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Cours 2 : Problèmes hyperboliques 
linéaires (cas de la vitesse variable) et  

non-linéaires



c| (x, t)− (y, t)| ≤ L |x− y|
<latexit sha1_base64="Md7No1dyf4Bo9cSE6Oj5zJZzTFI="></latexit><latexit sha1_base64="Md7No1dyf4Bo9cSE6Oj5zJZzTFI="></latexit><latexit sha1_base64="Md7No1dyf4Bo9cSE6Oj5zJZzTFI="></latexit><latexit sha1_base64="3bj+XHpUVLB8odT/8V/cLFUx7d8="></latexit>

c

(x, t)cDans ce qui suit           désigne une fonction continue de
dans     , uniformément lipschitzienne en     :x

∀ t ∈ R+,
<latexit sha1_base64="3axwEP3f2l86IRD4aVff3UbEAB4="></latexit><latexit sha1_base64="Y5sHVG/QsK6bYGfXM5IOclJgBT8="></latexit><latexit sha1_base64="Y5sHVG/QsK6bYGfXM5IOclJgBT8="></latexit><latexit sha1_base64="j/yndRCsskcTUYn3FrF2lS/9/QE="></latexit>

∀ (x, y) ∈ R2,
<latexit sha1_base64="ZEU3N6LVlbNsRppXIgvYIKjnPvE="></latexit><latexit sha1_base64="ZEU3N6LVlbNsRppXIgvYIKjnPvE="></latexit><latexit sha1_base64="ZEU3N6LVlbNsRppXIgvYIKjnPvE="></latexit><latexit sha1_base64="+52cOZnH9XJnV2lbVKrNr+zIimQ="></latexit>

∃ L > 0,
<latexit sha1_base64="k6P/lvXQ6V529rgQENApWWswlTc=">AAAHvXicpVVbb9MwFPYGrKPcNhBPezFUSAiVKRkPIIFgE0jjAU0DsYvUdJWTnLZmzkW207WyzBMSv4ZX+An8Bv4NTjK2xUkREpEqOee7nOPT49hPGRXScX4tLF66fGWptXy1fe36jZu3VlZv74sk4wHsBQlL+KFPBDAaw56kksFhyoFEPoMD//h1jh9MgAuaxB/lLIV+REYxHdKASBMarNzzYGqyCOw9x8or/JTPMtDqndb4pd </latexit><latexit sha1_base64="d4ofrNTBTjfYmPoCfiGkMph3pq0=">AAAHvXicpVVbb9MwFM4GrKPcOhBPezFUSAiVKRkPIIFgE0jlAU0DsYvUdJWTnLZmzkW207WyzNMkfg2v8BP4DfwbnKRsi5NOSESq5Jzvco5Pj2MvoYQL2/69tHzl6rWVxur15o2bt27faa3d3edxynzY82Mas0MPc6Akgj1BBIXDhAEOPQoH3vHbDD+YAOMkjj6LWQL9EI8iMiQ+Fjo0aD1wYaqzcOS+RNLN/aRHU1Dyg1Lotd </latexit><latexit sha1_base64="d4ofrNTBTjfYmPoCfiGkMph3pq0=">AAAHvXicpVVbb9MwFM4GrKPcOhBPezFUSAiVKRkPIIFgE0jlAU0DsYvUdJWTnLZmzkW207WyzNMkfg2v8BP4DfwbnKRsi5NOSESq5Jzvco5Pj2MvoYQL2/69tHzl6rWVxur15o2bt27faa3d3edxynzY82Mas0MPc6Akgj1BBIXDhAEOPQoH3vHbDD+YAOMkjj6LWQL9EI8iMiQ+Fjo0aD1wYaqzcOS+RNLN/aRHU1Dyg1Lotd </latexit><latexit sha1_base64="Q1BxpJm1vDjxmAkSJiqyqkUIZ5w=">AAAHvXicpVVbb9MwFM4GrKPcNnjkxVAhIVSmZDyABIJNII0HNA3ELlLTVU5y0po5F9lO1soyT0j8Gl7ht/BvcJKyLU46IRGpknO+yzk+PY69lBIubPv30vKVq9dWOqvXuzdu3rp9Z2397gFPMubDvp/QhB15mAMlMewLIigcpQxw5FE49E7eFvhhDoyTJP4sZikMIzyOSUh8LHRotPbAhanOwpH7Ekm39JMezUDJD0qh13Yfjd </latexit>

R× R+
<latexit sha1_base64="7K256rM7ZXj9M9NiPwoA1g/eSlQ="></latexit><latexit sha1_base64="7OLiA/eNweIOP8CyB6k3INoe7mI="></latexit><latexit sha1_base64="7OLiA/eNweIOP8CyB6k3INoe7mI="></latexit><latexit sha1_base64="6fCtc+xTRkdqOu+opVVfqNI6AGE="></latexit>

R
<latexit sha1_base64="iAoA/F1zRqlpiEI5q0E8e0/9ZdQ="></latexit><latexit sha1_base64="iAoA/F1zRqlpiEI5q0E8e0/9ZdQ="></latexit><latexit sha1_base64="iAoA/F1zRqlpiEI5q0E8e0/9ZdQ="></latexit><latexit sha1_base64="iAoA/F1zRqlpiEI5q0E8e0/9ZdQ="></latexit>

L’équation de transport à vitesse variable

On considère le problème de Cauchy

u(x, t) : R⇥ R+ �! RTrouver

u(x, 0) = u0(x), x 2 R.

x 2 R, t > 0
⇥u

⇥t
+

⇥u

⇥x
= 0,c

où la donnée initiale.u0(x)

(P)

On suppose                   et on cherche la solution classique de u0 ∈ C1
b (R)

<latexit sha1_base64="HzojnG/w7bDKPiTR5shSbqtYjzc="></latexit><latexit sha1_base64="HzojnG/w7bDKPiTR5shSbqtYjzc="></latexit><latexit sha1_base64="HzojnG/w7bDKPiTR5shSbqtYjzc="></latexit><latexit sha1_base64="bUqewkYKnglqO2vWRVs4EUSgd6k="></latexit>

u ∈ C1
b (R× R+)

<latexit sha1_base64="4K84TR32vyD0YOM0l3NYSMkqAJA="></latexit><latexit sha1_base64="4K84TR32vyD0YOM0l3NYSMkqAJA="></latexit><latexit sha1_base64="4K84TR32vyD0YOM0l3NYSMkqAJA="></latexit><latexit sha1_base64="GHs56hulLXSz1FKWS1IG48K4i/I="></latexit>

(P)
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Méthode des caractéristiques

Supposons qu’il existe une telle solution classique.                

Rappel:
d

dt
[u(X(t), t)] =

∂u

∂t
(X(t), t) +

dX

dt
(t)

∂u

∂x
(X(t), t)

<latexit sha1_base64="L6VaItFsq/FP/I0Anf/rA8vTCOE="></latexit><latexit sha1_base64="AKqxYgETD56t+AHSDbnYyFl63ZU="></latexit><latexit sha1_base64="AKqxYgETD56t+AHSDbnYyFl63ZU="></latexit><latexit sha1_base64="F/c/plvVdaVTsCQBnHBhG5z4yLM="></latexit>

Définition (rappel)     
On appelle courbe caractéristique, les fonctions         telles que          X(t)

<latexit sha1_base64="1IEojLt1/zYZdTYrPdQPXEm1d9s="></latexit><latexit sha1_base64="1IEojLt1/zYZdTYrPdQPXEm1d9s="></latexit><latexit sha1_base64="1IEojLt1/zYZdTYrPdQPXEm1d9s="></latexit><latexit sha1_base64="aH++c6aIj26st03a8Fa6dkaaZa0="></latexit>[
∂u

∂t
+

∂u

∂x

]
(X(t), t) =

d

dt
[u(X(t), t)] ,

<latexit sha1_base64="nr1BjHFe0jts3z5A/C1H+qLIXeM="></latexit><latexit sha1_base64="teCcc2GLOVE1TK3SWC2JMphoUb8="></latexit><latexit sha1_base64="teCcc2GLOVE1TK3SWC2JMphoUb8="></latexit><latexit sha1_base64="YO5a5hTXRoqU0vnALTan05dsTU8="></latexit>

c

L’existence et l’unicité globales de                          sont assurées 
par le théorème de Cauchy-Lipschitz (   étant unif. lipschitz. en     )

Xx0(t), x0 ∈ R
<latexit sha1_base64="5DPrV9PoNyhWw3DlOLZ3t3e5BJo="></latexit><latexit sha1_base64="5DPrV9PoNyhWw3DlOLZ3t3e5BJo="></latexit><latexit sha1_base64="5DPrV9PoNyhWw3DlOLZ3t3e5BJo="></latexit><latexit sha1_base64="7RrIrx0kKOPKG8jIwUenmg8mtIg="></latexit>

c x

Les courbes caractéristiques                         sont solutions de l’EDO

Ẋx0(t) = c (Xx0(t), t)
<latexit sha1_base64="gEnVf+ZACUUdArzg7S4BfMubBV4="></latexit><latexit sha1_base64="gEnVf+ZACUUdArzg7S4BfMubBV4="></latexit><latexit sha1_base64="gEnVf+ZACUUdArzg7S4BfMubBV4="></latexit><latexit sha1_base64="sr93fCokBIQiLjw3rjRifOFlZ1E="></latexit>∀x0 ∈ R

<latexit sha1_base64="Iu9BC5Bt3PpcSEQ1eAH92HxDU58="></latexit><latexit sha1_base64="03jct68gQRGzohBn4BQ4yYm44E0="></latexit><latexit sha1_base64="03jct68gQRGzohBn4BQ4yYm44E0="></latexit><latexit sha1_base64="v1qK2xJ+St8EtGCWuNYItpxwb6w="></latexit>

Xx0(t), x0 ∈ R
<latexit sha1_base64="5DPrV9PoNyhWw3DlOLZ3t3e5BJo="></latexit><latexit sha1_base64="5DPrV9PoNyhWw3DlOLZ3t3e5BJo="></latexit><latexit sha1_base64="5DPrV9PoNyhWw3DlOLZ3t3e5BJo="></latexit><latexit sha1_base64="7RrIrx0kKOPKG8jIwUenmg8mtIg="></latexit>

Xx0(t = 0) = x0
<latexit sha1_base64="kOAv9a/FTBCYlj8bdv6FQSEMgY4="></latexit><latexit sha1_base64="kOAv9a/FTBCYlj8bdv6FQSEMgY4="></latexit><latexit sha1_base64="kOAv9a/FTBCYlj8bdv6FQSEMgY4="></latexit><latexit sha1_base64="myaT6H0ZuBX0ahShCaCZ4ioZ9s4="></latexit>

(voir AO102)
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Méthode des caractéristiques

Si    est solution classique de               u
<latexit sha1_base64="lYWjjbXr+UppGwPv+z11CzQ1nIE="></latexit><latexit sha1_base64="lYWjjbXr+UppGwPv+z11CzQ1nIE="></latexit><latexit sha1_base64="lYWjjbXr+UppGwPv+z11CzQ1nIE="></latexit><latexit sha1_base64="lYWjjbXr+UppGwPv+z11CzQ1nIE="></latexit>

u(x, 0) = u0(x), x 2 R.

x 2 R, t > 0
⇥u

⇥t
+

⇥u

⇥x
= 0,c

Question : Peut on trouver l’expression de                                      ?             u(x, t), ∀(x, t) ∈ R× R+
<latexit sha1_base64="m10yn9cBjUhrcVv55egppL7qmdw="></latexit><latexit sha1_base64="m10yn9cBjUhrcVv55egppL7qmdw="></latexit><latexit sha1_base64="m10yn9cBjUhrcVv55egppL7qmdw="></latexit><latexit sha1_base64="BSPgsbqrcPFSjpm/bJrgiv1KJGY="></latexit>

On montre comme dans le cours 1 que la solution classique est 
constante le long de chaque caractéristique.

u(Xx0(t), t) = u0(x0)
<latexit sha1_base64="yQ0+fhFOE+eRdT9gnNF9PI+VrS4="></latexit><latexit sha1_base64="yQ0+fhFOE+eRdT9gnNF9PI+VrS4="></latexit><latexit sha1_base64="yQ0+fhFOE+eRdT9gnNF9PI+VrS4="></latexit><latexit sha1_base64="oSrLEeaKBqrsKQOCT5DDQmQj3uM="></latexit>

∀x0,
<latexit sha1_base64="liSAH6QVwZqxsvhBk2fDOMigWZI="></latexit><latexit sha1_base64="Nw6tVzaGxmkkDczeEhRgHp21Aio="></latexit><latexit sha1_base64="Nw6tVzaGxmkkDczeEhRgHp21Aio="></latexit><latexit sha1_base64="3PXc1mBEBdG8oWoeC/1hToM3ydY="></latexit>

xx

t
(x, t)
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Méthode des caractéristiques

x

Les courbes caractéristiques             forment un fibrage du demi-plan

(x, t) ∈ R× R+
<latexit sha1_base64="Z8yVNyXxSrE6Vq0Oql/7huXyE2Y="></latexit><latexit sha1_base64="Z8yVNyXxSrE6Vq0Oql/7huXyE2Y="></latexit><latexit sha1_base64="Z8yVNyXxSrE6Vq0Oql/7huXyE2Y="></latexit><latexit sha1_base64="mArfh/hGsxDRSPSDyOwGYQbXWwg="></latexit>

(x, t) :
<latexit sha1_base64="8BqJz8y1xixM44O0husqvUh73X4="></latexit><latexit sha1_base64="8BqJz8y1xixM44O0husqvUh73X4="></latexit><latexit sha1_base64="8BqJz8y1xixM44O0husqvUh73X4="></latexit><latexit sha1_base64="3PZiqhrckmUKTKXCacOj4PVB3aQ="></latexit><latexit sha1_base64="iE4uNfB6VoKs6blHdJoLOW7GEL8="></latexit><latexit sha1_base64="iE4uNfB6VoKs6blHdJoLOW7GEL8="></latexit><latexit sha1_base64="gdUpGUpHluQfGFkTywOBrdnXj/U="></latexit><latexit sha1_base64="gdUpGUpHluQfGFkTywOBrdnXj/U="></latexit><latexit sha1_base64="8BqJz8y1xixM44O0husqvUh73X4="></latexit><latexit sha1_base64="8BqJz8y1xixM44O0husqvUh73X4="></latexit><latexit sha1_base64="8BqJz8y1xixM44O0husqvUh73X4="></latexit><latexit sha1_base64="8BqJz8y1xixM44O0husqvUh73X4="></latexit><latexit sha1_base64="gdUpGUpHluQfGFkTywOBrdnXj/U="></latexit>

Elles remplissent tout l’espace                         et ne se croisent pas.             

t
(x, t)

Preuve : Soit                         , il existe une et une seule 
caractéristique t.q

par le théorème de Cauchy-Lipschitz (voir AO102).

