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Mathematical modeling of fluorescence diffuse
optical imaging of cell membrane potential
changes *
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Abstract

The aim of this paper is to provide a mathematical model for spatial distribu-
tion of membrane electrical potential changes by fluorescence diffuse optical to-
mography. We derive the resolving power of the imaging method in the presence
of measurement noise. The proposed mathematical model can be used for cell
membrane tracking with the resolution of the optical microscope.

Mathematics Subject Classification (MSC2000): 35R30, 35B30.
Keywords: resolving power, stability and resolution analysis, fluorescence diffuse optical tomography,
cell tomography, cell membrane, electric field, layer potential techniques.

Contents

1 Introduction 2

2 Governing model Bl
21 Coupled diffusionequations . . . . .. ... ... ... L L. Bl
22 Modelassumptions . . . .. ... ...
2.3 Electricalmodelofacell . ... ... ... ... .. ... .. ........

3 Forward problem
3.1 Expression of DS o o . 6]
32 Expressionofch, . ... ... 11l
3.3 Expressionof ®5 . . ... ... 12

*This work was supported by ERC Advanced Grant Project MULTIMOD-267184.

TDepartment of Mathematics and Applications, Ecole Normale Supérieure, 45 Rue d’Ulm, 75005
Paris, France (habib.ammari@ens.fr, laure.giovangigli@ens.fr).

fLaboratoire de Probabilités et Modeéles Aléatoires & Laboratoire Jacques-Louis Lions, Université
Paris VII, 75205 Paris Cedex 13, France (garnier@math.jussieu.fr).



4 Inverse problem 13|

41 Problem Formulation . . . . ... ............. .. .. .. ...,
4.2 Reconstruction of the cell membrane: case of a perturbed disk . . . . . .
421 High-order terms in the expansionofcg, . . ... ... ... ... 16

422 Pourier coefficients of ‘Fgl) ....................... 29

423 Reconstructionofh . . .. ... ... .. L L o B1]

4.3 Reconstruction of the cell membrane in the general two-dimensional case [37]

5 Conclusion 40]
A Explicit calculation of G, in the case of a sphere 40

1 Introduction

The propagation of light through a highly scattering medium with low absorption is
well described by the diffusion equation [30]. Diffuse optical imaging techniques mea-
sure the spatially-dependent absorption and scattering properties of a tissue. A light
source illuminates the tissue, and detectors measure the intensity of the exiting light at
the boundary of the tissue, after it underwent multiple scattering and absorption. One
can use these measurements to reconstruct, from the diffusion equation, a map of the
optical parameters of the studied biological tissue [25,38].

Diffuse optical imaging techniques use near infrared light, because absorption by
biological tissue is minimal at these wavelengths, and one can then produce images
deep in living subjects or samples, up to several centimeters.

These techniques can be used to image fluorescing targets, fluorophores, in tissues.
When excited by light at a specific wavelength, fluorophores emit light at a different
wavelength in order to decay to their ground state. Measurements of emitted light
exiting at the boundary of the tissue, combined with measurements of residual excita-
tion light from sources, after it went through the tissue, provide an insight of the tissue
optical properties. More precisely, these measurements allow to reconstruct a map of
the tissue optical parameters, the distribution of fluorophore concentration, and fluo-
rophore lifetime, the time they spent in their excited state before emitting light [13} 31].
The fluorescent indicators, which can be chosen with excitation and emission wave-
lengths in the near infrared light spectrum, accumulate in specific areas. With such
techniques, one can then localize proteins, cells or diseased tissues, visualize in vivo
biological processes, and obtain measurements of the concentration in tissues of im-
portant physiological markers, such as oxygenated hemoglobin [40, 28, 29]. Detailed
structural information as well as indications of pathology can be obtained from these
images.

In this paper, we mathematically formulate the imaging problem of the spatial dis-
tributions of the transmembrane potential changes induced in cells by applied exter-
nal electric fields. The use of optical detection methods for the measurement of fluo-
rescence response to membrane electric fields was reported in the early 1970s. Since
then, considerable advances have been reported [23]]. In [18], it has been demonstrated
experimentally that membrane potential changes can be imaged with the resolution
of the optical microscopy. The key feature of this system is the combined use of an



external electric field and fluorescence tomography. The fluorescent indicators are de-
signed in such a way they respond linearly to the electrical potential jump across the
membrane. The application of the electric field enhances the membrane fluorescence
imaging.

The purpose of this paper is threefold. We first provide and analyze a mathemat-
ical model for optical imaging of changes in membrane electric potentials. Then we
propose, in the linearized case where the shape of the cell is a perturbation of a disk,
an efficient direct imaging technique based on an appropriate choice of the applied
currents. An iterative imaging algorithm for more complex shapes is also suggested.
Finally, we estimate the resolving power of the proposed imaging algorithm in the
presence of measurement noise. In a forthcoming work, we will use the proposed
algorithm for implementing tracking approaches capable of imaging the behavior of
single or cluttered live cells.

Our main results in this paper can be summarized as follows. Let C be the cell and
let () be the background domain. Given an optical excitation g, the emitted light flu-
ence is <I>egmt, the solution to the diffusion equation with ®& . defined by and
cqr being the concentration of fluorophore supported on the cell membrane JC. Equa-
tion gives the relation between the function cg, and the electric potential u defined
by (2.4). In order to image the cell membrane dC, we establish identity and lin-
earize in Theorem relation for aC being a perturbation of a disk. Proposition
gives the least squares estimate of the cell membrane perturbation. Introducing
the signal-to-noise ratio in (4.55), where ¢ models the measurement noise amplitude
and € corresponds to the order of magnitude of the cell membrane perturbation, we de-
rive in Theorem [4.13|the resolving power of the imaging method. Theorem which
is our main result in this paper, provides expressions for the reconstructed modes in
the cell membrane perturbation in the presence of measurement noise under physical
assumptions on the size of the cell and the value of the used frequency. A generaliza-
tion of the linearization procedure for arbitrary-shaped cell membranes is provided in
Proposition [4.15/and the reconstruction of perturbations of arbitrary-shaped cell mem-
branes is formulated as a minimization problem, where the data is appropriately cho-
sen in order to maximize the resolution of the reconstructed images.

2 Governing model

We consider a cell, that we want to image. We inject fluorescent indicators, which
stick only on the cell membrane [26]. These markers are chosen so that their concen-
tration responds linearly to the potential jump across the membrane, when the cell is
immersed in an external electric field [18]. We apply such en external electric field
at the boundary of our domain and use fluorescence optical diffuse tomography to
reconstruct the position and shape of the membrane.

2.1 Coupled diffusion equations

A sinusoidally modulated near infrared monochromatic light source g, located at the
boundary 0Q) of the examined domain (), launches an excitation light fluence
Pexc = CI)exc(xz w) eZWt/
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at the wavelength Aey, into (). At time ¢t and point x, ¢exc represents the average
photon density, due to excitation by the source oscillating at frequency w. After it
undergoes multiple scattering and absorption, this light wave reaches the fluorescent
markers, which are accumulated on dC, the membrane of the cell C. The excited fluo-
rophores emit a wave
Pemt = q)emt(x; w) eIWt/

at the wavelength Aemi. The intensity of the emitted wave is proportional to the in-
tensity of the excitation wave, when it reaches the fluorescent molecule. The emit-
ted waves pass through the absorbing and scattering domain and are detected at the
boundary dQ).

In the near infrared spectral window, the propagation of light in biological tissues
can be modeled by the diffusion equation, which is a limit of the radiative transport
equation when the transport mean free path is much smaller than the typical propaga-
tion distance. Our model can therefore be described by the following coupled diffusion
equations completed by Robin boundary conditions [37, 31,19, 36]:

—V - (Dexe (%) V®exc (¥, w)) + <yexc(x) + %) Pexe(x,w) =0 inQ),

exc (

EeXCT X, W) + Pexc(x, w) = g(x) ono(),

( —V - (Demt (%) V®emt (x, w)) + (yemt(x) + %) Demt(x, w)

= (%, w) Pexc(x, w) inQ),

Eemt%(x/ CU) + ¢emt(X, CU) =0 OnaQ

\
Here,

¢ v denotes the outward normal at the boundary 9();
e c denotes the speed of light in the medium;

® Dexc and plexc (respectively Demt and pemt) denote the photon diffusion and ab-
sorption coefficient at wavelength Aexc (respectively Aemt) over the speed of light
c. Assuming that the scattering is isotropic, they can be expressed, for i = exc, emt,

as follows:
1
Dix: and ix:a,ix+ Li(x),
) d(pa,i(x) + paei(x) + p ;(x)) pi(x) = pa,i(¥) + pairi(%)
where

— Mgq,; denotes the absorption coefficient, due to natural chromophores of the
medium, at wavelength A;;

— gy, denotes the absorption coefficient, due to fluorophores, at wavelength
A;. This absorption coefficient is proportional to the fluorophore concentra-
tion cq,(x). The proportionality coefficient, €exc, is the fluorophore extinction
coefficient at wavelength A;;



— ., denotes the reduced scattering coefficient at wavelength A;; its inverse is
the transport mean free path.

- /; is the extrapolation length. It is computed from the radiative transport
theory [35] and is proportional to the transport mean path. The multiplica-
tive function depends on the index mismatch between the scattering medium
in () and the surroundings.

