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ABSTRACT:
Parabolic equation (PE) based methods are widely used in outdoor acoustics because they can solve acoustic

propagation problems above a mixed ground in a refractive and scattering atmosphere. However, recent research has

shown phase error due to the effective sound speed approximation (ESSA). To overcome these limitations, a new PE

formulation derived without the ESSA has been proposed recently. We investigate the impact of such phase error on

wind turbine noise modeling, as the classical wide-angle parabolic equation (WAPE) with ESSA is widely used in

the research community. We propose a comparison between the classical WAPE with ESSA and the new WAPE

derived without the ESSA in the context of wind turbine noise. We highlight large phase error (several dB) on mono-

chromatic calculations with a point source. Using an extended sound source representative of a wind turbine, we

show small phase error (<1 dB) in a wind turbine noise context where sound level variability far from the source is

of several dB. The validity of previous works using WAPE with ESSA is, thus, not questioned, although we do

recommend the use of the new WAPE derived without the ESSA to accurately model the effect of wind speed on

sound propagation. VC 2023 Acoustical Society of America. https://doi.org/10.1121/10.0017653
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I. INTRODUCTION

Parabolic equation (PE) based methods are widely used

to approximate the wave equation while modeling acoustic

wave propagation in the atmosphere (e.g., Blanc-Benon

et al., 2001; Gauvreau et al., 2002; White and Gilbert,

1989), including wind turbine noise (e.g., Barlas et al.,
2017; Cott�e, 2018; Kayser et al., 2019; Kayser et al., 2022).

Indeed, PE based methods can take into account the range-

dependent phenomena (i.e., ground and atmospheric effects)

that occur between the acoustic source and a far-field

receiver, such as refraction, scattering, reflection, and

absorption. This approximation is commonly used as it

allows one to easily include the convection and refraction

effects due to the wind. The main limitations of these meth-

ods are the small validity angle with respect to the nominal

propagation direction (e.g., Lee et al., 2000) and phase error

due to the effective sound speed approximation (ESSA). A

new formulation called extra-wide-angle PE that does not

use the ESSA has been recently proposed to overcome the

phase error limitation (Ostashev et al., 2020). However, if

phase error is an important issue when using a point source

and relatively high wind speed (i.e., Mach number greater

than 0.05), an underlying assumption is that phase error

could be expected to be smaller when the source is very

large. However, to date, there is no study that quantifies the

phase error for an extended sound source like a wind tur-

bine, while PE based methods have already been used in

this context.

Thus, this paper proposes a quantitative comparison in

the context of wind turbine noise between simulations done

with the classical wide-angle parabolic equation (WAPE)

using ESSA and simulations done with WAPE that do not

use the ESSA in a moving medium to estimate if phase error

induced by ESSA approximation leads to a crucial problem

for modeling wind turbine noise propagation. The paper is

structured as follows: Sec. II reviews the theories of the

modeling, Sec. III describes the studied scenarios, Sec. IV

discusses the results of the analysis, and Sec. V gives syn-

thetic results and perspectives of this numerical study.

II. REVIEW OF THEORIES

A. WAPEs in moving and motionless atmospheres

Ostashev et al. (2020) have recently proposed extra-

wide-angle parabolic equation (EWAPE) for sound wave

propagation in a moving medium with arbitrary Mach num-

bers Mx. In a two-dimensional (2D) vertical plane (x, z),

assuming that the air density is a constant equal to q0, Eqs.

(27) and (39) of Ostashev et al. (2020) for the sounda)Electronic mail: bill.kayser@univ-eiffel.fr
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pressure p̂ðx; zÞ and for the velocity potential /̂ðx; zÞ in the

frequency domain reduce to

p̂ðx; zÞ ¼ 1þ iMx

k0

@

@x

� �
/̂ðx; zÞ; (1)

@

@x
� ik0c

2
x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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p
þ ik0ŝ
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/̂ðx; zÞ ¼ 0; (2)

where k0 ¼ x=c0 is the wavenumber associated with the ref-

erence sound speed c0, c2
x ¼ 1=ð1�M2

xÞ; e ¼ ðc0=cÞ2 � 1 is

the deviation of the refractive index from unity, l̂
¼ ð1=c2

xk2
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. In the absence

of flow, Mx ¼ 0, c2
x ¼ 1, and ŝ ¼ 0, and the classical PE is

retrieved (Salomons, 2001),
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From Eq. (3), the ESSA consists in considering

e ¼ ðc0=ceffÞ2 � 1, where ceff ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cRTðzÞ

p
þ UðzÞ cos h is

the vertical effective sound speed profile that depends on the

heat ratio c, the perfect gas constant R¼ 8.31 J�mol�1�K�1,

the temperature T(z) and wind speed U(z) at height z above

the ground, and the propagation angle h between wind direc-

tion and source-receiver direction.