(x, t) ∈ R× R+
<latexit sha1_base64="Z8yVNyXxSrE6Vq0Oql/7huXyE2Y="></latexit><latexit sha1_base64="Z8yVNyXxSrE6Vq0Oql/7huXyE2Y="></latexit><latexit sha1_base64="Z8yVNyXxSrE6Vq0Oql/7huXyE2Y="></latexit><latexit sha1_base64="mArfh/hGsxDRSPSDyOwGYQbXWwg="></latexit>

Ẋ(s) = c (X(s), s)
<latexit sha1_base64="AHdTVmF8FVVBRPS7oPx0iKE0eRo="></latexit><latexit sha1_base64="AHdTVmF8FVVBRPS7oPx0iKE0eRo="></latexit><latexit sha1_base64="AHdTVmF8FVVBRPS7oPx0iKE0eRo="></latexit><latexit sha1_base64="nPc285qGGwr5Leg6ZlcHZVQ+9G4="></latexit>

X(t) = x
<latexit sha1_base64="kW20ZRqnh+ZKaZRCLgLROx/UetY="></latexit><latexit sha1_base64="kW20ZRqnh+ZKaZRCLgLROx/UetY="></latexit><latexit sha1_base64="kW20ZRqnh+ZKaZRCLgLROx/UetY="></latexit><latexit sha1_base64="pO8JWatXs4CN0DgBDZE74zKBKSA="></latexit>
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Méthode des caractéristiques

x

t
(x, t)

s

X(s;x, t)

Il existe une et une seule caractéristique qui passe par le point  (x, t)
<latexit sha1_base64="Z1G2tmzKSB7OH7H3iHSLcTUes6s="></latexit><latexit sha1_base64="Z1G2tmzKSB7OH7H3iHSLcTUes6s="></latexit><latexit sha1_base64="Z1G2tmzKSB7OH7H3iHSLcTUes6s="></latexit><latexit sha1_base64="XxxVeR2uAnPqcVk8YZgPCU9KXQc="></latexit>

∃!x0, Xx0(t) = x
<latexit sha1_base64="xLb8cEfEW4UpW9cMbXeb1Cx2By0="></latexit><latexit sha1_base64="xLb8cEfEW4UpW9cMbXeb1Cx2By0="></latexit><latexit sha1_base64="xLb8cEfEW4UpW9cMbXeb1Cx2By0="></latexit><latexit sha1_base64="F3jktUdasfl/sUP3d1uaCdu2qOI="></latexit>

avec x0 = X(0;x, t)
<latexit sha1_base64="jPRTdvD7PxwoQ0dEfOutgQQ4Ev0="></latexit><latexit sha1_base64="jPRTdvD7PxwoQ0dEfOutgQQ4Ev0="></latexit><latexit sha1_base64="jPRTdvD7PxwoQ0dEfOutgQQ4Ev0="></latexit><latexit sha1_base64="B5k/cKXnXHJC5EFJkqV3WHFjHSk="></latexit>

On a donc en particulier                                 . 

X(s;x, t)
<latexit sha1_base64="qR2RSm5Lbkr4cGPBOrAzmQzEm20="></latexit><latexit sha1_base64="qR2RSm5Lbkr4cGPBOrAzmQzEm20="></latexit><latexit sha1_base64="qR2RSm5Lbkr4cGPBOrAzmQzEm20="></latexit><latexit sha1_base64="zKPSMHBhBOUmr5u+3akpUsUb/LU="></latexit>

Soit                         , on note                 l’unique solution de(x, t) ∈ R× R+
<latexit sha1_base64="Z8yVNyXxSrE6Vq0Oql/7huXyE2Y="></latexit><latexit sha1_base64="Z8yVNyXxSrE6Vq0Oql/7huXyE2Y="></latexit><latexit sha1_base64="Z8yVNyXxSrE6Vq0Oql/7huXyE2Y="></latexit><latexit sha1_base64="mArfh/hGsxDRSPSDyOwGYQbXWwg="></latexit>

Ẋ(s) = c (X(s), s)
<latexit sha1_base64="AHdTVmF8FVVBRPS7oPx0iKE0eRo="></latexit><latexit sha1_base64="AHdTVmF8FVVBRPS7oPx0iKE0eRo="></latexit><latexit sha1_base64="AHdTVmF8FVVBRPS7oPx0iKE0eRo="></latexit><latexit sha1_base64="nPc285qGGwr5Leg6ZlcHZVQ+9G4="></latexit>

X(t) = x
<latexit sha1_base64="kW20ZRqnh+ZKaZRCLgLROx/UetY="></latexit><latexit sha1_base64="kW20ZRqnh+ZKaZRCLgLROx/UetY="></latexit><latexit sha1_base64="kW20ZRqnh+ZKaZRCLgLROx/UetY="></latexit><latexit sha1_base64="pO8JWatXs4CN0DgBDZE74zKBKSA="></latexit>

Xx0(s) = X(s;x0, 0)
<latexit sha1_base64="U33StwbnZoHSW7WLJ/TUvOHq+84="></latexit><latexit sha1_base64="aK1mI0+yKRbIw9b+Mo1WldPqt6s="></latexit><latexit sha1_base64="aK1mI0+yKRbIw9b+Mo1WldPqt6s="></latexit><latexit sha1_base64="g5j6dUwg0yR+nhMnEUsCgn31FVA="></latexit>

X(0;x, t)

Alors
∀(x, t) ∈ R× R+, u(x, t) = u0

(
X(0;x, t)

)
<latexit sha1_base64="Pnaq86wZ6P32sJa3pyIf61m9STc="></latexit><latexit sha1_base64="iiqhXoBm+qMB+DxaPFv89R3hWDM="></latexit><latexit sha1_base64="iiqhXoBm+qMB+DxaPFv89R3hWDM="></latexit><latexit sha1_base64="gTYLDyy8v4ZBYBPC9wLqpSUMPms="></latexit>
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Méthode des caractéristiques

On a donc en particulier                                 . 

X(s;x, t)
<latexit sha1_base64="qR2RSm5Lbkr4cGPBOrAzmQzEm20="></latexit><latexit sha1_base64="qR2RSm5Lbkr4cGPBOrAzmQzEm20="></latexit><latexit sha1_base64="qR2RSm5Lbkr4cGPBOrAzmQzEm20="></latexit><latexit sha1_base64="zKPSMHBhBOUmr5u+3akpUsUb/LU="></latexit>

Soit                         , on note                 l’unique solution de(x, t) ∈ R× R+
<latexit sha1_base64="Z8yVNyXxSrE6Vq0Oql/7huXyE2Y="></latexit><latexit sha1_base64="Z8yVNyXxSrE6Vq0Oql/7huXyE2Y="></latexit><latexit sha1_base64="Z8yVNyXxSrE6Vq0Oql/7huXyE2Y="></latexit><latexit sha1_base64="mArfh/hGsxDRSPSDyOwGYQbXWwg="></latexit>

Ẋ(s) = c (X(s), s)
<latexit sha1_base64="AHdTVmF8FVVBRPS7oPx0iKE0eRo="></latexit><latexit sha1_base64="AHdTVmF8FVVBRPS7oPx0iKE0eRo="></latexit><latexit sha1_base64="AHdTVmF8FVVBRPS7oPx0iKE0eRo="></latexit><latexit sha1_base64="nPc285qGGwr5Leg6ZlcHZVQ+9G4="></latexit>

X(t) = x
<latexit sha1_base64="kW20ZRqnh+ZKaZRCLgLROx/UetY="></latexit><latexit sha1_base64="kW20ZRqnh+ZKaZRCLgLROx/UetY="></latexit><latexit sha1_base64="kW20ZRqnh+ZKaZRCLgLROx/UetY="></latexit><latexit sha1_base64="pO8JWatXs4CN0DgBDZE74zKBKSA="></latexit>

Remarques:  on appelle               le flot caractéristique 
Xx0(s) = X(s;x0, 0)

<latexit sha1_base64="U33StwbnZoHSW7WLJ/TUvOHq+84="></latexit><latexit sha1_base64="aK1mI0+yKRbIw9b+Mo1WldPqt6s="></latexit><latexit sha1_base64="aK1mI0+yKRbIw9b+Mo1WldPqt6s="></latexit><latexit sha1_base64="g5j6dUwg0yR+nhMnEUsCgn31FVA="></latexit>

• On vient d’écrire 

x = X(t;x0, 0) ⇔ x0 = X(0;x, t)
<latexit sha1_base64="QzvvdhYvCyhwWbtLmfCOVVVtFPU="></latexit><latexit sha1_base64="QzvvdhYvCyhwWbtLmfCOVVVtFPU="></latexit><latexit sha1_base64="QzvvdhYvCyhwWbtLmfCOVVVtFPU="></latexit><latexit sha1_base64="KG/MdsIzwCP9+gaCakt6TnOg/wM="></latexit>

c’est un cas particulier d’une propriété plus générale du flot

x = X(t; y, s) ⇔ y = X(s;x, t)
<latexit sha1_base64="3fiXBYbSw4fWS8pXGm/UuWhwcqI="></latexit><latexit sha1_base64="3fiXBYbSw4fWS8pXGm/UuWhwcqI="></latexit><latexit sha1_base64="3fiXBYbSw4fWS8pXGm/UuWhwcqI="></latexit><latexit sha1_base64="XAN4VSnXxpYnExD/8Wq9U7In/uc="></latexit>

c• Dans le cas où    est constant ,  on a que          
X(s;x, t) = x+ c (s− t)

<latexit sha1_base64="kZph2k6XUePebkQ20ZOlG3Z6D+g="></latexit><latexit sha1_base64="kZph2k6XUePebkQ20ZOlG3Z6D+g="></latexit><latexit sha1_base64="kZph2k6XUePebkQ20ZOlG3Z6D+g="></latexit><latexit sha1_base64="cnSpKEYF9OTVmoVRJ4IyB8SjSkI="></latexit>

et le pied de la caractéristique est donné par 
x0 = X(0;x, t) = x− c t

<latexit sha1_base64="5dGZGEohsRHAYUC3wcq2uCEEMuM="></latexit><latexit sha1_base64="5dGZGEohsRHAYUC3wcq2uCEEMuM="></latexit><latexit sha1_base64="5dGZGEohsRHAYUC3wcq2uCEEMuM="></latexit><latexit sha1_base64="QmGMyxsk7ilV/dk+rzPmVlAJMdQ="></latexit>
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X(·; ·, ·)
<latexit sha1_base64="LHNMWARghpFk+wtMf2/qvwZ1178="></latexit>



∀(x, t) ∈ R× R+, u(x, t) = u0
(
X(0;x, t)

)
<latexit sha1_base64="Pnaq86wZ6P32sJa3pyIf61m9STc="></latexit><latexit sha1_base64="iiqhXoBm+qMB+DxaPFv89R3hWDM="></latexit><latexit sha1_base64="iiqhXoBm+qMB+DxaPFv89R3hWDM="></latexit><latexit sha1_base64="gTYLDyy8v4ZBYBPC9wLqpSUMPms="></latexit>

Théorème : Pour toute donnée initiale                    ,il existe une
(P)unique solution classique                                                    de      .

Elle est donnée par

u0 ∈ C1
b (R)

<latexit sha1_base64="HzojnG/w7bDKPiTR5shSbqtYjzc="></latexit><latexit sha1_base64="HzojnG/w7bDKPiTR5shSbqtYjzc="></latexit><latexit sha1_base64="HzojnG/w7bDKPiTR5shSbqtYjzc="></latexit><latexit sha1_base64="bUqewkYKnglqO2vWRVs4EUSgd6k="></latexit>

Solution classique du problème de Cauchy
8

Preuve. Unicité: on a vu que si il existait une solution, elle était  
constante le long des caractéristiques. Comme les caractéristiques 
remplissent tout le demi plan        , la solution est nécessairement
donnée par                      .

(x, t) :
<latexit sha1_base64="8BqJz8y1xixM44O0husqvUh73X4="></latexit><latexit sha1_base64="8BqJz8y1xixM44O0husqvUh73X4="></latexit><latexit sha1_base64="8BqJz8y1xixM44O0husqvUh73X4="></latexit><latexit sha1_base64="3PZiqhrckmUKTKXCacOj4PVB3aQ="></latexit><latexit sha1_base64="iE4uNfB6VoKs6blHdJoLOW7GEL8="></latexit><latexit sha1_base64="iE4uNfB6VoKs6blHdJoLOW7GEL8="></latexit><latexit sha1_base64="gdUpGUpHluQfGFkTywOBrdnXj/U="></latexit><latexit sha1_base64="gdUpGUpHluQfGFkTywOBrdnXj/U="></latexit><latexit sha1_base64="8BqJz8y1xixM44O0husqvUh73X4="></latexit><latexit sha1_base64="8BqJz8y1xixM44O0husqvUh73X4="></latexit><latexit sha1_base64="8BqJz8y1xixM44O0husqvUh73X4="></latexit><latexit sha1_base64="8BqJz8y1xixM44O0husqvUh73X4="></latexit><latexit sha1_base64="gdUpGUpHluQfGFkTywOBrdnXj/U="></latexit>

u0
(
X(0;x, t)

)

<latexit sha1_base64="NwVEY0jLcrEIp2wi8QqRXAz9BAg="></latexit>

Existence: on va montrer que cette fonction est bien solution. Elle 
vérifie la condition initiale car                      . De plus,

<latexit sha1_base64="RX/sBZzwp1WfN/g1Vl7nU43Rgwk="></latexit>

X(0;x, 0) = x

@tu(x, t) =
du0

dx

�
X(0;x, t)

�
@tX(0;x, t) @xu(x, t) =

du0

dx

�
X(0;x, t)

�
@xX(0;x, t)et

�
@tu+ c @xu

�
(x, t) =

du0

dx

�
X(0;x, t)

�
g(0;x, t)⇒

<latexit sha1_base64="yfkodvgUGYAM51PHtu6crm/BeoU="></latexit>

g(s;x, t) = @tX(s;x, t) + c(x, t) @xX(s;x, t)où

on montre que                                         g(s;x, t) = 0, 8 s 2 R. et en particulier                    g(0;x, t) = 0

<latexit sha1_base64="J2j5Ytn2DABImfx+8a3aYAfTLlU="></latexit>

(voir poly Section 1.4 pour plus de détails)

<latexit sha1_base64="xRxvilGzGUGTto44PPXNfskTwpY="></latexit>

u ∈ C1(R× R+) ∩ L∞(R× R+)



Solution classique du problème de Cauchy

<latexit sha1_base64="8sLfpzRl9c0N8+L6zcaUGRapoeg="></latexit>

et
∂u

∂t
(x, t) = −c(x, t)

∂u

∂x
(x, t)||∂u

∂x
||L∞(R×(0,T )) ≤ c(T )||du

0

dx
||L∞

<latexit sha1_base64="7rTZQNgI22UqR3AaPDoiUGNjuWA="></latexit><latexit sha1_base64="IezqQMjtU9pIdEY2XlOKJXWVyKY="></latexit><latexit sha1_base64="IezqQMjtU9pIdEY2XlOKJXWVyKY="></latexit><latexit sha1_base64="LZVPOT+Dxj8bQnG23PEk6x10kU0="></latexit>

Stabilité dans                      ? pas toujours…C1
b (R× R+)

<latexit sha1_base64="o5X22Lgb+CbaHoDW6HwA9zqzQVU="></latexit><latexit sha1_base64="o5X22Lgb+CbaHoDW6HwA9zqzQVU="></latexit><latexit sha1_base64="o5X22Lgb+CbaHoDW6HwA9zqzQVU="></latexit><latexit sha1_base64="DqBlJ1M32/Nsv75Sk5cH2AfIK+I="></latexit>

LpStabilité ‖u(·, t)‖Lp ≤ Cp(t) ‖u0‖Lp
<latexit sha1_base64="WrjzVd89PLHB+B6vDbmL/SfZPvo="></latexit><latexit sha1_base64="N171S9IFe8Hw7/+/B7Bh/C7fWi0="></latexit><latexit sha1_base64="N171S9IFe8Hw7/+/B7Bh/C7fWi0="></latexit><latexit sha1_base64="rQ5oj7R01yJmpLoYCSgno3XXy28="></latexit>

Stabilité L1 <latexit sha1_base64="iHIV9Wt1kER00APiGkA/WKOGtU0="></latexit>

∀t ∈ R+, ‖u(·, t)‖L∞ = ‖u0‖L∞

Remarque : si    n’est pas  continue et uniformément lipschitzienne 
en    alors le théorème n’est pas vrai en général (voir l’ex 1 du TD2)x

c
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∀(x, t) ∈ R× R+, u(x, t) = u0
(
X(0;x, t)

)
<latexit sha1_base64="Pnaq86wZ6P32sJa3pyIf61m9STc="></latexit><latexit sha1_base64="iiqhXoBm+qMB+DxaPFv89R3hWDM="></latexit><latexit sha1_base64="iiqhXoBm+qMB+DxaPFv89R3hWDM="></latexit><latexit sha1_base64="gTYLDyy8v4ZBYBPC9wLqpSUMPms="></latexit>

Théorème : Pour toute donnée initiale                    ,il existe une
unique solution classique                                                    de      .