- d is the space dimension;

e v is given by

7 ,uflr,exc(x) _ M€exc Cﬂr(x)
1—iwt(x) 1—iwt(x)’
with 77 and 7 being respectively the fluorophore’s quantum efficiency and fluo-
rescence lifetime.

r(x,w) = 2.1)

2.2 Model assumptions

Let () be the background domain and let C @ () denote the cell. From now on, the
space dimension d is equal to 2 or 3 and () and C are bounded C2- domains.

The fluorophores are only located on the cell membrane dC, their concentration
car(x) is zero, except on 0C. We neglect their contribution to the absorption and diffu-
sion coefficient, that is,

1
A(pta,i(x) + pf (%))
In the near infrared spectral window, the absorption coefficient is much smaller
than the reduced scattering coefficient. This is, besides, one of the conditions to ap-
proximate the light propagation in the medium by the diffusion equation.

We can approximate the diffusion coefficients at the excitation and emission wave-
length as follows:

Dj(x) =

and  pi(x) = pgi(x).

1
Dj(x) = ———.
l d]/t;,i(x )
We consider that the optical parameters are constant in the domain () and do not
depend on the wavelength of the propagating light. Hence, for i = exc, emt,

Di(x)=D; =D = diy” pi(x) =pi =pu=u, and Li(x)=14; =1

We consider that the fluorophore’s fluorescence lifetime 7 is constant. From (2.1)
it follows that v depends on the position x only through g, (x), and more specifically
car(x). It can then be written as follows:

- . - NE€exc
7(x,0) = Hw)ep(x) with F(w) = L2

The coupled diffusion equations and their boundary conditions then become

—DADE (x,w) + (y + %) D (x,w) =0 inQ,

D&
ov

(2.2)
0

(xr w) + (I)égxc(x/ («U) = g(x) ond(),



iw N .
DO (5,w) + (4 ) @ (x,0) = Hw) (1) Ohelx, @) in)

aq)égmt 8
ET(x,w) + O (x,w) =0 ondQ),

(2.3)
where the source g is in L?(9Q)).

2.3 Electrical model of a cell

We apply at the boundary of our domain an electric field g.e € L?(9Q)). We consider
that QO \ C and C are homogeneous and isotropic media with conductivity 1. The thick-
ness € of the cell membrane is supposed to be small. We denote by ¢ the conductivity
of the cell membrane. We assume that ¢ < 1 and g > 0 to be given by B = 0~ !¢, see
[23].

We can approximate the voltage potential u within our medium by the unique so-
lution to the following problem [14)} 32, 21} 33, 34]:

(Au=0 inCuUQ\C,
B_u _a_u =0 ondC,
v L ov|
ou (2.4)
uly —u|-= [B% onaC,
ou
e = , :0
| o 50 Sele /BQM

Since we have chosen the fluorescent indicators of the cell membrane such that they
respond linearly to the potential jump across the membrane [18], we can express their
concentration as

car =10 [l/l] |BC’ (2.5)
where ¢ is a constant [18].

3 Forward problem

The forward problem consists in determining ®emt |50, for a fixed applied electric field
Qele, @ light excitation ¢ and a given cell C. The optical parameters of the medium, D
and y, the speed of light ¢, the extrapolation length £ and 4 are supposed to be known.

3.1 Expression of S,

Let ®& . be the excitation light fluence in ), due to an excitation g applied at its bound-
ary 9Q). The function @3 is the solution to the following problem:

—ADE . (y) + K2 DE(y) =0 inQ,

DS

g (3.1)
¢ E (v) + Pecy) =8 ondq),




u+iw/c

where k% = . Note that if / = 0, then the Robin boundary condition in (3.1)

should be replaced with the Dirichlet boundary condition: ®$.(y) = g on Q.
Let T be the fundamental solution to —A + k2. T is (the exponentially decaying)
solution to
VyzeRY,  —AT(y) + K Ta(y) = 6:(y), (3.2)

where ¢, is the Dirac mass at z.
We know the explicit expression of T';(y) for all y # z € RY [8]:

La(y) = g HY (ikly —2l)  ifd =2

e_k‘y_z‘

I'2(y) ifd =3,

~ iy 2

where H(()l) is the Hankel function of the first kind of order 0.

We introduce the single and double layer potentials of a function f € L?(9Q)), for
allz € R\ 20, [8]:

VzeR:, Solf](z) = /a T=(y) f)ds(y),

o= (y)
d _ zZ
vzeRN\3Q, Dalfle) = [ =Y () ds(y).

Lemma 3.1. The double layer potential verifies, for all f € L2(9Q)),
(=A+k>)Dq[f] =0 inR?\ 90},

> Dalfll+ = - Dalfl o0

5 O f + = % Q - on ’

Dalfll« = (F31+Ka) [f onaQ,

where Kq : L2(0Q)) — L2(9Q)) is defined by
d
vzeon, K = [ oL ds(y).
z alfl(z) = [, 5, =W)f ) ds(y)
Lemma 3.2. Let d = 2,3. The single layer potential verifies, for all f € L2(9Q)),
(—A+Kk*)Sq[f] =0 inR? \ 90,

Salfll+ = Salfll- on 90,
the single layer potential is therefore well defined on 0Q}, and hence on R?. Moreover,

soSalflls = (#5314 Ka) (7] ond0)

where KF, : L?(0Q)) — L2(9Q)) is the L2-adjoint of the operator Kq, i.e.,

Vzed, Kilfl(z) = /BQ %Fz(y)f(y) ds(y).
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Let G be the Green function of problem (3.1)), that is, for all z € ), the unique

solution to
—AyG:(y) +k*G:(y) =94. inQ,

3.3
ﬁaacj/z (y)+ Gz(y) =0 on oQ). (3:3)
Lemma 3.3. The operator of kernel G (y) is the solution operator for problem (3.1):
1
VzEQ,  Pic(z) =g [ G:(v)g(y) ds(y). (34)

Proof. Since G, and P, . are respectively the solutions to problems 1} and lb we
have the equation:

Phelz) = |

O

(=8yG=(y) + 12 G (1)) e (v) — (—APEc(y) + K d>§xc(y))Gz(y)] dy.
Besides, we can apply Green’s formula:
@82) = [ |- 3Gl + 60E )G

. 9G:z(y)
ov

acIDégxc (y )

@8ly) + 56 (0)| ds(o)

~ Jan
Using the boundary conditions that G, and D . verify, we then obtain that

1

DEe(z) = 7 o G:(y)g(y) ds(y).

]

Thanks to the previous lemma, if we know G, we can calculate the excitation light
fluence for any source g. The following result relates G;, the Green function of our
problem to I';, for which we have an explicit formula. It generalizes [7, Lemma 2.15]
to the Green function G,.

Proposition 3.4. Forz € Qand y € 0Q),

(~3+Ka+350) (G = T:(0). @5)

More precisely, for any simply connected smooth domain D compactly contained in (), and for
any h € L?(dD), we have for any y € 9Q):

[ (=5 o+ Sa) (G10) h ds(z) = [ T hGz) ds(a)



Proof. Let f € L3(9Q)), where L3(9Q) is the set of L? functions in () of mean zero. For
z € O and y € d(), we define

w2 = [ (~3+Ka+7Sa) GIn L)

By introducing the adjoint operator, we obtain
@) = [ 6 (—5+ Ko+ 50 ) ) ds(y).

By Lemma [3.3] u is then solution to the problem:

—Au(y)+kKuly) =0 inQ),

T+ pu) = (—3+ K+ 3 Sa) W) ondey 69

We know that Sq[f] is although solution to the problem (3.6), thanks to Lemma
The equation (—A +k?)p = 01in Q with the Robin boundary condition, dp/dv +Ip = 0,
admits a unique solution, provided that / > 0. Therefore, we have

Vz € Q, u(z) = Salf](z).

Since f is arbitrary, we have therefore proved the first part of our proposition.
Let i € L?(dD). By multiplying the last equality by / and integrating on 9D, we
obtain

[ (=3 Ko+ §Sa )G e 0 stz dst) = [ [ T ) dstz) dst),

which completes the proof. O

According to the previous proposition, the knowledge of G, and therefore of ®3,
requires the inversion of the operator:

I

—5+Ka+ 180 : L2(0Q)) — L*(0Q0). (3.7)

14

In the case of circular domains, we can exhibit an explicit formula of the inverse oper-
ator.

Explicit calculation of G, for a circular domain: We assume that the dimension is
two and Q) is the unit disk. In terms of polar coordinates, the fundamental solution I',
to —A + k? has the expression:

Yy (r,0) € O, Vz (R, ¢) € Q, I.(y) = iHél)(ik]reiG — Re?|).

Graf’s formula [1, Formula (9.1.79)] gives us the following decomposition of I';:



HY (ik|re®® — Re?|) = Y HY (ikr) [ (ikR)e ™9, r > R,
meZ

with H,S} ) and Jm being respectively the Hankel and Bessel functions of the first kind
of order m.