As suggested by Ostashev et al. (2020), the square-root

operator in Eq. (3) can be approximated with a Pad�e (n, n)

series expansion, with an angular validity that increases

with n. For wind turbine noise applications, an angular

validity of approximately 30� (Collins, 1993; Salomons,

2001) with respect to the horizontal direction x is generally

sufficient since the receivers are typically located more than

500 m from the wind turbine; thus, a Pad�e (1,1) approxima-

tion can be used. Introducing the variable �/ related to the

velocity potential /̂ by /̂ðx; zÞ ¼ expðik0xÞ�/ðx; zÞ, Eq. (2)

can be rewritten,

W1ðx; zÞ
@�/
@x
¼ ik0W2ðx; zÞ�/; (4)

where the functions W1 and W2 are given by

Wm ¼ hm;0 þ
hm;2

k2
0

@2

@z2
; m ¼ 1; 2: (5)

The coefficients hm;j are written as

h1;0 ¼ 1þ b1;1e; h1;2 ¼ b1;1=c
2
x ;

h2;0 ¼ a1;1c
2
xe� ð1þ b1;1eÞ~s; h2;2 ¼ a1;1 � b1;1~s=c

2
x ;

with a1;1 ¼ 1=2; b1;1 ¼ 1=4. The function ~s is defined as

~s ¼ Mxc
2
x

ffiffiffiffiffiffiffiffiffiffiffi
1þ e
p

�Mx

� �
¼ ŝ �M2

xc
2
x :

As in the classical wide-angle PE, the Crank–Nicholson

(CN) algorithm can be used to reduce Eq. (4) to a matrix

system that can be easily solved. The variable �/ is discre-

tized using a Cartesian mesh of size Dx ¼ Dz ¼ k=10:

/n
m ¼ �/ððm� 1ÞDx; ðn� 1ÞDzÞ, with k the wavelength. The

domain is bounded by a ground with an acoustic impedance

condition at z¼ 0 and by an absorbing layer at the top of the

domain. The details are given in Appendix A.

In a second step, the acoustic pressure p̂ can be calcu-

lated from /n
m at xm ¼ mDx and zn ¼ nDz using a second-

order centered finite difference scheme [Ostashev et al.
(2020), Eq. (84)],

p̂ðxm; znÞ ¼ eik0xm ð1�MxÞ/n
mþ

iMx

2k0Dx
/n

mþ1�/n
m�1

� �	 

:

(6)

The starting field is defined as (Salomons, 2001)

/ 0; zsð Þ ¼
ffiffiffiffiffiffi
ik0

p
A0 þ A2k2

0z2
s

� �
e�k2

0
z2

s =B; (7)

with A0 ¼ 1:3717; A2 ¼ �0:3701, B¼ 3, and zs ¼ z� hs,

where hs is the source height.

B. Validation of PE against analytical solution

Following Ostashev et al. (2020) (pp. 3980–3982), the

WAPEM [Eq. (4)] and WAPEESSA [Eq. (3)] implementa-

tions are validated against an analytical solution for uni-

formly moving medium (constant wind vertical profile), in

the presence of a perfectly flat and rigid ground. Figure 1

presents results for frequencies f¼ 50, 250, and 1000 Hz

with a point source placed at z¼ 80 m (representative of the

hub height of a typical wind turbine), a Mach number of

Mx ¼ 0:05 (typical maximum operating wind speed of a

wind turbine), and a receiver height zr ¼ 2 m.

Results show that both PE methods do not predict sound

pressure correctly in close range (up to 150 m), which is due

to the angular validity. A good agreement between WAPEM

and the analytical solution is observed for distances above

150 m. On the other hand, the WAPEESSA does not predict

the sound pressure correctly, with shifts in location of inter-

ference patterns. These observations are consistent with the

results of Ostashev et al. (2020).

C. Description of the wind turbine noise model

For modern wind turbines, for which rotor diameter is

very often larger than 80 m, sound pressure level (SPL) pre-

dictions are more realistic when using an extended sound

source modeling. For this purpose, we use an emission

model based on Amiet theory (Amiet, 1975, 1976; Roger

and Moreau, 2010) that considers both trailing edge noise

and turbulent inflow noise for a blade profile NACA 63415.