Elle est donnée par

u0 ∈ C1
b (R)

<latexit sha1_base64="HzojnG/w7bDKPiTR5shSbqtYjzc="></latexit><latexit sha1_base64="HzojnG/w7bDKPiTR5shSbqtYjzc="></latexit><latexit sha1_base64="HzojnG/w7bDKPiTR5shSbqtYjzc="></latexit><latexit sha1_base64="bUqewkYKnglqO2vWRVs4EUSgd6k="></latexit>

<latexit sha1_base64="xRxvilGzGUGTto44PPXNfskTwpY="></latexit>

u ∈ C1(R× R+) ∩ L∞(R× R+) (P)



Solution classique du problème de Cauchy

Propagation à vitesse finie : 

supp u0 ⊂ [a, b] ⇒ supp u(·, t) ⊂
[
X(t; a, 0), X(t; b, 0) ]

<latexit sha1_base64="vlORgFQ17XA10bpfA3ETVvgMv34="></latexit><latexit sha1_base64="ZX6GndV666FBjeLWSrUALCt3jwo="></latexit><latexit sha1_base64="ZX6GndV666FBjeLWSrUALCt3jwo="></latexit><latexit sha1_base64="GLXKOBc/QTBzc8aYsF/3/vWxIUo="></latexit>
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t

X(t; a, 0) X(t; b, 0)a b x

<latexit sha1_base64="msBtoh3aBnDEPTcCHohMztJQ7+0="></latexit>

Supp u(·, t)

<latexit sha1_base64="cM1xJ4jb/wJa1IeyuN7sxznYTR4="></latexit>

Supp u0

<latexit sha1_base64="tqExVPXo2q+6/uffwg0x0JkTKdk="></latexit>

u = 0

<latexit sha1_base64="tqExVPXo2q+6/uffwg0x0JkTKdk="></latexit>

u = 0

∀(x, t) ∈ R× R+, u(x, t) = u0
(
X(0;x, t)

)
<latexit sha1_base64="Pnaq86wZ6P32sJa3pyIf61m9STc="></latexit><latexit sha1_base64="iiqhXoBm+qMB+DxaPFv89R3hWDM="></latexit><latexit sha1_base64="iiqhXoBm+qMB+DxaPFv89R3hWDM="></latexit><latexit sha1_base64="gTYLDyy8v4ZBYBPC9wLqpSUMPms="></latexit>

Théorème : Pour toute donnée initiale                    ,il existe une
unique solution classique                                                    de      .

Elle est donnée par

u0 ∈ C1
b (R)

<latexit sha1_base64="HzojnG/w7bDKPiTR5shSbqtYjzc="></latexit><latexit sha1_base64="HzojnG/w7bDKPiTR5shSbqtYjzc="></latexit><latexit sha1_base64="HzojnG/w7bDKPiTR5shSbqtYjzc="></latexit><latexit sha1_base64="bUqewkYKnglqO2vWRVs4EUSgd6k="></latexit>

<latexit sha1_base64="xRxvilGzGUGTto44PPXNfskTwpY="></latexit>

u ∈ C1(R× R+) ∩ L∞(R× R+) (P)
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Loi de conservation scalaire

Étant donnée une fonction                  , on appelle loi de 
conservation scalaire associée à    l’EDP (voir des exemples dans le poly p31-33)

f ∈ C2(R)
<latexit sha1_base64="pLsOJBFpnyllOve5Iz7+VjWMHds="></latexit><latexit sha1_base64="pLsOJBFpnyllOve5Iz7+VjWMHds="></latexit><latexit sha1_base64="pLsOJBFpnyllOve5Iz7+VjWMHds="></latexit><latexit sha1_base64="eo+BMeCTlwg3MM1hfYqlUV8ntYQ="></latexit>

f
<latexit sha1_base64="jTI1lHJG/ybTC5aCnBIbQSAFn/8="></latexit><latexit sha1_base64="M2IB5xnP7kpXzeaFl1daHZIMrgM="></latexit><latexit sha1_base64="M2IB5xnP7kpXzeaFl1daHZIMrgM="></latexit><latexit sha1_base64="dm5PUie2PMwh8Ysl7j+zhSZbNaM="></latexit>

∂u

∂t
+

∂

∂x
f(u) = 0,

<latexit sha1_base64="XsqZdk0bywInF7eXe4fgf4YxMd8="></latexit><latexit sha1_base64="Mza1xdU5LgZU+FK7cNK5j/5yiq0="></latexit><latexit sha1_base64="Mza1xdU5LgZU+FK7cNK5j/5yiq0="></latexit><latexit sha1_base64="YtxlbpLntxIedyhfNNKdTZbxjhI="></latexit>

Loi de conservation scalaire car
d

dt

∫ B

A
u(x, t) dx = f(u(A, t))− f(u(B, t))

<latexit sha1_base64="GAOJLGiPOxYUiSCz10yK3jPUwFo="></latexit><latexit sha1_base64="N9YrY8ajXjZxcrjaU0W5TXo0Vys="></latexit><latexit sha1_base64="N9YrY8ajXjZxcrjaU0W5TXo0Vys="></latexit><latexit sha1_base64="UnmmD/esbnwtzY+Cv2BfBKRai0s="></latexit>

Si on note                     , la forme non conservative est a(u) = f ′(u)
<latexit sha1_base64="1NQHDBEjI8FHRUQ41rqlOElS17U="></latexit><latexit sha1_base64="1NQHDBEjI8FHRUQ41rqlOElS17U="></latexit><latexit sha1_base64="1NQHDBEjI8FHRUQ41rqlOElS17U="></latexit><latexit sha1_base64="okprHg4AdEucSTD6eeA6Lx8ZFTY="></latexit>

C’est donc une équation de transport non linéaire de vitesse 

∂u

∂t
+ a(u)

∂u

∂x
= 0,

<latexit sha1_base64="t5XfMuXqhfT6i0kQzkwbF0RpGXk="></latexit><latexit sha1_base64="JhA/wntk4GTvEbjnkToOfaBpRdY="></latexit><latexit sha1_base64="JhA/wntk4GTvEbjnkToOfaBpRdY="></latexit><latexit sha1_base64="oLDyynBiAFzqvEXAgBKYYDOeDkU="></latexit>

a(u).
<latexit sha1_base64="sC7YFdKkQT+udwo3Zt5zCALq2A0="></latexit><latexit sha1_base64="sC7YFdKkQT+udwo3Zt5zCALq2A0="></latexit><latexit sha1_base64="sC7YFdKkQT+udwo3Zt5zCALq2A0="></latexit><latexit sha1_base64="/m/Ux28a61SAZzdKcXHUHXu3zhU="></latexit>

∂u

∂t
+

∂

∂x

u2

2
= 0,

<latexit sha1_base64="rSP34i6fscK7t5kdkHLVcy4hqbg="></latexit><latexit sha1_base64="7IscsrBo8ZM7S72ltj69aA5+7Qo="></latexit><latexit sha1_base64="7IscsrBo8ZM7S72ltj69aA5+7Qo="></latexit><latexit sha1_base64="6JiacFbVhPOqrP6j4DhHqCMi3kw="></latexit>

Exemple (equation de Burgers)

f(u) =
u2

2
<latexit sha1_base64="raE21rwVia/C0Ii/gksQPxEV0CI="></latexit><latexit sha1_base64="+KjkuETZ/VJRtWIdJcUYjWjkaOY="></latexit><latexit sha1_base64="+KjkuETZ/VJRtWIdJcUYjWjkaOY="></latexit><latexit sha1_base64="lNKJwbUsXje/M1GNW78cEbCDubs="></latexit>

a(u) = u
<latexit sha1_base64="Lk6fFlhTj5tKJ2A0+FSeTZ3c1Y8="></latexit><latexit sha1_base64="Lk6fFlhTj5tKJ2A0+FSeTZ3c1Y8="></latexit><latexit sha1_base64="Lk6fFlhTj5tKJ2A0+FSeTZ3c1Y8="></latexit><latexit sha1_base64="+LfFhKa/eyLKleCU2+mzGYzYq5E="></latexit>

et
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Solution classique
On considère le problème de Cauchy

u(x, t) : R⇥ R+ �! RTrouver

u(x, 0) = u0(x), x 2 R.

x 2 R, t > 0(P) ∂u

∂t
+ a(u)

∂u

∂x
= 0,

<latexit sha1_base64="t5XfMuXqhfT6i0kQzkwbF0RpGXk="></latexit><latexit sha1_base64="JhA/wntk4GTvEbjnkToOfaBpRdY="></latexit><latexit sha1_base64="JhA/wntk4GTvEbjnkToOfaBpRdY="></latexit><latexit sha1_base64="oLDyynBiAFzqvEXAgBKYYDOeDkU="></latexit>

(P)
On appelle solution classique du problème sur        , une fonction      
                               qui satisfait       au sens usuel pour                .0 ≤ t ≤ T.

<latexit sha1_base64="cR/vJVJRG0UdjwX099lrQ9FJN4U="></latexit><latexit sha1_base64="bVVLZE3fH6caYE7a5Op8iEAN4Rg="></latexit><latexit sha1_base64="bVVLZE3fH6caYE7a5Op8iEAN4Rg="></latexit><latexit sha1_base64="DcuusDN3n/xMsXIx22+7NlQL6pQ="></latexit>

[0, T [
u ∈ C1(R× [0, T [ )

<latexit sha1_base64="e5YdZUBMOeOJ+9ESygPTto6KAjw=">AAAH03icpVVPb9MwFPcGrKP82+AIB4sJaaAyJeMwDhw2hjRO05jWbVLTVU7itGZ2EtlOaWWZA9qVj8Cn4QofgG+Dk5RtcVKERKRKzvv9ec+vz7GfUiKk4/xaWLxx89ZSa/l2+87de/cfrKw+PBZJxgPcDRKa8FMfCUxJjLuSSIpPU44R8yk+8c93c/xkjLkgSXwkpynuMzSMSUQCJE1osLKlvMJEcRxqlWkNPRLD3TN3HXpvfR </latexit><latexit sha1_base64="e5YdZUBMOeOJ+9ESygPTto6KAjw=">AAAH03icpVVPb9MwFPcGrKP82+AIB4sJaaAyJeMwDhw2hjRO05jWbVLTVU7itGZ2EtlOaWWZA9qVj8Cn4QofgG+Dk5RtcVKERKRKzvv9ec+vz7GfUiKk4/xaWLxx89ZSa/l2+87de/cfrKw+PBZJxgPcDRKa8FMfCUxJjLuSSIpPU44R8yk+8c93c/xkjLkgSXwkpynuMzSMSUQCJE1osLKlvMJEcRxqlWkNPRLD3TN3HXpvfR </latexit><latexit sha1_base64="e5YdZUBMOeOJ+9ESygPTto6KAjw=">AAAH03icpVVPb9MwFPcGrKP82+AIB4sJaaAyJeMwDhw2hjRO05jWbVLTVU7itGZ2EtlOaWWZA9qVj8Cn4QofgG+Dk5RtcVKERKRKzvv9ec+vz7GfUiKk4/xaWLxx89ZSa/l2+87de/cfrKw+PBZJxgPcDRKa8FMfCUxJjLuSSIpPU44R8yk+8c93c/xkjLkgSXwkpynuMzSMSUQCJE1osLKlvMJEcRxqlWkNPRLD3TN3HXpvfR </latexit><latexit sha1_base64="qEkV7xMR3t4/xU4LpvSXtj/cgGg=">AAAH03icpVVPb9MwFM8GrGP82+DIxaJCGqhMyTiMA4eNIY3TNKZ1m9R0leM4rZmdRLZTWlnmgHblI/BpuMIH4NvgJGVbnHRCIlIl5/3+vOfX5zhIKRHSdX8vLN66fWeptXx35d79Bw8fra49PhZJxhHuooQm/DSAAlMS464kkuLTlGPIAopPgvPdHD8ZYy5IEh/JaYr7DA5jEhEEpQkNVreUX5gojkOtMq2BT2Kwe+atA/9dEI </latexit>

Remarque: une solution classique existe seulement si u0 � C1(R)
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Méthode des caractéristiques

Supposons qu’il existe une telle solution classique.                