For all g € L?(]0,27[), we introduce the Fourier coefficients:

1 27 .
5 | s(@)e g,

VmeZ, §(m)= .

and have then

$@)= Y g(m)e™ inI2

m=—oo
Let D be the disk with radius R and center 0. For y(r,0) € Q,
iR 27 ) . . .
Splgl(y) = z H') (ik|re® — Re|)g(9)dg,

o0

4 Z H,(n1 ikr) I (ikR)e ””9/ g(cp)e_im"’d(p

Mm=—00 0

= ZRH Y. H zkr )i (ikR) & (m)e'™®.

m=—00
For y (1,0) € 9Q), we therefore obtain

Y Sp(m)g(m)e,

m=—oo

with R
VmeZ, Sp(m)= 12” ) (ik) T (ikR),

and analogously,

Y Sn(m)g(m)e,

m=—oo
with
VmeZ, So(m)= 1; ) (ik) T (iK).
We can prove, in a similar way, that
Kalgly) = ¥ Ka(m)g(mye™,
m=—oo
with
—kmt



Using Proposition 3.4, we can express the Fourier coefficients of the operator with ker-
nel G;(y) for all z(R, 8) € 0D defined by

(o]

| G:sw)dsy) = 1 Clmg(me™™,
as follows: .
Vmez, G(m)=— SD(T)A ,
that is,

-~ . ]m(ikR)
V2 M) = G )+ L)

Moreover, the function ®& . defined by 1D can be written as

PEe(R,0) = i Jn(kR)

A imo
A TR GR) 1 RS e (38)

When Q) is approximated by the unit disk, we have shown that we can easily invert
our operator and obtain an explicit formula of our Green’s function G,. We can
then calculate the excitation light fluence, for any source g, in this particular case. The
same result holds for the unit sphere, see Appendix

3.2 Expression of cg,

Recall that the concentration of fluorophores cg, can be expressed as

car = 0 [u] |aC,

where ¢ is a constant and u,the voltage potential in our domain, satisfies (2.4).
Let L3(9C) := {¥ € L?(3C) : [,-¥ = 0}. Let I'(®) be the fundamental solution to A
in RY:
o %log|x|, d=2,
'(x) = 1 3.9)
gl
Analogously to Section we introduce the layer potentials, S (O), 8(()0 ), Déo), Dg) ), IC(CO),

and (IC(CO))* associated with T'(%), The following proposition from [21] gives us a repre-
sentation formula for the voltage potential in ().

Proposition 3.5. There exists at most one solution u to the problem and it satisfies the
following representation formula:

Vx €0, u(x)=H(x)+DY¥)(x), (3.10)

where the harmonic function H is given by
Vx € R2\3Q, H(x) = —S [gee] () + DY [ulag) (x), (3.11)

11



and ¥ € L3(9C) satisfies the integral equation:

O 1] oH
Y+ ’B—v = _'BE ondC. (3.12)

The decomposition in is unique. Furthermore, the following identity holds:
Vx e R2\Q, u(x)=H(x)+DY[¥](x) = 0.

Since the normal derivative of the layer potential is continuous across its boundary,

: . . u
the representation formula (3.10) gives us an expression for — ‘ac' and hence for cg;,
v

thanks to (2.4) and (2.5). For a given applied electric field g.e and cell C, one can
therefore compute the fluorophore concentration cg, on oC.

3.3 Expression of &7 ,

The emitted light fluence ®¢_, due to an excitation g is the solution to the following

emt
problem:
Y .
ACI)e(zgm’c (y) + k2 CI)em’c (y) = D Cflr (y) CI)egXC (]/) in(),
oDs . (3.13)
¢ ale/m (y) + CDemt(y) =0 ond(),

where ®& . is the excitation light fluence launched by the source g in ().
The measured quantity on d() is

oD
Ig = — _p-__emt emt ,

which is the outgoing light intensity determined from Fick’s law. It is worth mention-
ing that, in our coupled diffusion equations model, if £ # 0, then knowing ®3 . or
0®S  /0v on dQ) is mathematically the same.

emt

Proposition 3.6. The emitted light fluence ®F._, can be expressed as a function of G, and g
as follows:

VzeQ,  ®F.(z) = /a . g G:(y) car(y) () ds(y),

where oC is the cell membrane.

Proof. Since G and @2, are the solutions to the problems (3.3) and (3.13), we have

() — [ L Gy) enely) O&elw) dy = [ | (~5yGuly) + 1 Guly)) Pg()

Q

Ga(y) (—ADE L (y) + D emt@/))] dy.

12



Besides, we can apply Green’s formula:

~ 8
@5~ [ F e et oy = [ [ - 25 0w + .00 T2 sy,

Using the boundary conditions that G, and ®3, verify, we then obtain
% 1 dDZ
@5l - [ Lot oty = [ [16:00050)+ 6002 asi),

= 0.

Since the concentration of the fluorophores is zero except on dC, we get finally the
formula:

Vel ®5(2) = [ LG enly) ®Eely) dsy).

]

By combining the results of the first section and of this last section, for a given
concentration of fluorophore cg, and an excitation g, we can express ®S ., at any point
of O, and in particular on dQ). Moreover, section 3.2 gives us a unique formula for the
fluorophore concentration for given ge and C. If we couple these two formulas, we

solve our forward problem.

4 Inverse problem

The shape and position of the cell C are now considered to be unknown. We illuminate
our domain with a light source ¢ and apply an electric field g at its boundary. We
measure an outgoing light intensity I .. Our goal is to reconstruct the concentration
of fluorophore cq,. We will thus have an image of the membrane potential changes and
hence locate the cell. In this section we consider only the two-dimensional case. We
start with the reconstruction of the cell membrane dC in the case where it is assumed
to be a perturbation of a disk. We derive analytical formulas for the resolving power of
the proposed imaging method in two different regimes. Then we extend our results to
arbitrary shapes. In three dimensions, similar results hold and analytical formulas for
the resolving power of the imaging method can be derived for dC being a perturbation
of a sphere.

4.1 Problem Formulation

The excitation light fluence, CIDé;C, due to a source f € L2(9Q)), is the solution to

AL () + R dL(y) =0  inQ,

AL

gav

(]/) + cDexc(]/) = f on 0.

13



We denote by ®&,. the excitation light fluence due to an excitation g € L?(dQ). The

emitted light fluence, q)emt, due to the excitation of the fluorophores by dS, ., verifies

—ADE(y) + 2 OE(y) = L enly) DEcly)  in0),
0D
¢ 816/ t(y) + q)emt(y) =0 ond().

By multiplying the last equation by CIDJXC and integrating on our domain (), we obtain
the following formula:

| 5 eay) @4y dy = [ | = 805 1)PLy) + K @ (1) @hcw) | d.

From the first equation, we know that in O:

ol DS = AL DS

emt’

Hence, we have

/Q%Cﬂr(?/)q’gxc(y) ®L(y) dy = /

A { ADE  (y) DL (y) + A<I>£<c(y)<1>§mt(y)} dy.

Green’s formula gives us

- 8 f
[ B entn) @bctn@beay = [ | = ZSem)@batn) + 2325 0)@8 )] dsty),

We use the boundary conditions of our two equations and obtain that

[ L eny) @) Phelv)dy = 7 [ Fl) Pyly) ds(1).

The concentration of the fluorophores is zero except on dC, so we get finally the
following proposition.

Proposition 4.1. Let f and g be in L>(3Q)). The outgoing light intensity IS = — a¢>§mt
measured on d(), satisfies the formula:
| en) )0 dsy) = [ F) Ly ds(y). @.1)

This formula also holds for ¢ = 0.

For two chosen excitations f, g € L?(dQ)) and a measured outgoing light intensity

Ig

emt’/

we can compute the integral / f(y) I2..(y) ds(y), and hence, thanks to the last

formula, know /a 5 e (1) Péec ()P ej;c(y) ds(y). Recall that the constant ¥ is assumed
C

to be known. Then, if we choose properly f and g, we will be able to reconstruct cg, 15¢,
and therefore to image the cell membrane dC.

14



4.2 Reconstruction of the cell membrane: case of a perturbed disk

We consider a circular cell C with radius R. We choose to excite our medium with a
source given by

fu(¢) = En e,
forn € Z,¢ € [0,2m] and E, := ik{]},(ik) + J.(ik). It gives us, thanks to formula (3.8),
the excitation light fluence ®f,

Vo € [0,2m], DI

exc

(R,8) = J,(ikR)e™™"?

Let @7, be the emitted light fluence and let I}, = —Daqg%“t laq be the outgoing

light intensity measured at () when the cell occupies C and the source f, is applied at
0Q). It follows from that

| A€ (O)RL(R, 0)®L(R,0)RAO = 277 Eyy [y (m). “2)
Besides, we also have
|| e (B)DLe(R, B)PL(R, )RS = 27T ]y (IkR) o (ikR) (1 -+ m).

Let C, be an e-perturbation of C, i.e., there is h € C?([0,27]), such that 9C, is given
by
d0Ce = {%;%(0) = (R+€h(0))e, 0 € [0,271]},

with (e, ep) being the basis of polar coordinates.

Our goal is to reconstruct the shape deformation / of our cell. Let ®]
0P

emt,e

emt €

be the
emitted light fluence and let I, . = —D laqy be the outgoing light intensity mea-
sured at the boundary of our domain () when the cell occupies C¢ and the source f, is

applied at 0Q). Again, it follows from that

/acef?al/r(x)q)gxc( ) exc( )dS( )—27TE Iemte( ) (4.3)

On the other hand, we have

| A @ (x) @) s () = [ 30 (%) 1 GRR(0)) o (iKR(0)) " s (),
: (4.4)
where R(6) = R + €h(6) and cg;, is the concentration of fluorophores on the deformed
cell membrane 0Ce.
We want to compute the first order approximation of our integral (4.4). Taylor-
Lagrange’s theorem gives us the following expansions, for all N € IN:

T (ikR) = io(lkel;('@))pj( )(ikR) +o(eM)
p:
. N (ikeh(0))? (p),. 49
puiek) = 12 S k) +ofe)
p:



In particular, at first order,

Jn(ikR) = Ju(ikR) +e€ikh(6)]},(ikR) +o(e),
Ju(ikR) = Ju(ikR) +eikh(6)JL(ikR) +o(e).

