % g=(nm)*rt/£*
n>0
® Initial temperature: O(x,0) = an sinﬂ / ©Oo(x) smﬂ dx
n>0
® Final temperature: O(x, T) = Z b, sin B, b, = an\e_(’”r)z“T/gzj
n>0 ;\rn
{bo,br,bp... }" =diag[Xo, M1, N2... ]{a0,a1,32... }

ZA b,

n>0

M. Bonnet, L. Faria (POems, ENSTA)

nmx
sm—

A;l = O(eC”Q)!
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Example: backward heat equation

Physical problem: find the temperature distribution in a system before thermal measurements are
made (example: space shuttle re-entry).

o, T) =A(T) ©o(,0) — | A(T)®p = ©1 | after space discretization of ©
N—— N——

measurement heat eq. unknown

0

Log( o)

30—

40 1 | 1 | 1 | 1 | 1
0 20 40 60 80 100

i
Singular values of A(T) (x € [0,1], Ax = 1/100)

® Matrix A: exact rank 100, numerical rank < 10.
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Sensitivity of least squares solutions to data errors

Goal: solve m]ilg |Ax — b||? | with A “bad” (ill-conditioned, numerically rank-deficient).
xeKn

n U:[ul,...,u"]eKmxn
Recall (again!) SVD of A: A= USV" = ZO’,’U,‘V,-H V =|[vi,...,va] € K™"
=1 S = diag(o1,...,0n) € R™X"

® Unique solution (rank(A) = n assumed), given by
"L ut'h

=3

i=1
® Noisy data by = b+ w with ||b— bs||2 = ||w]||2 =06 (J: size of data error).

V.
o]

Solution error:

n H n n
o b(;u,' o WHu,' ||X5—X||2 . 1 |WHU,'|2 1/2
X5 = E ] Vi, X§ —X = E ] Vi, 5 _5 E 2 .
i-1 i i—1 i i1 i
wHug Hu;
® If A numerically rank deficient, may have small, but large for some 1.
o1 o

In some cases, exponential decay of o;: |w"u;|/c; very large even if § small.
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Low-rank approximations

® Often useful to replace A with low-rank approximation A, with ||A — A,|| “small enough”
® Natural choice of A;: truncated SVD (TSVD) of A

r Ur = [ul,...,Ur] GKer
//4\,/ = UrSrVr:ZO','U,'VI'H Vr:[V]_,...,Vr] EKHXF
=1 S, = diag(o1,...,0,) € R™*"

Eckart- Young-Mirsky theorem

Let Ac K™*X" r<n. /Z\\r is best rank-r approximation of A (spectral and Frobenius norms):

A =argmin {|[A=Bloor [A=Blr. }; A=Al <01, IA-AR< D of.
BeK™ X" i=r+1
rank(B)=r

® Corresponding estimates for relative truncation errors:

~ -~ n 2
JA=Arl2 _ oras A=A _ \ 2oimr1 0]

I T VT S =T

i=19;

Smallest rank r such that ||A — A, || < ¢ can be found knowing o1, ...,on.

Practical computation of A, given A potentially expensive (needs SVD of A, O(m?n) cost).
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Regularized least squares

® Alternative to low-rank truncation by SVD: modified minimization problem
(Tikhonov(-Phillips) regularization)

r21i£ Jo(x;b), Ja(x;b) = ||Ax — b3 + a|x||3 (>0 “small")
5% n

® Heuristic idea: «f|x||3 “penalizes” solutions x with ||x]| large.
Supplementary prior information: prefer solutions with smaller ||x||.