Rappel:
d

dt
[u(X(t), t)] =

∂u

∂t
(X(t), t) +

dX

dt
(t)

∂u

∂x
(X(t), t)

<latexit sha1_base64="L6VaItFsq/FP/I0Anf/rA8vTCOE="></latexit><latexit sha1_base64="AKqxYgETD56t+AHSDbnYyFl63ZU="></latexit><latexit sha1_base64="AKqxYgETD56t+AHSDbnYyFl63ZU="></latexit><latexit sha1_base64="F/c/plvVdaVTsCQBnHBhG5z4yLM="></latexit>

Définition (rappel)     
On appelle courbe caractéristique, les fonctions         telles que          X(t)

<latexit sha1_base64="1IEojLt1/zYZdTYrPdQPXEm1d9s="></latexit><latexit sha1_base64="1IEojLt1/zYZdTYrPdQPXEm1d9s="></latexit><latexit sha1_base64="1IEojLt1/zYZdTYrPdQPXEm1d9s="></latexit><latexit sha1_base64="aH++c6aIj26st03a8Fa6dkaaZa0="></latexit>[
∂u

∂t
+ a(u)

∂u

∂x

]
(X(t), t) =

d

dt
[u(X(t), t)] ,

<latexit sha1_base64="yAZpaZN7o3XxBUC9HxD2+yPi/ck="></latexit><latexit sha1_base64="z+rYHTl3SCNTE3aRdmYEW6CK3Dg="></latexit><latexit sha1_base64="z+rYHTl3SCNTE3aRdmYEW6CK3Dg="></latexit><latexit sha1_base64="R5tbADGM+ODzI085yML5FAfaxWs="></latexit>

(1) Les courbes caractéristiques  vérifient dX

dt
= a [u(X(t), t)] ,

<latexit sha1_base64="OVL1j9kTLnSueXteIGBYUHyUqQo="></latexit><latexit sha1_base64="zNUrHjGbx+728lPSofgJQxYGp8s="></latexit><latexit sha1_base64="zNUrHjGbx+728lPSofgJQxYGp8s="></latexit><latexit sha1_base64="vhfIvQV/5ycbXNE0SgQmizNPN1w="></latexit>

(2) Le long des caractéristiques, la solution de       vérifie (P)
d

dt
[u(X(t), t)] = 0 ⇒ u(X(t), t) = u0(X(0))

<latexit sha1_base64="dhwRLcGUKGGbs2U9482v8WB99tI="></latexit><latexit sha1_base64="TIlMoZb51JIWb1fR9GtPAbK+fBA="></latexit><latexit sha1_base64="TIlMoZb51JIWb1fR9GtPAbK+fBA="></latexit><latexit sha1_base64="U41+52boYo0JFJrwsKUFO+g1XtM="></latexit>

(1) + (2) impliquent que
dX

dt
= a

[
u0(X(0))

]
,

<latexit sha1_base64="o0E+9O4HeQXK7Oumq6d1xU44Elg="></latexit><latexit sha1_base64="8cr8bxljD9EtYtD+KZlEC/53QpI="></latexit><latexit sha1_base64="8cr8bxljD9EtYtD+KZlEC/53QpI="></latexit><latexit sha1_base64="m3+4DpOIiLVUHBNuqSIb8c4jZwY="></latexit>
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Méthode des caractéristiques

Les courbes caractéristiques sont solutions de l’EDO
dX

dt
= a(u0(x0)),

<latexit sha1_base64="6+0jublxrUrlwUJj3DxIXnk3ANk="></latexit><latexit sha1_base64="zR1VAEhu8d9nJBaKvHD2FBLTOeY="></latexit><latexit sha1_base64="zR1VAEhu8d9nJBaKvHD2FBLTOeY="></latexit><latexit sha1_base64="1m4xIksIox9nIwmrrXPrNsbpARo="></latexit>

Xx0(t) = a(u0(x0))t+ x0
<latexit sha1_base64="BsZc3iav8jKarNvIz9VdHT4FIug="></latexit><latexit sha1_base64="BsZc3iav8jKarNvIz9VdHT4FIug="></latexit><latexit sha1_base64="BsZc3iav8jKarNvIz9VdHT4FIug="></latexit><latexit sha1_base64="7F9fTXZVx4tOp7x+fFLq6TYvygw="></latexit>

∀x0 ∈ R
<latexit sha1_base64="Iu9BC5Bt3PpcSEQ1eAH92HxDU58="></latexit><latexit sha1_base64="03jct68gQRGzohBn4BQ4yYm44E0="></latexit><latexit sha1_base64="03jct68gQRGzohBn4BQ4yYm44E0="></latexit><latexit sha1_base64="v1qK2xJ+St8EtGCWuNYItpxwb6w="></latexit>

X(t = 0) = x0
<latexit sha1_base64="H+Em+eGxCcu2E+RrkFMBpKTLohc="></latexit><latexit sha1_base64="H+Em+eGxCcu2E+RrkFMBpKTLohc="></latexit><latexit sha1_base64="H+Em+eGxCcu2E+RrkFMBpKTLohc="></latexit><latexit sha1_base64="F0giTVJ/4ARAmk8j0yGxd3+rC6Q="></latexit>

⇒
<latexit sha1_base64="CinOJMy89/+susKzOb8C7ox+K+U="></latexit><latexit sha1_base64="CinOJMy89/+susKzOb8C7ox+K+U="></latexit><latexit sha1_base64="CinOJMy89/+susKzOb8C7ox+K+U="></latexit><latexit sha1_base64="CinOJMy89/+susKzOb8C7ox+K+U="></latexit>

x

t

x0
<latexit sha1_base64="Qh2TDvIyuek5NJGWOx1K+i7X944="></latexit><latexit sha1_base64="i4m4FXhl2HSH6IVMBy0dFFgVIhc="></latexit><latexit sha1_base64="i4m4FXhl2HSH6IVMBy0dFFgVIhc="></latexit><latexit sha1_base64="T8sCTE8w+hLXq7g2DwCLJgw2HdQ="></latexit>

pied de la caractéristique

(Cx0)

(Cx0)

Ce sont des droites et leur pente est liée à la donnée initiale.

1

a(u0(x0))
<latexit sha1_base64="CkjUAmPGbO+R3mOAmrnPVmUdDco="></latexit><latexit sha1_base64="mUxyJLKOMkEGBIL1Q6mvDY/xX2A="></latexit><latexit sha1_base64="mUxyJLKOMkEGBIL1Q6mvDY/xX2A="></latexit><latexit sha1_base64="mOK2bfRqmTWoOuTLXJPUMJUd320="></latexit>

Mais attention ces droites ne sont pas parallèles.
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Existence d’une solution classique

Droites caractéristiques Xx0(t) = a(u0(x0))t+ x0
<latexit sha1_base64="BsZc3iav8jKarNvIz9VdHT4FIug="></latexit><latexit sha1_base64="BsZc3iav8jKarNvIz9VdHT4FIug="></latexit><latexit sha1_base64="BsZc3iav8jKarNvIz9VdHT4FIug="></latexit><latexit sha1_base64="7F9fTXZVx4tOp7x+fFLq6TYvygw="></latexit>

∀x0 ∈ R
<latexit sha1_base64="Iu9BC5Bt3PpcSEQ1eAH92HxDU58="></latexit><latexit sha1_base64="03jct68gQRGzohBn4BQ4yYm44E0="></latexit><latexit sha1_base64="03jct68gQRGzohBn4BQ4yYm44E0="></latexit><latexit sha1_base64="v1qK2xJ+St8EtGCWuNYItpxwb6w="></latexit>

Le long des droites caractéristiques, la solution classique vérifie

∀x0,
<latexit sha1_base64="liSAH6QVwZqxsvhBk2fDOMigWZI="></latexit><latexit sha1_base64="Nw6tVzaGxmkkDczeEhRgHp21Aio="></latexit><latexit sha1_base64="Nw6tVzaGxmkkDczeEhRgHp21Aio="></latexit><latexit sha1_base64="3PXc1mBEBdG8oWoeC/1hToM3ydY="></latexit>

u(Xx0(t), t) = u0(x0)
<latexit sha1_base64="yQ0+fhFOE+eRdT9gnNF9PI+VrS4="></latexit><latexit sha1_base64="yQ0+fhFOE+eRdT9gnNF9PI+VrS4="></latexit><latexit sha1_base64="yQ0+fhFOE+eRdT9gnNF9PI+VrS4="></latexit><latexit sha1_base64="oSrLEeaKBqrsKQOCT5DDQmQj3uM="></latexit>

Question : Peut on trouver l’expression de                                      ?             u(x, t), ∀(x, t) ∈ R× R+
<latexit sha1_base64="m10yn9cBjUhrcVv55egppL7qmdw="></latexit><latexit sha1_base64="m10yn9cBjUhrcVv55egppL7qmdw="></latexit><latexit sha1_base64="m10yn9cBjUhrcVv55egppL7qmdw="></latexit><latexit sha1_base64="BSPgsbqrcPFSjpm/bJrgiv1KJGY="></latexit>

x

t

Est ce que les droites remplissent tout le demi plan        ?(x, t).
Est ce que les droites peuvent se croiser?

x

(x, t)t

17



Cela revient à se demander si, pour tout         , l’application

x

t

t

t > 0
<latexit sha1_base64="ZP+nkTIiwvCgCe1v0KMZciO5XtE="></latexit><latexit sha1_base64="0ppmYmysemMXm2W0OOgDO+Eeh3A="></latexit><latexit sha1_base64="0ppmYmysemMXm2W0OOgDO+Eeh3A="></latexit><latexit sha1_base64="yL2IbqtVmaQdW4SbVEJZfl4CBbY="></latexit>

R
<latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit><latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit><latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit><latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit>est bijective de     dans    .R

<latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit><latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit><latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit><latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit>

• si elle est surjective alors pour tout          , au moins une 
droite caractéristique passe par le point 

x ∈ R
<latexit sha1_base64="a0Uh+rss4LNU1k1pF5hpOnRrlDc="></latexit><latexit sha1_base64="A8wtjJ+EeGu6xd7nZT966VgK1To="></latexit><latexit sha1_base64="A8wtjJ+EeGu6xd7nZT966VgK1To="></latexit><latexit sha1_base64="WQzcP1BZro48ltr1y4yo8GMOLSc="></latexit>

(x, t)
<latexit sha1_base64="Z1G2tmzKSB7OH7H3iHSLcTUes6s="></latexit><latexit sha1_base64="Z1G2tmzKSB7OH7H3iHSLcTUes6s="></latexit><latexit sha1_base64="Z1G2tmzKSB7OH7H3iHSLcTUes6s="></latexit><latexit sha1_base64="XxxVeR2uAnPqcVk8YZgPCU9KXQc="></latexit>

• si elle est injective alors pour tout          , au plus une 
droite caractéristique passe par le point 

x ∈ R
<latexit sha1_base64="a0Uh+rss4LNU1k1pF5hpOnRrlDc="></latexit><latexit sha1_base64="A8wtjJ+EeGu6xd7nZT966VgK1To="></latexit><latexit sha1_base64="A8wtjJ+EeGu6xd7nZT966VgK1To="></latexit><latexit sha1_base64="WQzcP1BZro48ltr1y4yo8GMOLSc="></latexit>

(x, t)
<latexit sha1_base64="Z1G2tmzKSB7OH7H3iHSLcTUes6s="></latexit><latexit sha1_base64="Z1G2tmzKSB7OH7H3iHSLcTUes6s="></latexit><latexit sha1_base64="Z1G2tmzKSB7OH7H3iHSLcTUes6s="></latexit><latexit sha1_base64="XxxVeR2uAnPqcVk8YZgPCU9KXQc="></latexit>

x0 −→ Ft(x0) := x0 + a(u0(x0)) t
<latexit sha1_base64="LlGFlEmNZB3b450Ac6f9D4cdgQQ="></latexit><latexit sha1_base64="LlGFlEmNZB3b450Ac6f9D4cdgQQ="></latexit><latexit sha1_base64="LlGFlEmNZB3b450Ac6f9D4cdgQQ="></latexit><latexit sha1_base64="yvrLXeOWVhq19rY+tMmifZh/oTE="></latexit>

Existence d’une solution classique
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• Est-elle surjective?

Si on fait l’hypothèse supplémentaire

est bornée suru0
<latexit sha1_base64="foOK92ued1j4hVX3LjjpInbHnNA="></latexit><latexit sha1_base64="foOK92ued1j4hVX3LjjpInbHnNA="></latexit><latexit sha1_base64="foOK92ued1j4hVX3LjjpInbHnNA="></latexit><latexit sha1_base64="foOK92ued1j4hVX3LjjpInbHnNA="></latexit>

u0
<latexit sha1_base64="foOK92ued1j4hVX3LjjpInbHnNA="></latexit><latexit sha1_base64="foOK92ued1j4hVX3LjjpInbHnNA="></latexit><latexit sha1_base64="foOK92ued1j4hVX3LjjpInbHnNA="></latexit><latexit sha1_base64="foOK92ued1j4hVX3LjjpInbHnNA="></latexit>

R
<latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit><latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit><latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit><latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit>

Ce résultat s’étend souvent même sans cette hypothèse sur     .

alors           est également bornée et donca ◦ u0
<latexit sha1_base64="VxLhrjBP/BOrTzYVDK98ju1r4As="></latexit><latexit sha1_base64="VxLhrjBP/BOrTzYVDK98ju1r4As="></latexit><latexit sha1_base64="VxLhrjBP/BOrTzYVDK98ju1r4As="></latexit><latexit sha1_base64="VxLhrjBP/BOrTzYVDK98ju1r4As="></latexit>

lim
x0→±∞

Ft(x0) = ±∞
<latexit sha1_base64="PhT5+g3cSpRH+WYWvJu9UKLN9ME="></latexit><latexit sha1_base64="mYNtAiZCVulhgaW/yxC43/Mg1uo="></latexit><latexit sha1_base64="mYNtAiZCVulhgaW/yxC43/Mg1uo="></latexit><latexit sha1_base64="R8/l+Z/YJ5A8S/cuqNbE6P2mWYE="></latexit>

Comme      est continue, elle est nécessairement surjective!Ft
<latexit sha1_base64="cEM3hV+S1xwpFS818kEvNjgNg+w="></latexit><latexit sha1_base64="T/cH70TLPvNw0VVQdYxZ9FNpitg="></latexit><latexit sha1_base64="T/cH70TLPvNw0VVQdYxZ9FNpitg="></latexit><latexit sha1_base64="UwnjwBx4yci43A36AJgXDdDDI7Y="></latexit>

Existence d’une solution classique
19

Cela revient à se demander si, pour tout         , l’applicationt > 0
<latexit sha1_base64="ZP+nkTIiwvCgCe1v0KMZciO5XtE="></latexit><latexit sha1_base64="0ppmYmysemMXm2W0OOgDO+Eeh3A="></latexit><latexit sha1_base64="0ppmYmysemMXm2W0OOgDO+Eeh3A="></latexit><latexit sha1_base64="yL2IbqtVmaQdW4SbVEJZfl4CBbY="></latexit>

R
<latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit><latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit><latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit><latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit>est bijective de     dans    .R

<latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit><latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit><latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit><latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit>

x0 −→ Ft(x0) := x0 + a(u0(x0)) t
<latexit sha1_base64="LlGFlEmNZB3b450Ac6f9D4cdgQQ="></latexit><latexit sha1_base64="LlGFlEmNZB3b450Ac6f9D4cdgQQ="></latexit><latexit sha1_base64="LlGFlEmNZB3b450Ac6f9D4cdgQQ="></latexit><latexit sha1_base64="yvrLXeOWVhq19rY+tMmifZh/oTE="></latexit>



• Est-elle injective?