We can easily get an expansion for the length element ds. (), for i € dCe:

(4.6)

dse(7) = |x'(0)|d6 = ((R +eh(0))* + (eh'(e))2> = i eom()de,  (47)

where ¢(") are functions bounded independently of 1 and, at first order, we have

dse(7) = RdO + €h(0)do + o(e). (4.8)

4.2.1 High-order terms in the expansion of cg,

We denote u, (resp. u) the voltage potential in our medium, when the cell occupies Ce
(resp. C). We assume, thanks to (2.5), that our concentration of fluorophores cg, (resp.
cgr) on dC, (resp. dC) is given by

Chr = O [ue] }ace
resp. car = 0 [u]5c

To find the first order term in the expansion of cg,, we must therefore expand at first
ue. Similar problems have been considered in [10} 11]. Nevertheless, our derivations,
based on a layer potential technique, differ significantly from those in [10} 11]].

We know, from Proposition[3.5, that u¢ (resp. 1) admits the following representation
formula:

Vx€Q, ue(x) = He(x) + D(C(? [Fe](x)
resp. VxeQ, u(x) = H(x) + DY[¥](x),
where the harmonic function He (resp. H) is given by
Vr € R2\3Q,  He(x) = ~85[sael (x) + D(O)[ue!ao]( )
resp. Vx € R2\3Q,  H(x) = ~84[gael(x) + Dy [ulan] (x),
and ¥e € L3(9C:) (resp. ¥ € L3(9C)) satisfies the integral equation:

DL [¥e] oH
c _ g9He 49
Ye + p—5; p—; ondCe (4.9)
oD [¥] oH
resp. Y + ’B—gv — _ﬁ_av ondC, (4.10)

where 7(%) (resp. v(x)) denotes the outward unit normal to dC, (resp. dC) at X (resp.
X).
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Therefore we obtain, for all x € (),
te(x) — u(x) = DY [ucloq — ulan] (x) + DY [¥e](x) - DO [¥] (x),

and, on 0Q):

ne(x) — u(x) = (5 + K)ue — u)(x) + DO[¥ () - DO [¥] ).

Our first step is to find high-order terms in the expansion of Y.. We define the
operator L. (resp. £) on L2(9C;) (resp. L2(9C)) by

D[]
Eell= % (4.11)
oD If
resp. L[f] = -

Proposition 4.2. Let D be a bounded C?'I- domain in R?, for 0 < 5 < 1. We denote by Lp

the normal derivative of the double layer potential on D, Lp := E)DI(DO )Jov. Then, I + BLp:
C?" — CY is a bounded operator and has a bounded inverse.

Proof. The boundness of L : C21 — CW is proved in [12]. Note that since Lp is not a
compact operator, we can not apply the Fredholm alternative. However, Lp is positive
[27] and the proposition follows since > 0. O

For f € C>"1(9C,), & € 9C¢, Le has the following expression [21]:

oD (%), 7(7
Py = L [ DI ) piz) asetw

The outward unit normal to dC at x, v(x), and the tangential vector, T(x), are, in
terms of polar coordinates:

v(x) =e(x), T(x)=eg(x).
The outward unit normal to 0C, at ¥, 7(X), is given by

R_x((6))

@)

N

(%) =

where R_r is rotation by — 7. In our case, we then have

T
2

() = (R+€h(0))e, — eh’(0)eg . 4.12)

((R+eh(6))* + (eh'(6))?)

N —

We can expand 7(X), for x € dC, as follows:

17



7(%) = i v (9), (4.13)
n=0

where the vector-valued functions v(") are uniformly bounded independently of 7.
In particular, at first order, 7(%), for ¥ € dCe, is given by

_ ()

7(X) = e R T o(e). (4.14)
Set %, € dCe. We have
%~ § = R(er (x) — er(y)) + €(h(6%) er(x) — h(6Y) e (). (4.15)
If we denote
¢ =cos(6* — 0Y), s=sin(6" —6Y), (4.16)

then we obtain:
|% — 7| = 2R?*(1 — ¢)+ 2eR(1 —c)(h(6%) + h(6Y))
+€2 (h(6%)% + h(6Y)? — 2h(6%)h(6Y)c) .

and
1 1 1
T2~ 2R2(1—c) 11 eF(6%,0Y) 1 €2G (0, 0v)’ (417)
where
h(6%) + h(6)) (h(6%) er(x) — h(6Y) er(y))?
X gyy — ( X oYy —
F(0*,0Y) R , G(6%,6Y) 2RI(1—0) .

Likewise, we write

1 1 1 @18)

X — 7% 4R4(1 —c)2 (1+ €F(6%,0Y) + €2G(6*,0Y))? '
It follows, from (#.12), (4.7) and (4.17), that
(%), 7)) . Ko+eK;+€%K,
g W= "R
1 R
X RdoY,
1+ €F(0%,0Y) + €2G(6%,6Y) ((R + €h(6%))2 + (eh/(gx))Z)%

where

K() =cC,

Ky = % [(R(67) +h(6Y))c + (W (6%) — K (6Y))s],

W (61 (6Y)
Kz = TC.
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One can see, from the previous formulas, that the singularity of ~—5——— fori €

2R2(1 —¢)
[0,2] is of order O(|6* — 6¥|~2), since 1 — ¢ = O(|6* — 0¥|2).
Likewise, thanks to (4.12), (.7) and (4.17), we can explicit M, for i € [0, 4] such that

(F =G 0OV =g, 00)) 4o o Mot eMy+ €M+ &Ms + My
T g / AR¥(1— c)?
1 R RdoY,

T+ eF(6%,0%) + €2G (6%, 0))? (R + eh(6%))2 + (el (6%))2)?

and the singularity of for i € [0,4] is of order O(|6* — 6Y|~2). Therefore,

4R4(1 — )2

we get

. Nyo+eNj+€e2N, + e3N3 + €Ny

Led =
e dse(9) 2RH(1 — )2
X " L eI 5 R - Rd&Y,
(1+€eF(6%,0Y) + e2G(6*,0Y)) ((R + eh(6%))2 + (eh' (6%))2)2
where L, := — <V(ic) v~(32/)> + 2(x — y,v(yf)><3~c 4_ 7,7(F)) is the kernel of £, and the
rﬁ—m -7

singularity of IRI1— o) for i € [0,4] is of order O(|6* — 6Y|~2). We do not give here

the expressions of Np, N3, Ns due to their length, but Ny and Nj are given by
No = —R?(1—¢),

Ni = —2R(1 — c)(h(6%) + h(6¥)).

Recall that

(1(6%) + h(6Y))

(h(6%) — h(6Y)? + 2h(6%)h(8Y)(1 — c)
= , .

F(O%,67) = 2R2(1 0

G(6%,6Y) =

We introduce the following series, which converges absolutely and uniformly,

1 R

(T eF (@78 + €6 07 (R 1 enoy e+ (oo} i

p=0

NI—

The first order term is given by

(3h(6%) + 2R (6Y))

F(6%,6Y) = — =

(4.19)

Note that (Fp)pen, like F and G, have no singularity and are uniformly bounded.
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We define the following functions, for all x,y € dC:

Lo No L) = Nohi+ N
2R*(1—c)?’ 2Ri(1— )2’
L2 — NoF, + N1F; + Np L6 — NoFs + N1F, + Ny F; + N3
2R*(1—¢)? 7 2R (1 —¢)? '
and, forn > 4,
1
1.(n) — —2R4(1 o (NoE; + N1E,_1 + NoF,, 2+ N3E, 3+ N4F,_4) . (4.20)

Thanks to the explicit formulas of (N;);c|o 4 and (4.19), we obtain in particular that, for
all x,y € dC,

(U R SN C L Cl)

2R3(1—o¢) T 2R3(1—¢)’
where c is given by (4.16)).
By construction, L("), for all n € IN, have a singularity of order O(|6* — 6Y|~2).

The integral operators ( L£M), e, associated to the kernels (L"), cn;, are given, for
all f € C>1(aC), x € aC, by

(4.21)

L) = e [ L@ 6)(f(8%) ~ (%) Rae

It follows from that, for all C?>"(9C), x € 9C:
LOf](x) = LIfI(x) and  LY[f)(x) = —h(6%)L[f](x). (4.22)
We can now write, from our construction, an expansion of L..

Proposition 4.3. Let N € IN. There exists C depending only on R and ||h||c2 , such that, for
any f € C*1(3C¢), 0 < 11 < 1, we have

N
Le[flote = LIf] = Y- "L f]lernac) < CeNTHIfllezgac),
n=0

where T is the diffeomorphism from dC onto dC, given by Te(x) = X and the function f is
defined by f := f o Te.

Proof. Let f € C2"1, We know that 21{4(11\]—i_c)z, for all i € [0,4], have a singularity of
order O(|6* — 6| ~2).
Thanks to the C!-character of f, (8%,6Y)

gularity of order O(|6* — 6¥|~1).
Besides the Hilbert transform is a bounded operator from C%" to C%. From the
boundness of h and its derivatives, it follows that the operators associated with the

kernels ﬁ for i € [0,4] are bounded from C? to C1/.