® Analysis: use SVD of A (note that ||x]|3 = || V"x]|3):

i=n+1

Minimization uncouples into n univariate quadratic minimizations, hence

gizZj gizZj
Yi = Xaw = E Vi
o’ +a’ — 52 4 o
1 I:]. ]
® Properties of regularized least squares solution xg:
— Xq is unique for any o > 0 (even if Rank(A) < n);
— For a > 0, x,, does not minimize ||Ax — b||3;
— Limit of x,, as a — 0 is minimum-norm least-squares solution of Ax = b.
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Ja (x; b)ZE{\GiYi—Zi|2+Oé|y/'\2}+ >zl (vi:=vi'x, zj:=u
i=1

.Hb)

)
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Regularized least squares, noisy data

® Solve Ax = bs with noisy data bs = b+ w (with ||w||2 =9).
® Regularized solution for data bs:

n n

_ 0zt oi(w"u
Xq,s5 = arg min Jo(x; bs) = g 5—— Vi = Xa + E Mv,

x — ot , or +«
=1 1 i=1 !
® Regularized solution error e, s := x4 5 — Xx:
n n
6 5 = e 4 ghoise e — o Zi Vi ghoise _ Ji(WH U,') v
a,d — — E i - E i
a,d a,6 a,d 1 O‘I(O',-2+Oé) ’ @9 O'2+Oé
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Regularized least squares: choice of o using L-curve

Optimal choice method for a?

® Define
Jo(xa; b) = D(a) + aR(a), D(a):=[|Axa — b3, R(e):= [[xall3
and study behavior of a — { D(at), R(at) }

® \We find
D(a) = |zi|* + zi?, R(a) = |zi|?
Z(2+ )2 ,zn;l Z(2+ )2
D (a)—2az( 2+ )2|z,|2 >0, R'(a) = —22( 2+ )3|z,|2 <0

® Qutcome: a + D(«) increasing and o +— R(«) decreasing, i.e.:

The L-curve a € [0, 0o[— (D(cx), R(c)) is convex
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Regularized least squares: choice of o using L-curve

R = [lzall3

L-curve properties
® C = (D, R) is monotonically decreasing (R a decreasing function of D) and convex;
® Extremities A= (D(0), R(0)) and A = (D(oc0), R(c0)) of C given by
D(0) = [Ax — bll3, R(0) = |[|Ix[l3,  D(c0) =|bll3, R(cc)=0

(x = xo: basic least-squares solution).
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Regularized least squares: choice of o using L-curve

® Assume data noise level § is known (realistic in some cases, e.g. mechanical testing using
digital image correlation).
® Use that L-curve is convex, reformulate regularized least-squares:

Xrg]ilgn 113, subject to ||Ax — b||3 < 62

® Select o such that D(a) = 6 (i.e. set LS residual equal to data noise)
® Unique solution provided § < ||bs||2

R = |[zaf3

D= | Aw, — bl
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Regularized solution using truncated SVD

® Matrices with fast decay of o;: truncated SVD as alternative to Tikhonov regularization:

r Hb
ST 2 uj
xy = arg min||A,x — b||* = E Vi
xekn . O
i=1
® By analogy to regularized least squares, define
~ ) i ) ) " |ufip|?
9y .
Dr:=|Ax- = bll5= > [uf'b,  R=lx|3=) —5
i=r+1 i—1 i
® Clearly r — D, decreasing and r — R, increasing.
® L-curve C,: interpolates points (D, R;) (1< r<n). C, is convex:
Rr — Rr11 zrp1)? 1 1 : :
Sr;:—ﬂr:—lr;| 5 =~ r — S, increasing
D, — D,11 o |z 41| Oriq
([ ]

Discrete parameter 1/r plays role of regularization parameter «v. Optimal value:

r(5) = min R, subjectto D, < §°
1<r<n
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Discrete L-curve

R = [Ja||3

(Dla Rl)
| D = || Az, — by|l3
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Example: backward heat equation

Discrete L-curve, simulated data with § = 102,

10 F

R
—_
(=]
©
|||Il T

3

® Optimal choice of r (L-curve for noise level § = 10~°);

® Lowest actual temperature reconstruction error: ~ 1072 (in relative L?> norm) for r = 19.

M. Bonnet, L. Faria (POems, ENSTA)

Méthodes numériques matricielles avancées

41/51