Elle n’est pas injective si et seulement si 

∃x1 < x2, Ft(x1) = Ft(x2)
<latexit sha1_base64="IHiVYzRkF0zyabT1DSEzhNXLN/k="></latexit><latexit sha1_base64="IHiVYzRkF0zyabT1DSEzhNXLN/k="></latexit><latexit sha1_base64="IHiVYzRkF0zyabT1DSEzhNXLN/k="></latexit><latexit sha1_base64="tXt5d3/eXAcCeA9YVZ4pNSje7jI="></latexit>

x1 x2

t Deux caractéristiques se coupent

[
a(u0(x1))− a(u0(x2))

]
t = x2 − x1 > 0

<latexit sha1_base64="3Q67/pnqwhf7xtjm17UCP2zIH60="></latexit><latexit sha1_base64="G7ar2xZWEPzIXNJm6VHSGQUNxBc="></latexit><latexit sha1_base64="G7ar2xZWEPzIXNJm6VHSGQUNxBc="></latexit><latexit sha1_base64="3PZiqhrckmUKTKXCacOj4PVB3aQ="></latexit><latexit sha1_base64="28ea3rSouFurLyvy/q8z5pX3tIk="></latexit><latexit sha1_base64="28ea3rSouFurLyvy/q8z5pX3tIk="></latexit><latexit sha1_base64="qo6RTAHeEy3T5EFk/S9r/Dg147A="></latexit><latexit sha1_base64="qo6RTAHeEy3T5EFk/S9r/Dg147A="></latexit><latexit sha1_base64="G7ar2xZWEPzIXNJm6VHSGQUNxBc="></latexit><latexit sha1_base64="G7ar2xZWEPzIXNJm6VHSGQUNxBc="></latexit><latexit sha1_base64="G7ar2xZWEPzIXNJm6VHSGQUNxBc="></latexit><latexit sha1_base64="G7ar2xZWEPzIXNJm6VHSGQUNxBc="></latexit><latexit sha1_base64="qo6RTAHeEy3T5EFk/S9r/Dg147A="></latexit>

c’est à dire

soit a(u0(x1)) > a(u0(x2))
<latexit sha1_base64="IPWFO742Q6jjf3olFa2scMf+2MA="></latexit><latexit sha1_base64="IPWFO742Q6jjf3olFa2scMf+2MA="></latexit><latexit sha1_base64="IPWFO742Q6jjf3olFa2scMf+2MA="></latexit><latexit sha1_base64="X3xp4s7Y1whAkockOOCQ8eSVhnA="></latexit>

Existence d’une solution classique
20

Cela revient à se demander si, pour tout         , l’applicationt > 0
<latexit sha1_base64="ZP+nkTIiwvCgCe1v0KMZciO5XtE="></latexit><latexit sha1_base64="0ppmYmysemMXm2W0OOgDO+Eeh3A="></latexit><latexit sha1_base64="0ppmYmysemMXm2W0OOgDO+Eeh3A="></latexit><latexit sha1_base64="yL2IbqtVmaQdW4SbVEJZfl4CBbY="></latexit>

R
<latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit><latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit><latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit><latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit>est bijective de     dans    .R

<latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit><latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit><latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit><latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit>

x0 −→ Ft(x0) := x0 + a(u0(x0)) t
<latexit sha1_base64="LlGFlEmNZB3b450Ac6f9D4cdgQQ="></latexit><latexit sha1_base64="LlGFlEmNZB3b450Ac6f9D4cdgQQ="></latexit><latexit sha1_base64="LlGFlEmNZB3b450Ac6f9D4cdgQQ="></latexit><latexit sha1_base64="yvrLXeOWVhq19rY+tMmifZh/oTE="></latexit>



• Est-elle injective?

Plus précisément F ′
t (x0) = 1 +

d(a ◦ u0)

dx
(x0) t

<latexit sha1_base64="u6hHS5P9lzItZndpQx4vSyLAbEo="></latexit><latexit sha1_base64="anI8yiUbl3vuJrG5Gs00MZdLbvE="></latexit><latexit sha1_base64="anI8yiUbl3vuJrG5Gs00MZdLbvE="></latexit><latexit sha1_base64="iDhiiuggL3oOygCKW1iSyqq/w9E="></latexit>

‣ Si            est croissante alors     est strictement croissante et donc 
elle est injective.

a ◦ u0
<latexit sha1_base64="VxLhrjBP/BOrTzYVDK98ju1r4As="></latexit><latexit sha1_base64="VxLhrjBP/BOrTzYVDK98ju1r4As="></latexit><latexit sha1_base64="VxLhrjBP/BOrTzYVDK98ju1r4As="></latexit><latexit sha1_base64="VxLhrjBP/BOrTzYVDK98ju1r4As="></latexit>

Ft
<latexit sha1_base64="cEM3hV+S1xwpFS818kEvNjgNg+w="></latexit><latexit sha1_base64="T/cH70TLPvNw0VVQdYxZ9FNpitg="></latexit><latexit sha1_base64="T/cH70TLPvNw0VVQdYxZ9FNpitg="></latexit><latexit sha1_base64="UwnjwBx4yci43A36AJgXDdDDI7Y="></latexit>

‣ Sinon,                                     etinf
x0∈R

d(a ◦ u0)

dx
(x0) < 0

<latexit sha1_base64="SL20QlrlsByv9tp8bAkTvD4lDNw="></latexit><latexit sha1_base64="gCbacRI4oAIvBWdn+lIAvpzWpc4="></latexit><latexit sha1_base64="gCbacRI4oAIvBWdn+lIAvpzWpc4="></latexit><latexit sha1_base64="84eq3yzUv8Hnq6hT8aRDvD3Eh/E="></latexit>

F ′
t (x0) ≥ 1 + inf

x0∈R
d(a ◦ u0)

dx
(x0)t

<latexit sha1_base64="NC2MEgzPuuxBr0W6/HQCvU3XR/o="></latexit>

On a                                      où T � = �
�

inf
x0�R

d(a � u0)

dx
(x0)

��1

<latexit sha1_base64="Nw0rpmE8oOY7LFAGmnNpa8bl8Hc="></latexit><latexit sha1_base64="Nw0rpmE8oOY7LFAGmnNpa8bl8Hc="></latexit><latexit sha1_base64="Nw0rpmE8oOY7LFAGmnNpa8bl8Hc="></latexit><latexit sha1_base64="Nw0rpmE8oOY7LFAGmnNpa8bl8Hc="></latexit>

F ′
t (x0) > 0 ⇔ t < T ∗

<latexit sha1_base64="+HuWEYiXn9glTHgUiKWzbLHn/RQ="></latexit>

          

Ft
<latexit sha1_base64="cEM3hV+S1xwpFS818kEvNjgNg+w="></latexit><latexit sha1_base64="T/cH70TLPvNw0VVQdYxZ9FNpitg="></latexit><latexit sha1_base64="T/cH70TLPvNw0VVQdYxZ9FNpitg="></latexit><latexit sha1_base64="UwnjwBx4yci43A36AJgXDdDDI7Y="></latexit>

est strictement croissante et donc injective pour         .t < T ∗
<latexit sha1_base64="Bg0jtRbqxFceAmt7M1g/7dV6fdw="></latexit><latexit sha1_base64="KDYIqAnA7Ynj6VWoDu4GLc+mZGs="></latexit><latexit sha1_base64="KDYIqAnA7Ynj6VWoDu4GLc+mZGs="></latexit><latexit sha1_base64="3t42aSPpOX4JBgcKLmPU5zCwGUc="></latexit>

Existence d’une solution classique
21

Cela revient à se demander si, pour tout         , l’applicationt > 0
<latexit sha1_base64="ZP+nkTIiwvCgCe1v0KMZciO5XtE="></latexit><latexit sha1_base64="0ppmYmysemMXm2W0OOgDO+Eeh3A="></latexit><latexit sha1_base64="0ppmYmysemMXm2W0OOgDO+Eeh3A="></latexit><latexit sha1_base64="yL2IbqtVmaQdW4SbVEJZfl4CBbY="></latexit>

R
<latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit><latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit><latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit><latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit>est bijective de     dans    .R

<latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit><latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit><latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit><latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit>

x0 −→ Ft(x0) := x0 + a(u0(x0)) t
<latexit sha1_base64="LlGFlEmNZB3b450Ac6f9D4cdgQQ="></latexit><latexit sha1_base64="LlGFlEmNZB3b450Ac6f9D4cdgQQ="></latexit><latexit sha1_base64="LlGFlEmNZB3b450Ac6f9D4cdgQQ="></latexit><latexit sha1_base64="yvrLXeOWVhq19rY+tMmifZh/oTE="></latexit>



CONCLUSION
      est inversible pour            avecFt

<latexit sha1_base64="cEM3hV+S1xwpFS818kEvNjgNg+w="></latexit><latexit sha1_base64="T/cH70TLPvNw0VVQdYxZ9FNpitg="></latexit><latexit sha1_base64="T/cH70TLPvNw0VVQdYxZ9FNpitg="></latexit><latexit sha1_base64="UwnjwBx4yci43A36AJgXDdDDI7Y="></latexit>

t < T ∗
<latexit sha1_base64="Bg0jtRbqxFceAmt7M1g/7dV6fdw="></latexit><latexit sha1_base64="KDYIqAnA7Ynj6VWoDu4GLc+mZGs="></latexit><latexit sha1_base64="KDYIqAnA7Ynj6VWoDu4GLc+mZGs="></latexit><latexit sha1_base64="3t42aSPpOX4JBgcKLmPU5zCwGUc="></latexit>

T ∗ = +∞
<latexit sha1_base64="y/2f0pGFjyhY7SpWjKJtG+aKOdI="></latexit><latexit sha1_base64="rjxPSZXBpug27kJzxR8e43gGPoc="></latexit><latexit sha1_base64="rjxPSZXBpug27kJzxR8e43gGPoc="></latexit><latexit sha1_base64="ut3hFXmldABQ7suDKkiLIpw/Q3I="></latexit>

‣ Si            est croissantea ◦ u0
<latexit sha1_base64="VxLhrjBP/BOrTzYVDK98ju1r4As="></latexit><latexit sha1_base64="VxLhrjBP/BOrTzYVDK98ju1r4As="></latexit><latexit sha1_base64="VxLhrjBP/BOrTzYVDK98ju1r4As="></latexit><latexit sha1_base64="VxLhrjBP/BOrTzYVDK98ju1r4As="></latexit>

‣ Sinon
T � = �

�
inf

x0�R
d(a � u0)

dx
(x0)

��1

<latexit sha1_base64="Nw0rpmE8oOY7LFAGmnNpa8bl8Hc="></latexit><latexit sha1_base64="Nw0rpmE8oOY7LFAGmnNpa8bl8Hc="></latexit><latexit sha1_base64="Nw0rpmE8oOY7LFAGmnNpa8bl8Hc="></latexit><latexit sha1_base64="Nw0rpmE8oOY7LFAGmnNpa8bl8Hc="></latexit>

Existence d’une solution classique
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Cela revient à se demander si, pour tout         , l’applicationt > 0
<latexit sha1_base64="ZP+nkTIiwvCgCe1v0KMZciO5XtE="></latexit><latexit sha1_base64="0ppmYmysemMXm2W0OOgDO+Eeh3A="></latexit><latexit sha1_base64="0ppmYmysemMXm2W0OOgDO+Eeh3A="></latexit><latexit sha1_base64="yL2IbqtVmaQdW4SbVEJZfl4CBbY="></latexit>

R
<latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit><latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit><latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit><latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit>est bijective de     dans    .R

<latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit><latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit><latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit><latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit>

x0 −→ Ft(x0) := x0 + a(u0(x0)) t
<latexit sha1_base64="LlGFlEmNZB3b450Ac6f9D4cdgQQ="></latexit><latexit sha1_base64="LlGFlEmNZB3b450Ac6f9D4cdgQQ="></latexit><latexit sha1_base64="LlGFlEmNZB3b450Ac6f9D4cdgQQ="></latexit><latexit sha1_base64="yvrLXeOWVhq19rY+tMmifZh/oTE="></latexit>



Existence d’une solution classique

x

t

x

(x, t)t

On vient de montrer que pour tout         ,    l’application

R
<latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit><latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit><latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit><latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit>est bijective de     dans    , c’est à direR

<latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit><latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit><latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit><latexit sha1_base64="wjXY1sVfp+43BbbnyCqHCHP3wGY="></latexit>

x0 −→ Ft(x0) := x0 + a(u0(x0)) t
<latexit sha1_base64="LlGFlEmNZB3b450Ac6f9D4cdgQQ="></latexit><latexit sha1_base64="LlGFlEmNZB3b450Ac6f9D4cdgQQ="></latexit><latexit sha1_base64="LlGFlEmNZB3b450Ac6f9D4cdgQQ="></latexit><latexit sha1_base64="yvrLXeOWVhq19rY+tMmifZh/oTE="></latexit>

t < T ∗
<latexit sha1_base64="Bg0jtRbqxFceAmt7M1g/7dV6fdw="></latexit><latexit sha1_base64="KDYIqAnA7Ynj6VWoDu4GLc+mZGs="></latexit><latexit sha1_base64="KDYIqAnA7Ynj6VWoDu4GLc+mZGs="></latexit><latexit sha1_base64="3t42aSPpOX4JBgcKLmPU5zCwGUc="></latexit>

∀(x, t) ∈ R× (0, T ∗), ∃!x0, Ft(x0) = x
<latexit sha1_base64="1mo7hYRIqCqCup9FtaEww+vMvQ4="></latexit>

Comme la solution classique est constante le long des caractéristique

∀(x, t) ∈ R× R+,
<latexit sha1_base64="OIljkCp4+gCjhWzDlCCp81Y8m9Q="></latexit><latexit sha1_base64="OIljkCp4+gCjhWzDlCCp81Y8m9Q="></latexit><latexit sha1_base64="OIljkCp4+gCjhWzDlCCp81Y8m9Q="></latexit><latexit sha1_base64="twKI2y1RMoWvEmdvY4HCl9vvX88="></latexit>

u(x, t) = u0(F−1
t (x))