N;

~ gxir e U (#) — £(8) have a sin-
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Since the (Fy),en are uniformly bounded, the construction of L) 1| implies
that there exists a constant K(R, ||h||;2) such that

1 llenac) < Kilf lleonger.

where f is the derivative of f with respect to 6. Likewise, since the kernel of £ [f]'(x)
fy) = f(x) = (x =y)f'(x) 2
is of order O , the C~-character of f gives us a singularity

[x = y[?
of order O(]|0* — 6¥|~1). We therefore obtain that

£ lemac) < KIIFlesaacy

where K(R, ||}]|¢2) is a constant and f" is the second derivative of f. Therefore, there
exists a constant K(R, ||h||2) such that

£ [ Nlewaac) < Kllflleznacy.

For all n € IN, the operator 5(”)~: C?" — C11 is bounded and the constant K does not
depend on 1. Let N € IN. Let f € C>7(dCc). We introduce f := fo 1, f € C>1(3C).
We have

0 ( N+
Y €L flleae) < T Kllfllenac),
n=N+1
which ends the proof of the result. O

By substituting the result of Proposition 4.3 into the integral equation verified
by Y., we obtain for all N € N that

ov

VxeaC, (I+/3£+EZ€”£ W] (%) +0(eN) = —B==2(%). (4.23)

n=0

We use Taylor-Lagrange’s theorem and (4.13) to expand a;;l °(%):

(s (Z ¥ S @ VH( ><h<9>v(x>>“) (fe”v“)(@)) (429
! p=0

p=0|a|= P

In particular, at first order, we have

J0H, oH, h'(6) 0H,
ey e (KO

2
ov (%) = ar RZ 00 (x) +h(9)a e (x)) . (4.25)

Our integral equation (4.23)) then becomes

VxcaC, (I+BL+ B ﬁ e"LUN[F](%) +o0(eN) = —B i €"Gy(x), (4.26)
p=0 =

where (G;),en are the coefficients in the expansion (4.24).
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Equation (4.26) can therefore be solved recursively in the following way:
¥ = —p(I+ L) [Go],

G+ i =P g (p)
p=0

Vn<N, Y0 =_pg(I+BL)""

n-1 ] (4.27)

In particular, thanks to (4.22) and (4.25), we have

w0 = gt gyt (7).

(4.28)
W OH.  0°H, 0
v() = —B(I+ L) (—ﬁa—ngh —h—D(CO)[‘I’(O)]).

or? v
We obtain the following proposition.

Proposition 4.4. Let N € IN. There exists K, depending only on N, R and the C?- norm of h,
such that

N
[¥e = Y € ¥ 2y 50) < KN, (4.29)
n=0

where (Y ™)), <N are defined by the recursive relation .
In order to prove Proposition[4.4, we need the following result [20, Theorem 1.16].

Lemma 4.5. Let X and Y be two Banach spaces. Let T and A be two operators from X to Y,
such that D(T) C D(A), where D(T) and D(A) are the domains of T and A, respectively.
Let T~ exist and be a bounded operator from Y to X (so that T is closed). We suppose that two
positive constants a, b exist such that

Vi € D(T), ||Aul| < al[ul] + b]|Tul],
al|T7Y| +b < 1.

Then S = T + A is closed and invertible, S™1 is a bounded operator from Y to X and the
following inequalities hold:

IT71]

T (al| T~ +b)
al|T=1| = b’ '

1—al|T7Y| -0

1571 < 1= ST =T7Y| <

If in addition T~ is compact, so is S~1.

Proof of Proposition By definition, ¥, verifies:
(I+BL:)[Ye] = —B ) "Gy
n=0

Besides, it follows, from our recursive construction of the (‘I’(i) )ie[O,N]r that
N N ~
(I+BL+B Z e”[,(”))[z erny(p)] S Z "G, + Nt Ay,
n=1 n=0 n=0
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N N+n

where Ay = Z e" Z L(N+1+n—p) [‘Y(p)] + B Z €" GNi14n-

Therefore, we have
N N 00
Ye— Y ¥ = ((1 +BL) T = (I+BL+BY. e”ﬁ(”))_1> B Y €G]
n=0 n=1 n=0
—(I+BLA+B Z e" L)1 eNT1 AN

n=1

(4.30)
We know from Proposition 4.2| that the bounded operator T := I + BL. : C> —
C'1 has a bounded inverse T~! : C" — C%71. We define

N
A=BL+BY LM —BL..
n=1

From Proposition 4.3 it follows that there exists a constant C(R, ||/||¢2) such that
A [u]llernacy < CeNFH lullcanac)-

For € small enough, we have
CeNTH T < 1.

In the following, we apply Lemma 4.5 with a := CeN*tland b := 0.
N
The operator S := 1+ L+ B Z " £ has a bounded inverse, which satisfies:

n=1
+prapy encty < T
| 11— CeNFY|T]
N N+1([7—1(12
- - Ce™ [T
d [+BL neY=1 (14 BLp) Y| < .
and I+ BL+p Y L) (14 plo) NI S 1 e
We use (4.30) to get
N N—HHT—lH oH
Y.— Y "y <€ (CHT bl ‘5 € +\|ANH1,).
o= Seve L, < e  1Anllers

Recall that He is C* on dC. Hence, for all p € N, G, is bounded. From Proposition
. we know that £(") : C27(3C) — C1(3C), for all n € IN, are bounded operators.
We have also, from Proposition 4.2} that (I + BL£)~! Cl'”(BC ) — C>1(3C) is bounded.
One can prove recursively, from the constructlon , that, for all p € N, ¥() is

C?"(3C) - bounded. Ay and aai are therefore C1 ’7(8C) - bounded.
Finally, we obtain that there exists a constant K(N, R, ||h||;2) such that

N
H\Ife_ ZGHT(I’Z) < K€N+1,
n=0 C21
and the proof of Proposition#.4]is complete. O
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We now explicit the first order term in the expansion of cg, as function of the cell
membrane perturbation. For doing so, we introduce, forn € IN \ {0} and x € 0Q2:

op(x) = Y /Oznh(y) (vy(aai ()(x,y)).y(f)(y)> (0 (gv) oD () dpY.

i+jrktl=n a Ty
(4.31)

It follows from (4.8), (.14), (#.29) and (4.31), that for all x € 9Q):

2w 92 1 27 9
v1(x) = A ar2 T (x,y)n(6¥) ¥ (6¥)Rd6Y “R o aeyf(o)(x y)¥ O (6¥)1' (6Y)d6Y

Zna

27
n rO)(x, )¢ (0¥)RdOY  + / TO) (x, y ) () (6¥)h (0¥ ) dev.
0 ary ary

In terms of polar coordinates, the Laplacian has the following expression:

? 19 19
or:  rar 12902

Therefore, we have for all x € 9Q):

A=

1 27 92 1 /27 9
- _ - 10 VO (gvydev — — r©) v () (9! (6Y)dY
0 =% | agyzr (x,y)(6) ¥ ) (60 — = [ ST (x, ) ¥ ) (81 (678

27
(1) gy Yy
+/ ary ¥ (6Y)RdeY.

Besides, we obtain, thanks to (4.29) and (4.31), that

PO (x) =~ D1+ pL) ! [

} Z €"vy(x eN).
The integral equation (4.10) that ¥ verifies, then gives us

ov

oH N
—-— ] + Ze”anro(eN
aC

oc OV n—1

DOt - D) = ~p D1+ pL) |

By definition, we have on dC
0
He — H = Dy [uelan — ulan))

Let £ be the operator defined by

efolx) = pDL (1 +60) | (D

[0 - GHEDE, @)
oC

for all v € L3(9Q2) and x € 9Q).
Recall that on 9():

ue(x) — u(x) = (3 + K e — ul(x) + DL (¥ () - DL [¥](v)



We obtain, for all x € 0Q), that
(I+ &)[ue — u](x 2 €"v,(x) +o(eN), (4.33)

and, at first order,
(I4&)ue —u](x) = ev1(x) +o(e),
where v, is given by the formula:

o0) =~ | o (1O 5T ) ¥O (@00 + DO ¥V ). a3

Proposition 4.6. Let £ be defined by . The operator I + & is invertible on L3(9Q}).

Proof. The operator £ is compact. We can therefore apply the Fredholm alternative.
Let us prove the injectivity of I 4 £. For doing so, we introduce the function v defined

on () by
BC] .

It follows from Proposition (3.5| that v is solution to (2.4) with H = D [v\ag] The
decomposition of the representation formula of such a solutlon is unique so that we

o(x) = DY [olan] ~ pDL(1 + pL)! [a%wé? gl

d 0
have 8(()0 ) [£|30] — 0 and hence 22| = 0. Since v is harmonic, we obtain that v is

81/

constant in (). Recall that / v=20. Therefore, we have v = 0 in Q). Besides, on 9, v
[@)

verifies:

Vx € 0Q), v(x) = =&v](x).
We have proved the injectivity and hence invertibility of I + & on L3(90}). O
Now, combining Proposition 4.6|and (4.33) yields
N
ue(x) —u(x) = Z e"(I+ 8)*1[vn](x) +o(€N).
n=1

Note that by construction ¥(") and so v, still depend on €. We can remove this
dependance from our asymptotic formula in the following way. We introduce (G9),,cN

the expansion of aaij Let (v )ne]N\{O} and (¥, gl ))neN be defined by (4.31) and (4.27),

where (Gy,),en is replaced respectively by (G9),cn. We then obtain that

Vx €3C,  Fe(x) =¥\ (x)+0(1),
Vx € 9Q), ue(x) =u(x)+o(1).