<latexit sha1_base64="FmO2+GiPUBk5Vp+usayahMQz3Gc="></latexit><latexit sha1_base64="FmO2+GiPUBk5Vp+usayahMQz3Gc="></latexit><latexit sha1_base64="FmO2+GiPUBk5Vp+usayahMQz3Gc="></latexit><latexit sha1_base64="3PZiqhrckmUKTKXCacOj4PVB3aQ="></latexit><latexit sha1_base64="yL8JgiGMaX8GJUbAxDT0HOhh1Uk="></latexit><latexit sha1_base64="yL8JgiGMaX8GJUbAxDT0HOhh1Uk="></latexit><latexit sha1_base64="zXtk++R6HjtOANYZzOPbtkXgTrQ="></latexit><latexit sha1_base64="zXtk++R6HjtOANYZzOPbtkXgTrQ="></latexit><latexit sha1_base64="FmO2+GiPUBk5Vp+usayahMQz3Gc="></latexit><latexit sha1_base64="FmO2+GiPUBk5Vp+usayahMQz3Gc="></latexit><latexit sha1_base64="FmO2+GiPUBk5Vp+usayahMQz3Gc="></latexit><latexit sha1_base64="FmO2+GiPUBk5Vp+usayahMQz3Gc="></latexit><latexit sha1_base64="3PZiqhrckmUKTKXCacOj4PVB3aQ="></latexit><latexit sha1_base64="yL8JgiGMaX8GJUbAxDT0HOhh1Uk="></latexit><latexit sha1_base64="yL8JgiGMaX8GJUbAxDT0HOhh1Uk="></latexit><latexit sha1_base64="zXtk++R6HjtOANYZzOPbtkXgTrQ="></latexit><latexit sha1_base64="zXtk++R6HjtOANYZzOPbtkXgTrQ="></latexit><latexit sha1_base64="FmO2+GiPUBk5Vp+usayahMQz3Gc="></latexit><latexit sha1_base64="FmO2+GiPUBk5Vp+usayahMQz3Gc="></latexit><latexit sha1_base64="FmO2+GiPUBk5Vp+usayahMQz3Gc="></latexit><latexit sha1_base64="FmO2+GiPUBk5Vp+usayahMQz3Gc="></latexit><latexit sha1_base64="zXtk++R6HjtOANYZzOPbtkXgTrQ="></latexit>

x0 = F−1
t (x)

<latexit sha1_base64="1GMBKQ4l3VLCvaF0CvTnpXYpLOI="></latexit><latexit sha1_base64="1GMBKQ4l3VLCvaF0CvTnpXYpLOI="></latexit><latexit sha1_base64="1GMBKQ4l3VLCvaF0CvTnpXYpLOI="></latexit><latexit sha1_base64="MVLm5uz6PIqKRP7stMsD1v0JT9M="></latexit>
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Solution classique du problème de Cauchy

Théorème : Pour toute donnée initiale                    , le problème de
Cauchy (P) admet une unique solution classique maximale

• Unicité On a vu dans les transparents précédents que si    est solution
classique alors elle est donnée nécessairement par l’expression ci dessus.             

u
<latexit sha1_base64="lYWjjbXr+UppGwPv+z11CzQ1nIE="></latexit><latexit sha1_base64="lYWjjbXr+UppGwPv+z11CzQ1nIE="></latexit><latexit sha1_base64="lYWjjbXr+UppGwPv+z11CzQ1nIE="></latexit><latexit sha1_base64="lYWjjbXr+UppGwPv+z11CzQ1nIE="></latexit>

u0 ∈ C1
b (R)

<latexit sha1_base64="HzojnG/w7bDKPiTR5shSbqtYjzc="></latexit><latexit sha1_base64="HzojnG/w7bDKPiTR5shSbqtYjzc="></latexit><latexit sha1_base64="HzojnG/w7bDKPiTR5shSbqtYjzc="></latexit><latexit sha1_base64="bUqewkYKnglqO2vWRVs4EUSgd6k="></latexit>

u ∈ C1(R× [0, T ∗[ )
<latexit sha1_base64="a/DtvlOQjGG+N0JNabMw/8MmtPE="></latexit><latexit sha1_base64="a/DtvlOQjGG+N0JNabMw/8MmtPE="></latexit><latexit sha1_base64="a/DtvlOQjGG+N0JNabMw/8MmtPE="></latexit><latexit sha1_base64="u81YM+UKjwYiZy+tLaxhtLmB8fY="></latexit>

où T ∗ = +∞
<latexit sha1_base64="y/2f0pGFjyhY7SpWjKJtG+aKOdI="></latexit><latexit sha1_base64="rjxPSZXBpug27kJzxR8e43gGPoc="></latexit><latexit sha1_base64="rjxPSZXBpug27kJzxR8e43gGPoc="></latexit><latexit sha1_base64="ut3hFXmldABQ7suDKkiLIpw/Q3I="></latexit>

‣ Si            est croissantea ◦ u0
<latexit sha1_base64="VxLhrjBP/BOrTzYVDK98ju1r4As="></latexit><latexit sha1_base64="VxLhrjBP/BOrTzYVDK98ju1r4As="></latexit><latexit sha1_base64="VxLhrjBP/BOrTzYVDK98ju1r4As="></latexit><latexit sha1_base64="VxLhrjBP/BOrTzYVDK98ju1r4As="></latexit>

‣ Sinon T � = �
�

inf
x0�R

d(a � u0)

dx
(x0)

��1

<latexit sha1_base64="Nw0rpmE8oOY7LFAGmnNpa8bl8Hc="></latexit><latexit sha1_base64="Nw0rpmE8oOY7LFAGmnNpa8bl8Hc="></latexit><latexit sha1_base64="Nw0rpmE8oOY7LFAGmnNpa8bl8Hc="></latexit><latexit sha1_base64="Nw0rpmE8oOY7LFAGmnNpa8bl8Hc="></latexit>

cette solution est donnée par

u(x, t) = u0(F−1
t (x))

<latexit sha1_base64="FmO2+GiPUBk5Vp+usayahMQz3Gc="></latexit><latexit sha1_base64="FmO2+GiPUBk5Vp+usayahMQz3Gc="></latexit><latexit sha1_base64="FmO2+GiPUBk5Vp+usayahMQz3Gc="></latexit><latexit sha1_base64="3PZiqhrckmUKTKXCacOj4PVB3aQ="></latexit><latexit sha1_base64="yL8JgiGMaX8GJUbAxDT0HOhh1Uk="></latexit><latexit sha1_base64="yL8JgiGMaX8GJUbAxDT0HOhh1Uk="></latexit><latexit sha1_base64="zXtk++R6HjtOANYZzOPbtkXgTrQ="></latexit><latexit sha1_base64="zXtk++R6HjtOANYZzOPbtkXgTrQ="></latexit><latexit sha1_base64="FmO2+GiPUBk5Vp+usayahMQz3Gc="></latexit><latexit sha1_base64="FmO2+GiPUBk5Vp+usayahMQz3Gc="></latexit><latexit sha1_base64="FmO2+GiPUBk5Vp+usayahMQz3Gc="></latexit><latexit sha1_base64="FmO2+GiPUBk5Vp+usayahMQz3Gc="></latexit><latexit sha1_base64="3PZiqhrckmUKTKXCacOj4PVB3aQ="></latexit><latexit sha1_base64="yL8JgiGMaX8GJUbAxDT0HOhh1Uk="></latexit><latexit sha1_base64="yL8JgiGMaX8GJUbAxDT0HOhh1Uk="></latexit><latexit sha1_base64="zXtk++R6HjtOANYZzOPbtkXgTrQ="></latexit><latexit sha1_base64="zXtk++R6HjtOANYZzOPbtkXgTrQ="></latexit><latexit sha1_base64="FmO2+GiPUBk5Vp+usayahMQz3Gc="></latexit><latexit sha1_base64="FmO2+GiPUBk5Vp+usayahMQz3Gc="></latexit><latexit sha1_base64="FmO2+GiPUBk5Vp+usayahMQz3Gc="></latexit><latexit sha1_base64="FmO2+GiPUBk5Vp+usayahMQz3Gc="></latexit><latexit sha1_base64="zXtk++R6HjtOANYZzOPbtkXgTrQ="></latexit>

Preuve: • Existence est solution :                      U(x, t) = u0(g(x, t)), avec g(x, t) = F−1
t (x)

<latexit sha1_base64="FBHXQU32C/daQPhQ6LbSRI724ek="></latexit><latexit sha1_base64="NlFWyalr69RVb05Fw88xrGqYVaU="></latexit><latexit sha1_base64="NlFWyalr69RVb05Fw88xrGqYVaU="></latexit><latexit sha1_base64="LAeF5iGXQhxldc9IidVLEXNOY14="></latexit>

∀(x, t) ∈ R× [0, T ∗[,
<latexit sha1_base64="7/kT4GnCOohteTRPC2thC/G3RH4="></latexit>

g(x, t) + a(u0
(
g(x, t)

)
t = x

<latexit sha1_base64="uKknjPXLPqJTIRetWK0nDh0c3Nc="></latexit>

∂g

∂t
(x, t)

(
1 + t

d(a ◦ u0)

dx
(g(x, t))

)
= −a ◦ u0(g(x, t))

<latexit sha1_base64="ot3HDutUUhc/MIsoLJXHNy0tVx4="></latexit>

∂g

∂x
(x, t)

(
1 + t

d(a ◦ u0)

dx
(g(x, t))

)
= −1

<latexit sha1_base64="1DGFUL0WeQ7BjxqLs5pzQ9zCGeY="></latexit>

⇒
<latexit sha1_base64="bsm3XMk8vGOrTuKRTQXXXZDWILw="></latexit>

On en déduit      et      et on montre que U est bien solution.         �U

�x
<latexit sha1_base64="GpcDmVWU0ck6hmCmrA0SoKuQ6XA="></latexit>

�U

�t
<latexit sha1_base64="sB/uAJ5pAgMbtP2kfOCSbenTETY="></latexit>
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Cela signifie que la solution tend à devenir discontinue.

Temps d’existenceT ∗
<latexit sha1_base64="dv47zNsmGnGuaJrJXycr1+LYwdk="></latexit><latexit sha1_base64="dv47zNsmGnGuaJrJXycr1+LYwdk="></latexit><latexit sha1_base64="dv47zNsmGnGuaJrJXycr1+LYwdk="></latexit><latexit sha1_base64="dv47zNsmGnGuaJrJXycr1+LYwdk="></latexit>

lim
t→T∗

∥∥∂u
∂t

(·, t)
∥∥
L∞ = lim

t→T∗

∥∥∂u
∂x

(·, t)
∥∥
L∞ = +∞

<latexit sha1_base64="qN5qt/GtesmFf8sxdn9o+ZWWAMc="></latexit><latexit sha1_base64="PeWscqkGWJDpYLM19w1nxLfT8FY="></latexit><latexit sha1_base64="PeWscqkGWJDpYLM19w1nxLfT8FY="></latexit><latexit sha1_base64="O4D6pBhmTnHwlmqUzrvolct0Mfk="></latexit>

Théorème : quand              , la solution classique se comporte t → T ∗
<latexit sha1_base64="8GNN8IAFbHvIHCdsnGoMa6iaFtM="></latexit><latexit sha1_base64="8GNN8IAFbHvIHCdsnGoMa6iaFtM="></latexit><latexit sha1_base64="8GNN8IAFbHvIHCdsnGoMa6iaFtM="></latexit><latexit sha1_base64="8GNN8IAFbHvIHCdsnGoMa6iaFtM="></latexit>

Preuve :

Stabilité L1 ‖u(·, t)‖L∞ = ‖u0‖L∞
<latexit sha1_base64="rbU5qENcmL6dfmF/bT9LRj4IeG8="></latexit><latexit sha1_base64="rbU5qENcmL6dfmF/bT9LRj4IeG8="></latexit><latexit sha1_base64="rbU5qENcmL6dfmF/bT9LRj4IeG8="></latexit><latexit sha1_base64="VieT/wR1NoKH6nnucI+yIhlmpIE="></latexit>

Supposons que il existe      tel que                                        (=l’inf est atteint)T � = �
�

d(a � u0)

dx
(x�)

��1

<latexit sha1_base64="c1AQCs1L5PAbh6ZrbXjz+W4WTYc="></latexit>

x∗
<latexit sha1_base64="HgSq8uiXZpD8xHuAlLmdH6OPZsk="></latexit>

Posons                   pour             (on se place sur la caractéristique de pied     )t < T ∗
<latexit sha1_base64="Rj21UlLeZbHNP2/8eE1bKLwh2n8="></latexit>

x = Ft(x
�)

<latexit sha1_base64="qRuMFnPhVdAy0gMbKDif9WRmNKk="></latexit>

x∗
<latexit sha1_base64="HgSq8uiXZpD8xHuAlLmdH6OPZsk="></latexit>

u(x, t) = u0(g(x, t)), g(x, t) = F�1
t (x) = x�

<latexit sha1_base64="tA7X9YwifVqWZeWE/NtlPAzSeyA="></latexit>

{ <latexit sha1_base64="3qZ3EeTEX77FQ9nq34wDXbYQyz4="></latexit>

x∗
<latexit sha1_base64="HgSq8uiXZpD8xHuAlLmdH6OPZsk="></latexit>

{ <latexit sha1_base64="3qZ3EeTEX77FQ9nq34wDXbYQyz4="></latexit>

x∗
<latexit sha1_base64="HgSq8uiXZpD8xHuAlLmdH6OPZsk="></latexit>

= �u0�
(x�)

�
1 � t

T � )�1

<latexit sha1_base64="lT17e05g8nXm918NKJgVsQgkPpY="></latexit>

�� +�
<latexit sha1_base64="HLGaW3dTef80u3osenCPffxsTZg="> jU2kIQRrNOaV39Bd/hYObZY1TyxWuBZcN3dhwKn1+xMiRN7s9bXuGu7JuQ0yi82TvWui0+r+NTF9/K8em+oP27YP+eU1BLsTS4JkzmhyviSJel+0eABxbHqB2Npb078Qr/yU2XKmD1aXlA8CwMHLoPDfePVXf/T1LVMMGSlpb7kb+V8XVgZJ2qMfbd895WqT456m/7WZu/DdmenN3/BVsET8BQ8Bz54DXbAe3AADgECX8EP8BP8am23PrdgC5XU5aW55hGojBb9A7bS0+o=</latexit>

t � T �
<latexit sha1_base64="7vLwNNxft/5PgyWnTlB8fm7VfOI="></latexit>

De même pour 
�u

�t
(x, t)

<latexit sha1_base64="S3868j8VMIC2tDb5O/DBxJeCG1E="></latexit>

x

t

x∗
<latexit sha1_base64="HgSq8uiXZpD8xHuAlLmdH6OPZsk="></latexit>

T �
<latexit sha1_base64="zRMB7LpM85AiM1q2cASHG77f8pc="></latexit>

�u

�x
(x, t) = u0�

(g(x, t))
�g

�x
(x, t)

<latexit sha1_base64="5SrfuCi9UyV04pjoqg5KI5mRB7I="></latexit>

= �u0�
(g(x, t))