By repeating the same procedure with H + € Dg) ) (I+&)7! [0(1)] instead of H, one finds
(U}z)neN* and (‘an))n@N such that

Vx €dC, Ye(x)= ‘I’go)(x) + e‘Fgl)(x) +o(e),
Vx €9Q), ue(x) =u(x)+e(l+E&) o]+ o(e).
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One can prove the following proposition, by repeating the same procedure until
one obtains (vy)neN\{O}.

Proposition 4.7. Let (v, )ne[l Ny and (Y %,))HE[O,N} be the functions defined above. The fol-
lowing asymptotic formulas hold:

N
Vx€dC, Ye(x)=) € ‘Pg\';) +o(eV),
n=1
N
Vx €00, ue(x)—u(x) =Y €"(I+&) " [on](x)+o(eV).

n=1
The remainder o(eN) depends only on N, R and ||h||q.

We can now compute the first order term in the expansion of cg;.

Recall that cq, = J [ue |aC The boundary conditions 1) that u, satisfies, give us

- 5/388”6 T

Let us find the first order approximation of ¥.. We apply the previous procedure
to obtain ‘I’gl). Hence, one introduces:

T(()O) —B(I+BL)! Bv}’

W oH 0°H ] (2.35)
) _ _ £yl B D( ) (g0
0 B+pL) [RZGG harz ha (o)1 -

Observe that ‘I’éo) =Y. Thanks to (4.34), one can write U(l) for all x € 0Q):

1 (27 9 d
) =-% | o (h(ey)ﬁrﬂ( ,y)) ¥(0¥)deY + DO ¥V (x).  (4.36)

Therefore, we get

0 — ¢l —y
/ 2
¥ = _p(1+pL)! (—%%i; +h S S0 (14 £) of) —n 2D m)
(4.37)
We first recall the mapping properties of the operators ICI(;)) and (ICS)) )*. Itis known
that if D is a C?>" domain, then ICg)) and (ICI()O))* map continuously C'7(dD) into
C21(aD) (see, for instance, [39]). We also need the following result.

Lemma 4.8. Let D be a C*' domain in R?, for 0 < 7 < 1. Let ¥ € C"1(dD). We have

J (0 __1oY d ..(0)
57 Pp [‘If]i Foar tar ko [¥].
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Proof. Let'¥ € C1(dD). Recall the jump relation of the double layer potential across
the boundary dD:

DY = (758 ) 191

The result of the proposition is simply obtained by taking the tangential derivative of
the previous formula and making use of the mapping properties of ICZ()O). O

Corollary 4.9. Let D be a C*>' domain in R?, for 0 < n < 1. Let h € C?(dD) and let
Y € C?1(aD). We have

_ Jd_ d (0) _I 0)y«\| 0 Jd¥Y B 0 (0) oY B Jd . 0 (0)

(4.38)
In the particular case of the disk C, we obtain that

1 0,9 0 I (0)+ 1 0 dY]
Proof. From Lemma [.8| we know that

d ;9 50
“ar TP

__lo,o%¥ 9,90 .0
[‘Y]'_— 2aThaT aThaT’CD [¥]

(0)

Besides, the tangential derivative of the operator K},” can be expressed as follows [22,
p.144]

9 kg — (@) ?¥
ﬁICD [T] - _(ICD ) ﬁ]/

for ¥ € C>"(9dD). We thus obtain easily the result (4.38).
Recall that, for a disk of radius R, the operator ICEZO) admits the explicit formula:

1 2r
K& = - [ ¥ @),

which does not depend on 0. Its tangential derivative is therefore zero, and we have

the formula for the disk. Finally, we note that (ICE:O) )= ICE:O) and hence,

(/c?))*{;—@h%—‘ﬂ = 0.
O
The next step is to find w such that
(14 &)[w] = . (4.39)

From Proposition 4.6} it follows that there exists a unique function w solution to (4.39).
The following result holds.
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Proposition 4.10. The solution to verifies the following equation and boundary condi-
tions:

([ Aw =0 inCUQ\C,
ow ow 1 0, 0¥
8_1/ Jr—g B ——ﬁﬁhg OnE)C,
ow hou 1 9 du (4.40)
w |+ —w ’7 —’BE - = —ﬁ (Eg + ﬁ%h% _) OnaC,
ow =0 on dQ).
[ I |30
Proof. The solution w of the problem (4.40) satisfies the representation formula:
vxe 0, w(x) = DY [wlaal(®) + SO gz ok or](x) + DP[AI ), (1)
where the density A on dC is given by
h ou 1 0, 9du d
— _ -1 | _ntow 1 9,00 2 00
A=—PUTPL | "Ror “Reae"a6|_ T avi0 (Whal
(4.42)

I 19 9%
I en@) [L Lo,
+( 5 +(Ke) )[ Rzaehaeﬂ‘

Thus, for x € 0Q),

(1+ E)[)(x) = SO~ 5 w5h 21 (x)
hou 1 0 du

_an0) -1 |_rosr - 9,97
BDc I+ pL) Ror  R290 20

I (0)+ 1 0, ,0Y
(L) [ A2

(4.43)
By integrating by parts twice, the first term in our equation becomes:

1 0, 0¥ 1 27 9 (h(Gy)iT(O)(XzyO Y (6Y)de". (4.44)

0 1o,9¥ .~ 1273
Sc'l-rzae" 20l = "% )y 20

00Y
Hence, we obtain that

1 0,0Y
58 [~ a3ghag) (¥) = ol (x) — DL [¥1] (x). (4.45)

The representation formula of u and the expression of the Laplacian in terms of polar
coordinates give us
1 0,0ul HWOH H hoH 19 9

10 du| _ WoH _hOH | 19,9
R236"96| ~RPee "a2 Rar " Reae'aelc |- (4.46)

Observe that by definition of ¥, we have on d():

ou _
5, =P ly, (4.47)
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One can then derive the integral equation that ¥ verifies and obtain that

hou hoH — hd
_E§+Rar —EgD(C)[‘I’]. (4.48)

The second term in our equation (4.43) becomes

WoH _0°H ho

n o o no._50)
R2 96 +h or2 RarDC ()1

B 1+ L) |-

It follows from (4.37) and (4.45) that
Vx € 0Q), (I+&)[w](x) = ().

We have obtained an approximation at first order of cq,:

Cily = Cly — 6(5‘119) +o(e),
(1)

where ¥ is given by

B WoH 9°H 9 d
¥ = —p(1+pL)"! {_ﬁ 30 hﬁ+a Dyw _hgp(co)(q’) %

and w is the solution of (4.40).
We can now derive the first order term in the asymptotic expansion of (4.4) ase — 0.

Theorem 4.11. The integral (4.4) admits the following asymptotic expansion:

/C ’7&1/1‘(x)q)gxc(x) exc / r)/cﬂr exc ) exc( )dS( )
‘ (4.49)
< _ (1) —i(n+m)0
—i—e/acfy<Acﬂr(9)h(9) B¥! (9)) e do + o(e),
where the constants A and B are given by
= ik];,(ikR) J; (ikR) R + ik], (ikR) ]}, (ikR) R + J,(ikR) Jm (ikR), (450)
4.50

B = Ju(ikR)J(ikR) R

4.2.2 Fourier coefficients of ‘Fgl)

Recall that () is the unit disk and C is the disk with radius R < 1. In terms of polar co-
ordinates, the fundamental solution T'(*) of A in IR?, given by (3.9), has the expression:

Yy (r,0) € O, Vz (R, ¢) € Q, (y) = 41—n log(R? +1? — 2rR cos(6 — ¢)).

The decomposition of log into a power series gives us the following formulas:
1 1

—logR Y il Llnlgin0-9) gy < R,
00y — 4n iz Inl R 451
5. logr — — ) W(—) e if R <r.

nezZ*
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Let f € L%(]0,27[). By reinjecting (4.51) into the definition of the following operators,
we obtain for (R, 6) € oC that

Sy = —% ZZ* ﬁ]{lnlf(n)eme’
DY If)(v) zf(0)+% ZZ*R'"f(n)ef”",
(0) |
DO = 3 X bR e,
op® ) |
1;: [fly) = %n;z |n| %f(n) oind

Recall that H satisfies the following representation formula on dC:

H= _S(()O) [gele] +Dg) [fO]/

0
where gele = M and fo = ulan. We therefore get
N |50
y 1 1 £ |n| ,ind
H@O) =/f0(0)+5 ) (78ee(n) + fo(n) | R™e™,
2nEZ* |7’l|
8_9(9) —HGZZ*mH(n)e ,
0’H 1 .
=5 (0) = =5 Y [nl(jn] = 1)H(n)e".
or? R? nezx

Besides, for f € C?>(3C), we have

"
1+ 1f10) = L (1+p0g)  Foner.

nezx

-1
Note that ¥ (1) = — (1 + B %) |£R| H(n).
(1)

We can now write the Fourier coefficients of ¥, , forn € Z* := {m e Z,m # 0},

- 1|n|RI"-1
¥ W) = —p- 2
v () 2 1]

1+p

o(m)—p Y. h(p)H(n—p)
p=—oc0

2R (4.52)

B In—pP )
< (= ppin=pln—pl =1+ BP0 ) (1ep 1)




Integral (4.4) becomes at first order:

m+n—pl\~
Tmn — Im” +e 2t A By Z h (m+71— )(1—|—ﬁT

p=—0o0

—€ 27 B 5’7‘1’51)(111 +n),

where 7" = [ 361, (x) @ (x)@e(x) ds(x) and T = | Fen(x) @ (x) @l (x)ds ().