�
1 + t

d(a � u0)

dx
(g(x, t)))�1

<latexit sha1_base64="KCQdlt1UMBC1rIafx7Tnt5i+dsg="></latexit>
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u0(x)= e�x2/2

a(u) = u
<latexit sha1_base64="Lk6fFlhTj5tKJ2A0+FSeTZ3c1Y8="></latexit><latexit sha1_base64="Lk6fFlhTj5tKJ2A0+FSeTZ3c1Y8="></latexit><latexit sha1_base64="Lk6fFlhTj5tKJ2A0+FSeTZ3c1Y8="></latexit><latexit sha1_base64="+LfFhKa/eyLKleCU2+mzGYzYq5E="></latexit>

a ◦ u0 = u0
<latexit sha1_base64="D7r3h0K76oypyYhCU4eW5rNFAx4="></latexit><latexit sha1_base64="D7r3h0K76oypyYhCU4eW5rNFAx4="></latexit><latexit sha1_base64="D7r3h0K76oypyYhCU4eW5rNFAx4="></latexit><latexit sha1_base64="D7r3h0K76oypyYhCU4eW5rNFAx4="></latexit>

Équation de Burgers:                      - Donnée initialef(u) = u2/2
<latexit sha1_base64="gLhmpLeF1dJExtsy3aUPvtOcDyI="></latexit><latexit sha1_base64="gLhmpLeF1dJExtsy3aUPvtOcDyI="></latexit><latexit sha1_base64="gLhmpLeF1dJExtsy3aUPvtOcDyI="></latexit><latexit sha1_base64="wI+QDDJuEccw1p2ZWYff7PeNRvc="></latexit>

On a donc                 ,                     et   

u0(x) = e−x2/2
<latexit sha1_base64="GbZ/bSHuve4ZrJVwNxla/PnHfBE="></latexit><latexit sha1_base64="GbZ/bSHuve4ZrJVwNxla/PnHfBE="></latexit><latexit sha1_base64="GbZ/bSHuve4ZrJVwNxla/PnHfBE="></latexit><latexit sha1_base64="1219MW8Um6yCVE0exPYkmfMEfqk="></latexit>

Illustration numérique

d(a ◦ u0)

dx
=

du0

dx
<latexit sha1_base64="Ztz4FpFi0HP5ga+o6ga0uCl3ZGI="></latexit><latexit sha1_base64="a7oYhcjZ9eIk2ed6jOVDJVM4ENc="></latexit><latexit sha1_base64="a7oYhcjZ9eIk2ed6jOVDJVM4ENc="></latexit><latexit sha1_base64="gJHJOdcZ3/YZi01q68jN6HjUj6o="></latexit>

Les caractéristiques
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u0(x)= e�x2/2

a(u) = u
<latexit sha1_base64="Lk6fFlhTj5tKJ2A0+FSeTZ3c1Y8="></latexit><latexit sha1_base64="Lk6fFlhTj5tKJ2A0+FSeTZ3c1Y8="></latexit><latexit sha1_base64="Lk6fFlhTj5tKJ2A0+FSeTZ3c1Y8="></latexit><latexit sha1_base64="+LfFhKa/eyLKleCU2+mzGYzYq5E="></latexit>

a ◦ u0 = u0
<latexit sha1_base64="D7r3h0K76oypyYhCU4eW5rNFAx4="></latexit><latexit sha1_base64="D7r3h0K76oypyYhCU4eW5rNFAx4="></latexit><latexit sha1_base64="D7r3h0K76oypyYhCU4eW5rNFAx4="></latexit><latexit sha1_base64="D7r3h0K76oypyYhCU4eW5rNFAx4="></latexit>

Équation de Burgers:                      - Donnée initialef(u) = u2/2
<latexit sha1_base64="gLhmpLeF1dJExtsy3aUPvtOcDyI="></latexit><latexit sha1_base64="gLhmpLeF1dJExtsy3aUPvtOcDyI="></latexit><latexit sha1_base64="gLhmpLeF1dJExtsy3aUPvtOcDyI="></latexit><latexit sha1_base64="wI+QDDJuEccw1p2ZWYff7PeNRvc="></latexit>

On a donc                 ,                     et   

u0(x) = e−x2/2
<latexit sha1_base64="GbZ/bSHuve4ZrJVwNxla/PnHfBE="></latexit><latexit sha1_base64="GbZ/bSHuve4ZrJVwNxla/PnHfBE="></latexit><latexit sha1_base64="GbZ/bSHuve4ZrJVwNxla/PnHfBE="></latexit><latexit sha1_base64="1219MW8Um6yCVE0exPYkmfMEfqk="></latexit>

Illustration numérique

d(a ◦ u0)

dx
=

du0

dx
<latexit sha1_base64="Ztz4FpFi0HP5ga+o6ga0uCl3ZGI="></latexit><latexit sha1_base64="a7oYhcjZ9eIk2ed6jOVDJVM4ENc="></latexit><latexit sha1_base64="a7oYhcjZ9eIk2ed6jOVDJVM4ENc="></latexit><latexit sha1_base64="gJHJOdcZ3/YZi01q68jN6HjUj6o="></latexit>

T ∗ := −
(
inf

(du0

dx

))−1

<latexit sha1_base64="kUBME4xQ7sru7je2A4BhqTzBtEA="></latexit><latexit sha1_base64="IqtaxFD8o/rqr34vXhR/izgYtXo="></latexit><latexit sha1_base64="IqtaxFD8o/rqr34vXhR/izgYtXo="></latexit><latexit sha1_base64="L6FCi6Tb+tvGcHyC+h9NaC9uVFE="></latexit>

et le temps d’existence
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du0

dx
(x)= �x e�x2/2

�1/
p
e

d2u0

dx2
(x) = e�x2/2 (x2 � 1) T ⇤ =

p
e

1
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'
p
e

Point d’explosion

Illustration numérique
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'
p
e

Discontinuité/choc

Le point d’explosion correspond à la caractéristique issue de x0 = 1
<latexit sha1_base64="QutSoq6/cjbnZyMy+LC5wIpHgGA="></latexit><latexit sha1_base64="U2bblJaK3GS1r9Xym23/28lKJ8Y="></latexit><latexit sha1_base64="U2bblJaK3GS1r9Xym23/28lKJ8Y="></latexit><latexit sha1_base64="++n2KY6tw01KNuLXSIUSOUfQ+Gc="></latexit>

L’équation de cette caractéristique est donnée par

Pour on obtientt = T ∗ = e1/2
<latexit sha1_base64="0V6+WUAH+0xegjNgKLqzcBBVkxw="></latexit><latexit sha1_base64="0V6+WUAH+0xegjNgKLqzcBBVkxw="></latexit><latexit sha1_base64="0V6+WUAH+0xegjNgKLqzcBBVkxw="></latexit><latexit sha1_base64="0V6+WUAH+0xegjNgKLqzcBBVkxw="></latexit>

Illustration numérique

Xx0(t) = x0 + u(x0) t = 1 + e−1/2 t
<latexit sha1_base64="G8eWI0zV7LNjgWPSjjD0r2/0y+U="></latexit><latexit sha1_base64="G8eWI0zV7LNjgWPSjjD0r2/0y+U="></latexit><latexit sha1_base64="G8eWI0zV7LNjgWPSjjD0r2/0y+U="></latexit><latexit sha1_base64="lMystpdCy8/Eq/cUPJK/xKsJ4DQ="></latexit>

Xx0(T
∗) = x∗ = 1 + e−1/2 T ∗ = 2

<latexit sha1_base64="p+q+2x/tgWB3oG+n2PCoN35MWlM="></latexit><latexit sha1_base64="p+q+2x/tgWB3oG+n2PCoN35MWlM="></latexit><latexit sha1_base64="p+q+2x/tgWB3oG+n2PCoN35MWlM="></latexit><latexit sha1_base64="MquZLPKQ6rmpK6IGF6jh9pLkgAk="></latexit>
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Le temps d’existence

<latexit sha1_base64="HSld91C+c3XbKhAUE2Iyq+X4OvI="></latexit>

T ∗ := −
(
inf

(du0

dx

))−1

= −(u0(1))−1 =
√
e



Notion de solution faible

Pour pouvoir obtenir des solutions au delà du temps
il faut accepter une notion plus faible de solution autorisant des  
discontinuités.

Partons d’une solution classique sur          et introduisons
un espace de fonctions test espace-temps:

[0, T [

Les solutions faibles que nous allons construire seront en 
particulier des solutions au sens des distributions. 

VT =
{
ϕ ∈ C1(R× R+) / suppϕ is compact ⊂ R× [0, T [

}
<latexit sha1_base64="bN+FPY+HmyLVlmeQoCXSwxkKHeY="></latexit><latexit sha1_base64="XwVDo+GNLBPcI9WCdlRgYgXES8g="></latexit><latexit sha1_base64="XwVDo+GNLBPcI9WCdlRgYgXES8g="></latexit><latexit sha1_base64="UJAPNFgilflvPLrxnuDR/NOikCA="></latexit>

On multiplie l’EDP par une fonction test             et on intègre 
dans             . 

ϕ ∈ VT
<latexit sha1_base64="XnSAF+LN3jU9KgVq6/m19ENuSDI="></latexit><latexit sha1_base64="n8IVudTPwJ5rENWfEzX6oFnbVss="></latexit><latexit sha1_base64="n8IVudTPwJ5rENWfEzX6oFnbVss="></latexit><latexit sha1_base64="wapAldyEiXfpPv6VJshMUX5UL0M="></latexit>

R× R+
<latexit sha1_base64="JYx6Xxer8OS9gETM4jkD+zAC8a0="></latexit><latexit sha1_base64="0EdXlBKOxhHqED/Zrl3oW4xZuYM="></latexit><latexit sha1_base64="0EdXlBKOxhHqED/Zrl3oW4xZuYM="></latexit><latexit sha1_base64="LjWrNAz2nguJ7c3cf4qe3vEUVoc="></latexit>
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On obtient

et des intégrations par parties donnent

u
@'

@t
@u

@t
'

ZZ
dx dt

ZZ
+dx dt= �

h Z
u' dx

i+1

t=0

Notion de solution faible

@

@x
f(u)

@u

@t
+ = 0' '

ZZ
dx dt

ZZ
dx dt

u
@'

@t

ZZ
dx dt= � �

Z
u0(x)'(x, 0) dx

@

@x
f(u) dx dt

ZZ
'

ZZ
f(u)

@'

@x
= � car           est  à support compact en  

espace.
'(·, t)

Après addition, il vient

+

�
�(x, 0)u0(x) dx = 0

⇢
u
@'

@t
+ f(u)

@'

@x

�ZZ
dx dt

L’expression ci-dessus garde un sens pour tout     dans       , même 
si     est discontinue.

'
u

VT
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Définition : Étant donné                   , on appelle solution faible de       
sur                          une fonction

(P)
<latexit sha1_base64="LDjw79d0AM41uqQ+oGE5R9Ed2JM="></latexit><latexit sha1_base64="LDjw79d0AM41uqQ+oGE5R9Ed2JM="></latexit><latexit sha1_base64="LDjw79d0AM41uqQ+oGE5R9Ed2JM="></latexit><latexit sha1_base64="AXuQb7RyRZ7RL9KMi+81NMeLfPk="></latexit>

[0, T [, T ≤ +∞
<latexit sha1_base64="9kYqOvrLHozOCJJ8UAIyBM2yInY="></latexit><latexit sha1_base64="9kYqOvrLHozOCJJ8UAIyBM2yInY="></latexit><latexit sha1_base64="9kYqOvrLHozOCJJ8UAIyBM2yInY="></latexit><latexit sha1_base64="Subs9jtolm2iUkBf7ZjSlUwYQFk="></latexit>

telle que pour toute fonction

Remarques : 
• Par construction, toute solution forte est solution faible.
Inversement, toute solution faible ayant la régularité     est solution 
forte (exercice). 

C1

+

�
�(x, 0)u0(x) dx = 0

⇢
u
@'

@t
+ f(u)

@'

@x

�ZZ
dx dt

Notion de solution faible

u0 ∈ L∞(R)
<latexit sha1_base64="RRFbpcGbA6gk2uGMyI0MpmzGvHc="></latexit><latexit sha1_base64="RRFbpcGbA6gk2uGMyI0MpmzGvHc="></latexit><latexit sha1_base64="RRFbpcGbA6gk2uGMyI0MpmzGvHc="></latexit><latexit sha1_base64="4/g2q0AaTR+8vGsLvsLAuz5SP6s="></latexit>

u ∈ L∞
loc(R× [0, T [)

<latexit sha1_base64="yAILD80FuBiqLruflasbi1amxgY="></latexit><latexit sha1_base64="yAILD80FuBiqLruflasbi1amxgY="></latexit><latexit sha1_base64="yAILD80FuBiqLruflasbi1amxgY="></latexit><latexit sha1_base64="XzX6EHDymUMhSEaI8s53xx7vOZ0="></latexit>

ϕ ∈ VT
<latexit sha1_base64="XnSAF+LN3jU9KgVq6/m19ENuSDI="></latexit><latexit sha1_base64="n8IVudTPwJ5rENWfEzX6oFnbVss="></latexit><latexit sha1_base64="n8IVudTPwJ5rENWfEzX6oFnbVss="></latexit><latexit sha1_base64="wapAldyEiXfpPv6VJshMUX5UL0M="></latexit>

C1
• Cette définition n’est pas très explicite, on donne dans la suite une 

caractérisation plus explicite pour les solutions      par morceaux.
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Solutions       par morceaux 

telle que     est de classe     dans chaque composante connexe                                         
                         

C1

Définition : Une solution     par morceaux est  une solution faible       
telle qu’il existe un nombre fini d’arcs

C1

R⇥ [0, T [ \
N[

i=1

⌃i

u

Σi =
{
x = σi(t), t−i ≤ t ≤ t+i }, i = 1, 2, · · · , N

<latexit sha1_base64="gpkE1+5AP5xEasCZl4AaN2Y6nlo="></latexit><latexit sha1_base64="jblxZJAve+2QKD/ERwso1HKeZeg="></latexit><latexit sha1_base64="jblxZJAve+2QKD/ERwso1HKeZeg="></latexit><latexit sha1_base64="0J/bCGK1ozMAXfjN2Lly1RVe4oA="></latexit>

u

Oj , 1 ≤ j ≤ M,
<latexit sha1_base64="bKPIKX7sMx0YVSQ86RNBxUCvLeI="></latexit><latexit sha1_base64="1a76ya8dgjcb54P2ba1AsHRIVwU="></latexit><latexit sha1_base64="1a76ya8dgjcb54P2ba1AsHRIVwU="></latexit><latexit sha1_base64="coxwhtoIFHJVywPUHQkKqqXZRHY="></latexit>

C1

de

O1

O2

O3

O4

⌃4

⌃3

⌃2

⌃1

x

t
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Solutions       par morceaux C1

O1

O2

O3

O4

⌃4

⌃3

⌃2

⌃1

x

t
x

u0(x)
<latexit sha1_base64="eD3RkP4sW1Jy9mD56XfO0ktKS7k="></latexit><latexit sha1_base64="eD3RkP4sW1Jy9mD56XfO0ktKS7k="></latexit><latexit sha1_base64="eD3RkP4sW1Jy9mD56XfO0ktKS7k="></latexit><latexit sha1_base64="qTlJQayC17cmMyH2JaSBuSoRtN4="></latexit>

σ1(0)
<latexit sha1_base64="jOWKFFzD2ZKVCps3iYbKh2zf0NE="></latexit><latexit sha1_base64="jOWKFFzD2ZKVCps3iYbKh2zf0NE="></latexit><latexit sha1_base64="jOWKFFzD2ZKVCps3iYbKh2zf0NE="></latexit><latexit sha1_base64="DtU0VdmULs4LTNy0NiOsvWqj4zQ="></latexit>

σ2(0)
<latexit sha1_base64="S93znObVnyBI2KlohDAby3r/Afg="></latexit><latexit sha1_base64="S93znObVnyBI2KlohDAby3r/Afg="></latexit><latexit sha1_base64="S93znObVnyBI2KlohDAby3r/Afg="></latexit><latexit sha1_base64="1dQEXKDNyOUs2YMtfTfCbiuN17A="></latexit>

σ3(0)
<latexit sha1_base64="dmh409zM9JsloBk0DRlqR/St5Qs="></latexit><latexit sha1_base64="dmh409zM9JsloBk0DRlqR/St5Qs="></latexit><latexit sha1_base64="dmh409zM9JsloBk0DRlqR/St5Qs="></latexit><latexit sha1_base64="lOgU3pqG82UYLC5GpR/iT7aa6ws="></latexit>

Schéma:

Si    est discontinue à travers    ,  on dit que    présente un choc et 
que    est une ligne de choc.