€

4.2.3 Reconstruction of h

We introduce the linear operator Q defined on C?(9C) by

Q=€ Y. Funl(p)h

p=—00

where

A n B
RN TR
2R 2R

B__Im+n—pl
R2R+ B|m+n—p|

Fyunl(p) = 2067 ((m n—p)p

1+p

+m+n—p|(lm+n—p/ —1)+ )]ﬁ(m+n—p).

Recall that Z¢"" and Z;"" can be computed from the knowledge of the outgoing light
intensities I . and I}, measured at the boundary of our domain {.2), {.3):

emt,e

zmnr —ZNEmI/\

emt,e

(m), I =2mEy I (m).
We denote 4 the data of our problem:
|m _|_n| RIm+n|-1

m + n
L+ p

W(m+n),

V€ Z, = 27 En( Ly e (1) = Tigg(m)) — € 7B 06

where ew is the measured difference of the voltage potential on d(), when the cell
occupies C. and when it is the circle C.

The operator Q links the perturbation / of the membrane cell to the data of our
problem:

ﬁm,n = (Q[fl])m,n + €2Vm,n;
with the term €2 Vm,n modeling the linearization error.

We choose to apply at the boundary of our domain ) an electric field g : 0 — €2
with z € Z. Let us compute the resulting voltage potential at the boundary of (), fy
and more specifically its Fourier coefficients. From the representation formula (3.10)
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of u and the jumps relation of the single and double layer potentials, we obtain the
following equation at the boundary of our domain:

fo= 5 (gae] + fo+/C ko] + DO,

Since /a fo = 0 from 1) we immediately get fo(0) = 0 and IC [ fo] = 0. We
Q
write, like in the previous section, the Fourier coefficients of the various layer poten-

tials and of ¥ and get forn € Z \ {0}:

n nl—
2(1+/3U)+/3|n|1z2| -2 1

2R — Gere(n).
1|

fo(n) N ] 2|n|—2
2(1+ B o) — BlnlR

Note that §qe(n) = 9;(n). We can now write the Fourier coefficients of H|c in our
case:

2(1+l3ﬁ) 1

O (OREL
21+ 1) — ppjreni-2 11

HO0)=0, and Vnez\{0}, Hn) =

The operator Q has therefore the following simplified expression:

(Q[A))mn = € Epulz) h(m +n —z),

A B
1+B> 1+
Par P

2
<(m+n —z)z+|z|(]z] = 1) + g—ZR |j|18|z|>

2116B7 201+ |Z|)

& 2(1+ﬁ%)—ﬁ\Z\R2'Z'2

Recall that the constants A and B depend on R and k.
The adjoint of the operator Q is given by

(Q*[ﬁ])p =€ ’ Z Fj,p+zfj(z) ﬁj,erz—j-
j=—00

Then we obtain that

(Q7Q e’ Z B i (2) P R (p).

j=—00

We now consider the presence of measurement or instrument noise in our measured
data. We thus introduce:

ﬁ%fﬁs = (Q[fl])m,n + €2Vm,n + O'Wm,n/
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with the noise term W, , modeled as independent standard complex circularly sym-
metric Gaussian random variables (such that E[|W,, ,|?] = 1; E being the expectation).
Here, o corresponds to the noise magnitude. We consider that ¢ verifies €2 < ¢, so
that the linearization error is negligible over the measurement error and we can write:

Ay = (QA)) i + Wiy .

Following the methodology of [3, 6], we want to asses the resolving power of the mea-
sured data in the presence of this noise.

Since h is C2, |(p)| < C/p? for some constant C, for all p € Z \ {0}. Besides, one
can see that for all m,n € Z, F, , is bounded, for given R and k. Let M be a positive
real such that M < 1/€2. We can reconstruct the Fourier coefficients of the shape
deformation & only for p such that |p| < M, otherwise the linearization error €2V, , is
too large. We suppose that /1, = 0 for all |p| > M.

To reconstruct /i, one can minimize the following quadratic functional over ¢:

2

4

HQ[qa] _ pmeas
F

where 2" = (115 )mn, ¢ = (¢(p))p, and || ||F is the Frobenius norm. The obtained

least squares estimate is given by

Vpe [-M M), he(p) = (Q'Q)71 Q") (p) = h(p) + 0 ((2°Q) QW) .

(4.53)
One can prove with the explicit formulas of the operators Q and O~ that the fol-
lowing result holds.

Proposition 4.12. Estimation is unbiased and has the following variance:

IE(mest(p)—h(p)F):g(x |F,-,p+z_]-\2) . (4.54)
J=—

Besides Proposition Parseval’s identity and Graf’s addition formula yield
& AN 2
X e =2 [ h0)Fa
where the function f, is defined by
fp(0) = a2ikRsin(6) J,,,(2ikRsin(0)) + (a + Rb) Jp+2(2ikR sin(6)),
2R/ 2716 B

z _ z
21+ 2 plelree2

2
b(R,p,z) = a(R,z) 2Rzgfi|£|;r|z| (p2+ |zl (2] = 1) + %%&;M)

We introduce the signal to noise ratio SNR:

with a(R,z) =

SNR = ( g)z. (4.55)
The following result holds thanks to (4.54).
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Theorem 4.13. Suppose that the pth mode of h, fi(p), is of order 1, we can resolve it if the
following condition is satisfied:

2 2 2
SNR <%/0 | (6)2d6.

Let us simplify this stability condition under the respective asymptotic assumptions
|k|R > 1and |k|R < 1.

Since J_, = (—1)"], ([1, Formula 9.1.5]), we can consider without any restriction
that p +2z > 0.

Assumption 1: |k|R > 1 We assume in this paragraph that |[k|R > 1. We use the
asymptotic expansions of the Bessel functions of the first kind and their derivative ([1,
Formulas 9.2.5 and 9.2.11]) to find that, in this case, when p + z < 2|k|R, we have

N, 4Im zk) )% 2% (n!)?
;/O £,(0)[2d6 ~ IkIRZ Ml @n+ 1)

Then the resolving condition becomes

4a(R,z)? > (4Im(ik)R)>" 22" (nt)?

-1 : —
SNR™ < C(R,z)lk|  with C(R,z) = — 3 ; @) n+ D)

With large |k|R, we can estimate the coefficients /i(p) for all SNR of order 1/|k|, as
long as p +z < 2|k|R.

When p +z > 2|k|R, from [I, Formulas (9.3.35) and (9.3.43)] it follows that the
following asymptotic behavior of our integrand holds:

fp(0)] ~ ‘ +V1- x‘ P42 p(pr2)Re(VI=3) (2(p+2-1)
. . 2
where x = (M) )
p+z

Since |x| < 1, the last term in the preceding expression is the dominant one, and
makes the integral exponentially small. To resolve the pth mode of / in this context,
we therefore need a SNR exponentially large, which is impossible in practice.

We choose for each p < M an electric model with z < 2]k|R — p. The condition
p +z < 2|k|R is in this way always satisfied, and the pth mode can be resolved as long
as SNR™! < C(R, z)|k|.

For a fixed z, k and SNR, this inequality gives us a constraint on the cell radius. In
order to be able to image the cell with a given SNR, its radius has to be larger than a
minimal value, R* given by

R*(SNR) = F 1(SNR™}),

with
)271 22n (1’1!)2

(2n+1)r

The typical size of eukaryotes cell is 10 / 100 pum. We use for our different parameters
the following realistic values reported in [15], [13], [16], [18]:

t z 4Re
Ft) = 2T 2 G
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the absorption coefficient u = 0.03,

the reduced scattering coefficient u, = 0.275,

the fluorophore quantum efficiency 7 = 0.016,

the fluorophore fluorescence lifetime T = 0.56s57!,

the fluorophore extinction coefficient eexe = 5 * 104 mm~mol !,

The constant § defined in (2.5) is given by 6 = 0.91 * 10~®mol V1.

It is worth mentioning that the absorption coefficient y is low compared to the

- 1/2
%ﬁj/c . Then, for given

absorption and reduced scattering coefficients, Assumption 1 corresponds to frequen-
cies w such that w > 10' and therefore, are nonphysical. The minimal radius R*

reduced scattering coefficient p/. Recall that k = (

increases with z, we thus choose z such as |z| = 1. Since M ~ 10 with these values of
the parameters, this choice does not impose any restriction, because we have always
M —1 < 2Jk|R.

Assumption 2: |k|R <1 Note that the larger the reduced scattering coefficient is,
the smaller is |k|. The asymptotic expansions of the Bessel functions of the first kind
and their derivative when the argument tends to zero ([1, Formula 9.1.7]), give us the
asymptotic behavior of our integral in the case of a small |k|R:

/2 KR\ (2(p +2))! )
—/ 1£(0) 26 ~ (2) o @p D) T REY.

For fixed z, k and R, the pth mode of & can be resolved under Assumption 2 as long
as the SNR verifies:

(p+2) z))!
SNR™! < (|k2’R> ((l(ﬁr;z)!)z(a(R,z)(p+z+1)+Rb(R,p,z))2.

If we consider now that the SNR, k and z are given, we can define, for each mode
p, the minimal resolving radius R*, i.e., the smallest radius that the cell can have if we
want to resolve the pth mode of its membrane deformation.

Theorem 4.14. The minimal resolving radius R* has the following expression:
R*(SNR,p) = F, '(SNR™Y),

where the function JF, in this regime is given by

+z) '
Fplt) = (|k2|t> v %(a(t,z)(p+z+1)+tb(t,p,z))2.
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Figure 4.1: Minimal resolving radius as function of the SNR when |k|R < 1.

Note that the higher the reduced scattering coefficient is, the better is the resolving
power of the imaging method. In fact, in order to resolve the mode p, the higher the
reduced scattering coefficient is, the smaller is the required SNR.

We plot in Figure {4.1| this minimal resolving radius as a function of the SNR for
p = 0,1, 2 and 3. We centered the y-axis on the typical radii of eukaryotes cells,
like in the preceding paragraph. Assumption 2 corresponds to frequencies w such
that w < 1013, We choose w = 10?, which is a typical frequency used in cellular
tomography. For each p, we took z = dy(p) — p, because R* decreases with p + z. Since
we can not take z = 0, the mode 0 is not the easiest to resolve. For the other parameters,
we kept the values of the previous paragraph.

Under Assumption 1, for given z, R and SNR, if the resolving condition was veri-
tied, we could resolve all modes of h up to M. Because the constraint depends this time
on p, a new question arises: "how many modes can we resolve for fixed R and SNR?".
We introduce the maximal mode number p(R,SNR) defined by

p(R,SNR) = sup {f € N\ {0}] inf 7y (R) > SNR™ |+ e

which answers this question.
We plot in Figure 4.2/ the maximal mode number as a function of the cell radius for
different values of the SNR. We took the same values of our parameters as in Figure

A1
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Figure 4.2: Maximal Mode Number as function of the cell radius when |k|R < 1.

4.3 Reconstruction of the cell membrane in the general two-dimensional
case

We leave the specific case of a circular domain to go back to the general case in dimen-
sion two. Leta,b € R witha < b. Let x : [a,b] — IR? be a parametrization of dC such
that x € C>"(R) for an 7 > 0 and |x'| = 1. The outward unit normal to dC at x(t), v(x)
and the tangential vector, T(x), are given by

v(x) = R_zx'(t), T(x) = x'(t),

where Rz is rotation by —7.
We introduce the curvature 7 defined for all x € dC by

Let C¢ be an e-perturbation of C, i.e., there is h € C?([a, b]), such that 9C; is given
by
0Ce = {%;%(t) = x(t) + eh(t)v(x(t)),t € [a,b]}.
Like in the previous section, our goal is to reconstruct the shape deformation h
of our cell. Let Ie%nt,e (resp. IZ.,) be the outgoing light intensities measured at the
boundary of our domain when the cell occupies Ce (resp. C) and the optical source g
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is applied at 9Q). It follows from Proposition [4.1] that

| TP PEe(x)ds(x) = [ f I

(4.56)
resp. /ac '7cﬂr(X)q>gxc(x)q>§xc / fI8 e ds(x

where f,¢ € L?(9Q) and cg, (resp. cg,) is the concentration of fluorophores on the
boundary of the cell dC, (resp. 9C).

We introduce the voltage potential u such that cg, = 6[u]|yc. We know, from Propo-
sition 3.5, that u admits the following representation formula:

VxeO, u(x) = H(x) + DV¥](x),

where the harmonic function H is given by

Vr € R2\AQ,  H(x) = ~5[gael(x) + Py [ulan](x),
and Y € C%'(9C) satisfies the integral equation:

oD [¥]

oH
Y + B g = —ﬁg ondC.

1%

We compute the first order approximation of cg, using exactly the same method as
in Subsection 4.2 Doing so, we arrive with the help of Corollary [4.§ at

Cily = Cfly — e(S‘I’gl) +o(e),

(1)

where the function ¥, is defined by
(1 _ 1 OH L OH 9 2
Y, = —-B(I+BL) (( haT+haz+aD [] h D [‘P]
d d, 9
+aTIC [hﬁ] - ﬁhﬁ [‘I’])

and w is the solution to the problem:

(Aw =0 inCuQ\C,
ow ow J oY
E +_W = _a_Tha_T Onac,
ow ou 0 . Ju (4.57)
w |+ —w |_ —IB = ‘B ( I’la— ﬁhﬁ ) OnaC,
a_w =0 on 0Q).
\ v 00)

We then obtain an expansion of (4.56) as € — 0.
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Proposition 4.15. Integral admits at first order in € the following expansion:

/C '7Ef\l/r(x)q)gxc(x)q)exc / 'Ycﬂr exc )(I)exc( )ds( )
‘ (4.58)
- (1)
+e/ fy(A(t) cae(t) h(t) — 6 B(H) ¥} (1)) dt +o(e),
where the functions A and B are given by
dCIJé[XC t d¢§xc t
A= ellog ) + ol —rolaoi,

B = q)érxc(t)(bégxc(t)-
Let fi,..., fr, be a finite number of linearly independent functions in LZ(BQ). We
introduce the functional 7 defined on C?([a, b]) by

2
Y |[ e~ 1h0ds—e [ 57 (A0 e nn) - 58,0 ¥ 1) a

7

i,j= 1
where the functions A; ; and B; ; are given by

Aol (1)

L dPL(t)
dt

CART
Bi,j - q)éic(t)q)ézc(t)'

(1) + dLic() — () 0L (DL (),

We reconstruct the shape deformation /1 by minimizing the functional J over h.
In order to maximize the resolution of the reconstructed images, we choose fi, ..., f,
such that the functions A;; and B;; for i,j € [1, L] are highly oscillating. We will then
be able to obtain a resolved reconstruction of the boundary changes h.

We introduce the operator A : L2(9Q)) — L?(9C) defined by

Vf € FO0),¥2 €0C,  Alfl(2) = @heloc(z) = [ Caly)f () ds(y)
The adjoint operator A* : L?(9C) — L?(9Q)) is given by

vg € L*3C), Yy €90, Alq() = Plha(v) = | G:(1)q(2) ds(a),

where p is the solution to the problem:

(—Ap+k>p =0 in (),
op| _9p| _
8_1/ | —q on dC,
(4.60)
P|+— pl-=0 on 9C
\ gp +p=0 on dQ).
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We therefore obtain the following expression for A*A:

vf e 200), Wy €0, AW = [ dif(t) | GG ds)

Following [2, 4], we choose fi, ..., f1, to be the first singular vectors of the opera-
tor A. The number L, which fixes the resolving power of the approach, is chosen to
maximize the trade-off between resolution and stability. To gain resolution one has to
choose L as large as possible. But if it is too large then it follows from the fact that f;
is highly oscillating for large i that the algorithm is unstable in the case of noisy data
(4] 5].

5 Conclusion

In this paper we have introduced and analyzed a mathematical model for optical imag-
ing of cell membrane potentials changes induced by applied currents. We have pre-
sented a direct imaging algorithm in the linearized case and provided explicit formu-
las for its resolving power of the measurements in the presence of measurement noise.
We have suggested an iterative algorithm for complex shapes. It would be interesting
to consider the case of cluttered cells. Another challenging problem is the tracking of
membrane changes in cell mechanisms such as cell division. This would be the subject
of a forthcoming work.

A Explicit calculation of G; in the case of a sphere

We consider, in this appendix, that the dimension is three and () is the unit sphere. We
expand G, the solution to (3.3), in spherical harmonics (Y7,):

Vz € Q, Vy(1,6,¢) € 0Q, Z 2 gyl (6
=0 m=—1

An addition theorem [1, Formula (10-1-45/46)] gives us the expansion of I":

vz(r', 0, ¢") eQ,Vy €0Q, T.(y) =ik 2 Z ji (ikr") zk)Yl 0,¢") YL (6,9),
=0 m=-I
where j; and hl(l)
kind of order /.
We then express the operators S and K, in terms of spherical harmonics [27], in
the same way we wrote in the previous section their Fourier coefficients:

are respectively the spherical Bessel and Hankel functions of first

I 00 [

Yy € 00, (53 +Ka)ldly) ==L ¥ K2 71 (ik) k'Y (ik) g1, Y2,(8, ),
=0 m=—1I
00 l

Yy € 0Q), Salglty) =iy Y kjik) nV (k) g}, YL, (6,9),
=0 m=-1

40



for

00 [
vy(1,6,¢) €00, q(y) =Y, Y. 4w Yu(6,9).
=0 m=—1
From we obtain
. ik jy (ikr") BV (ik) YL (87, ¢) i (ikr’
R — Lk S (U —Y)

R R (i) + ik (ik) WV (i) ik (k) + 4 jiik)

orelse, forallz = (,0/,¢') € Qand y = (1,6, ¢) € 9Q,

]l 1k1") Yl 0/ lyl 6 )
Z()m—Zle]l (ik) + ¢ ji(ik) n(®9)¥n(0,9)

Note that we find a very similar formula as the one in 2D. The Bessel function of first
kind is replaced by the spherical function of first kind, and our operator is decomposed
in the spherical harmonics basis instead of the Fourier basis.
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