⌃
⌃

u u
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Solutions       par morceaux C1

O1

O2

O3

O4

⌃4

⌃3

⌃2

⌃1

x

t
x

t1
<latexit sha1_base64="a8kbKL+ANlziytz5JOtUd2LnxdQ="></latexit><latexit sha1_base64="gvQjpsvzgAr9R9L/oK61IsoaP0Q="></latexit><latexit sha1_base64="gvQjpsvzgAr9R9L/oK61IsoaP0Q="></latexit><latexit sha1_base64="WcJ0/yRQTcGmSNEmZQj8lSF2/rc="></latexit>

u(x, t1)
<latexit sha1_base64="O1KyD7rthcR8jiTraupybV5eUDo="></latexit><latexit sha1_base64="O1KyD7rthcR8jiTraupybV5eUDo="></latexit><latexit sha1_base64="O1KyD7rthcR8jiTraupybV5eUDo="></latexit><latexit sha1_base64="Kfbo8LxihzvpKWSldBeYEE9hfXE="></latexit>

σ1(t1)
<latexit sha1_base64="2SEJ96IJTx1DryKKSzjvBTwH+HI="></latexit><latexit sha1_base64="2SEJ96IJTx1DryKKSzjvBTwH+HI="></latexit><latexit sha1_base64="2SEJ96IJTx1DryKKSzjvBTwH+HI="></latexit><latexit sha1_base64="lL08MMsAjXLCgPnYRTW6w0b5jNs="></latexit>

σ2(t1)
<latexit sha1_base64="3p5gLBZuy6un2CtQr/7ojiu6E1Y="></latexit><latexit sha1_base64="3p5gLBZuy6un2CtQr/7ojiu6E1Y="></latexit><latexit sha1_base64="3p5gLBZuy6un2CtQr/7ojiu6E1Y="></latexit><latexit sha1_base64="2vLPsFUa4P/ne59uN9pbPwx9rE4="></latexit>

σ3(t1)
<latexit sha1_base64="zVIBEkP4xapTQQnp0mSradNRGZk="></latexit><latexit sha1_base64="zVIBEkP4xapTQQnp0mSradNRGZk="></latexit><latexit sha1_base64="zVIBEkP4xapTQQnp0mSradNRGZk="></latexit><latexit sha1_base64="OsnpSvJU4fNnuV5B2A4HPaN2Q5w="></latexit>

Schéma:

Si    est discontinue à travers    ,  on dit que    présente un choc et 
que    est une ligne de choc.

⌃
⌃

u u
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Solutions       par morceaux C1

O1

O2

O3

O4

⌃4

⌃3

⌃2

⌃1

x

t
xσ4(t2)

<latexit sha1_base64="n0hCgx0qAseTH9RjnR1jPKFOqV8="></latexit><latexit sha1_base64="n0hCgx0qAseTH9RjnR1jPKFOqV8="></latexit><latexit sha1_base64="n0hCgx0qAseTH9RjnR1jPKFOqV8="></latexit><latexit sha1_base64="ZAqsZ5dDSAlY+6tPVEFQ7YGi/IA="></latexit>

σ1(t2)
<latexit sha1_base64="SwSOrrZUl7k+//a2ZhnOx5zwS3s="></latexit><latexit sha1_base64="SwSOrrZUl7k+//a2ZhnOx5zwS3s="></latexit><latexit sha1_base64="SwSOrrZUl7k+//a2ZhnOx5zwS3s="></latexit><latexit sha1_base64="tzUPUrUr5Bu2iNVMWNg6QOBLFdk="></latexit>

t2
<latexit sha1_base64="yUMLMawxgVWhf2uWyX9YXshxBxg="></latexit><latexit sha1_base64="UDryTBKpPahKf4ELzmlGfNgwJ/0="></latexit><latexit sha1_base64="UDryTBKpPahKf4ELzmlGfNgwJ/0="></latexit><latexit sha1_base64="IFsTHbjIUDQocIyRAWJKi2i2+20="></latexit>

u(x, t2)
<latexit sha1_base64="uJpfrzvp0d1YghMhxm1wfyFAUs0="></latexit><latexit sha1_base64="uJpfrzvp0d1YghMhxm1wfyFAUs0="></latexit><latexit sha1_base64="uJpfrzvp0d1YghMhxm1wfyFAUs0="></latexit><latexit sha1_base64="3x71Wd6eIjNQXRxwskzmIeV+7AY="></latexit>

Schéma:

Si    est discontinue à travers    ,  on dit que    présente un choc et 
que    est une ligne de choc.

⌃
⌃

u u
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Une fonction   ,      par morceaux, est une solution

 et si à travers chaque ligne 

Σ =
{
x = σ(t), t− ≤ t ≤ t+ },

<latexit sha1_base64="Pq2Y/k+peBHbMlTBAW0iIB4hoXM="></latexit><latexit sha1_base64="DdTUWfi+1PKC0QBHZ40/hSTo05M="></latexit><latexit sha1_base64="DdTUWfi+1PKC0QBHZ40/hSTo05M="></latexit><latexit sha1_base64="dBYVYMoNPLPGlr1E9whnIsnsaU0="></latexit>

Théorème : 

 

faible si et seulement si    est solution classique dans chaque        

     vérifie la relation de Rankine-Hugoniot pour    t− ≤ t ≤ t+
<latexit sha1_base64="JzgZhuSvjC5aReLugNFqU+q7LGY="></latexit><latexit sha1_base64="gVSd4LzescGh5IaWtxazZf5MrGw="></latexit><latexit sha1_base64="gVSd4LzescGh5IaWtxazZf5MrGw="></latexit><latexit sha1_base64="vWCLMTFwCCL47rx1cA8COGZtrVE="></latexit>

Oj

 avec                     ets(t) := σ′(t)
<latexit sha1_base64="V8+7AY6f8Gk3QBwJypWoucVK4uw="></latexit><latexit sha1_base64="V8+7AY6f8Gk3QBwJypWoucVK4uw="></latexit><latexit sha1_base64="V8+7AY6f8Gk3QBwJypWoucVK4uw="></latexit><latexit sha1_base64="O5jDafOsC2KJky+xFp7B3CxGnhM="></latexit>

u±(t) := lim
ε→0

u
(
σ(t)± ε, t

)
<latexit sha1_base64="NJFDk8oqa+N3RrhGEl4VqIIvXuE="></latexit><latexit sha1_base64="HufSQtYRpVsclWaIYFYtpZczNpk="></latexit><latexit sha1_base64="HufSQtYRpVsclWaIYFYtpZczNpk="></latexit><latexit sha1_base64="JFxysiBHAB9s0HqmeJT/xYi+gKs="></latexit>

Solutions       par morceaux C1

C1u
u

u

s(t)
[
u+(t)− u−(t)

]
= f

(
u+(t)

)
− f

(
u−(t)

)
<latexit sha1_base64="n4agckkn5b1CdUTS+O4o4Faht7A="></latexit><latexit sha1_base64="1IZ61tG45CZcNi2HIjCmx2VCAYg="></latexit><latexit sha1_base64="1IZ61tG45CZcNi2HIjCmx2VCAYg="></latexit><latexit sha1_base64="fC/LNgpdFGHzERawEWj/qUSqREc="></latexit>

est la vitesse de propagation du choc.Si    est une ligne de choc,⌃ s(t) := σ′(t)
<latexit sha1_base64="V8+7AY6f8Gk3QBwJypWoucVK4uw="></latexit><latexit sha1_base64="V8+7AY6f8Gk3QBwJypWoucVK4uw="></latexit><latexit sha1_base64="V8+7AY6f8Gk3QBwJypWoucVK4uw="></latexit><latexit sha1_base64="O5jDafOsC2KJky+xFp7B3CxGnhM="></latexit>

t

t1
<latexit sha1_base64="VUhWvtVBr+dJt60y6atgmZrChi4="></latexit>

⌃

u(�(t1)
+, t1)

<latexit sha1_base64="X+LPOCH7D7cvPQKG0xxj8ULLLqc="></latexit>

u(�(t1)
�, t1)

<latexit sha1_base64="bznx+t0La05VKMQlPNX8CCR2L5w="></latexit>

x = �(t)
(pente)s(t1)

<latexit sha1_base64="L7Msa4cyk/b+IkOi5V6FPPIuO7o="></latexit>

s(t1)
<latexit sha1_base64="L7Msa4cyk/b+IkOi5V6FPPIuO7o="></latexit>

xx

u(x, t1)
<latexit sha1_base64="O1KyD7rthcR8jiTraupybV5eUDo="></latexit><latexit sha1_base64="O1KyD7rthcR8jiTraupybV5eUDo="></latexit><latexit sha1_base64="O1KyD7rthcR8jiTraupybV5eUDo="></latexit><latexit sha1_base64="Kfbo8LxihzvpKWSldBeYEE9hfXE="></latexit>

�(t1)
<latexit sha1_base64="KGdqUWjyB+XoOflKG7Tc2v02EN0="></latexit>
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<latexit sha1_base64="kimHp7WZ0VELbqHh5fHHlQ5ESJc="></latexit>

u�(t1) = u(�(t1)
�, t1)

<latexit sha1_base64="5nAx5H+m0se7fwLslxZwT/4wfaI="></latexit>

u+(t1) = u(�(t1)
+, t1)

vitesse du choc

<latexit sha1_base64="MQ+kiMZj08HaZAXfQusGandsHAE="></latexit>n



Une fonction   ,      par morceaux, est une solution

 et si à travers chaque ligne 

Σ =
{
x = σ(t), t− ≤ t ≤ t+ },

<latexit sha1_base64="Pq2Y/k+peBHbMlTBAW0iIB4hoXM="></latexit><latexit sha1_base64="DdTUWfi+1PKC0QBHZ40/hSTo05M="></latexit><latexit sha1_base64="DdTUWfi+1PKC0QBHZ40/hSTo05M="></latexit><latexit sha1_base64="dBYVYMoNPLPGlr1E9whnIsnsaU0="></latexit>

Théorème : 

 

faible si et seulement si    est solution classique dans chaque        

     vérifie la relation de Rankine-Hugoniot pour    t− ≤ t ≤ t+
<latexit sha1_base64="JzgZhuSvjC5aReLugNFqU+q7LGY="></latexit><latexit sha1_base64="gVSd4LzescGh5IaWtxazZf5MrGw="></latexit><latexit sha1_base64="gVSd4LzescGh5IaWtxazZf5MrGw="></latexit><latexit sha1_base64="vWCLMTFwCCL47rx1cA8COGZtrVE="></latexit>

Oj

 avec                     ets(t) := σ′(t)
<latexit sha1_base64="V8+7AY6f8Gk3QBwJypWoucVK4uw="></latexit><latexit sha1_base64="V8+7AY6f8Gk3QBwJypWoucVK4uw="></latexit><latexit sha1_base64="V8+7AY6f8Gk3QBwJypWoucVK4uw="></latexit><latexit sha1_base64="O5jDafOsC2KJky+xFp7B3CxGnhM="></latexit>

u±(t) := lim
ε→0

u
(
σ(t)± ε, t

)
<latexit sha1_base64="NJFDk8oqa+N3RrhGEl4VqIIvXuE="></latexit><latexit sha1_base64="HufSQtYRpVsclWaIYFYtpZczNpk="></latexit><latexit sha1_base64="HufSQtYRpVsclWaIYFYtpZczNpk="></latexit><latexit sha1_base64="JFxysiBHAB9s0HqmeJT/xYi+gKs="></latexit>

Solutions       par morceaux C1

C1u
u

u

s(t)
[
u+(t)− u−(t)

]
= f

(
u+(t)

)
− f

(
u−(t)

)
<latexit sha1_base64="n4agckkn5b1CdUTS+O4o4Faht7A="></latexit><latexit sha1_base64="1IZ61tG45CZcNi2HIjCmx2VCAYg="></latexit><latexit sha1_base64="1IZ61tG45CZcNi2HIjCmx2VCAYg="></latexit><latexit sha1_base64="fC/LNgpdFGHzERawEWj/qUSqREc="></latexit>

Remarques
• Si                        alors la condition de Rankine Hugoniot est 

satisfaite.
u+(t) = u−(t)

<latexit sha1_base64="E68i6hQErPdvIPHO4KmuzahuK4w="></latexit><latexit sha1_base64="E68i6hQErPdvIPHO4KmuzahuK4w="></latexit><latexit sha1_base64="E68i6hQErPdvIPHO4KmuzahuK4w="></latexit><latexit sha1_base64="ruRyHS2V/HazgAcaBs6CnV8RJ7c="></latexit>

• Pour tout choc, on a                  s =

[
f(u)

]
[
u
]

<latexit sha1_base64="QtxMDNX5R4l3DbuiyBwZE1jqZt4="></latexit><latexit sha1_base64="g70ObPDBVtGPA5uHhCo5pahtrSQ="></latexit><latexit sha1_base64="g70ObPDBVtGPA5uHhCo5pahtrSQ="></latexit><latexit sha1_base64="YaYixtjSRXB+Yxh/QvLfujV+MtQ="></latexit>

a(u) = f ′(u)
<latexit sha1_base64="1NQHDBEjI8FHRUQ41rqlOElS17U="></latexit><latexit sha1_base64="1NQHDBEjI8FHRUQ41rqlOElS17U="></latexit><latexit sha1_base64="1NQHDBEjI8FHRUQ41rqlOElS17U="></latexit><latexit sha1_base64="okprHg4AdEucSTD6eeA6Lx8ZFTY="></latexit>

qui est à rapprocher de

38
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... et dans le prochain épisode de MA103…
Non unicité des solutions faibles 

Notion de solution faible entropique 

Théorème d’existence et d’unicité

Propriété de monotonie

Problème de Riemann à 2 états dans les cas f convexe