The emission model is coupled to the PE models thanks to

the moving monopole approach following Cott�e (2019) and

Kayser et al. (2022), which allows us to consider propaga-

tion effects between the source and the receivers to calculate

wind turbine SPL in an outdoor environment. The wind
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turbine is located at ðx ¼ 0; y ¼ 0; z ¼ 0Þ, with its blades

rotating in the (y, z) plane (see Fig. 2).

Since the incident flow is not uniform along a blade, a

strip theory is used that consists in splitting each blade into

D sections of variable chord cd and span Ld, so as to fulfill

the condition Ld=cd � 3; d ¼ 1;…;D with D¼ 8. The SPL

at the receiver location (xr, 0, zr) is calculated for a blade

segment at an angular position U, using the point source

approximation (Salomons, 2001),

SPLðx;UÞ ¼ SWLðx;UÞ
zfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflffl{emission

�10 log ð4pR2
1Þ

zfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflffl{geometrical spreading

þDLðx;UÞ � aabsðxÞR1|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
atmospheric and ground effects

; (8)

FIG. 1. (Color online) Sound pressure relative to free field DL for a point source at z¼ 80 m above a rigid ground in a 2D homogeneous uniformly moving

medium with Mach number Mx ¼ 0:05 and receiver height zr ¼ 2 m. Results are shown for analytical solution and predictions obtained with WAPEESSA and

WAPEM for f¼ 50 Hz (top), f¼ 250 Hz (middle), and f¼ 1000 Hz (bottom).

FIG. 2. Schematics of the moving monopoles approach geometry. The

receiver is located at (xR; 0; zR), and the source is located at (0; ys; zs). R1 is

the source-receiver distance, and / represents here the angular position of

the blade segment.

TABLE I. Summary of the four different scenarios for the comparison of

WAPEESSA and WAPEM predictions.

Scenarios

Point source Extended source

1. Reflective

ground

2. Natural

ground

3. Natural

ground

4. Natural

ground

Parameters

Stable

atmosphere

Stable

atmosphere

Stable

atmosphere

Neutral

atmosphere

a wind shear exponent 0.15 0.15 0.15 0.55

r (kN � s � m�4)

airflow resistivity of

ground

1 500 500 500

lc (m) correlation

length of roughness

0 0.5 0.5 0.5

rh (m) standard devia-

tion of roughness heights

0 0.025 0.025 0.025
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where x is the angular frequency of the sound at the

receiver, SWLðx;UÞ is the angle-dependent source sound

power level calculated with the emission model, R1

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

r þ y2
s þ ðzs � zrÞ2

q
is the distance between the source

located at (0, ys, zs) and the receiver located at (xr; 0; zr), DL
is the sound attenuation relative to the free field calculated

with PE methods, and aabs is the sound atmospheric absorption

coefficient in dB/m and calculated using ISO 9613-1:1993

(1993).

Equation (8) is used to calculate the SPL induced by

each blade segment, over one rotation, at the receiver posi-

tion. The summation of the sound contributions of all blade

segments is then calculated at the receiver by assuming that

all the contributions are uncorrelated (Tian and Cott�e,

2016).

III. CASE STUDY

In the following, WAPEESSA and WAPEM predictions

are compared for four scenarios with increasing complexity

that are defined in Table I. The WAPEM is considered as the

reference, and the error induced by the ESSA is quantified

thanks to the absolute value of the deviation between

WAPEESSA and WAPEM predictions. This indicator is

called the error and is plotted in the following figures.

Section IV A presents predictions for a unique point

source placed at hub height z¼ 80 m, which is a strong

assumption that is often used as a first approximation in the

wind turbine noise community. Neutral atmospheric condi-

tions are considered. Calculations in the presence of reflec-

tive ground (scenario 1) and absorbing and rough ground

(scenario 2) are performed. Monochromatic results, one-

third octave band results, and overall A-weighted sound

pressure level (OASPL) results are presented.

Section IV B presents predictions when using an extended

sound source modeling, which is more realistic for modern

wind turbines. The wind turbine considered has a rotor diameter

of 93 m, a hub height of 80 m, and three blades of 45 m length

based on the NACA 63415 airfoil (Tian, 2016). The speed of

rotation of blades increases linearly from 6 rpm at the cut-in

wind speed of 4 m/s measured at the hub height to 16 rpm at

the wind speed of 12 m/s. The ground properties are set to

model an absorbing and rough ground. Predictions are

TABLE II. Number of monochromatic calculations Nf per one-third octave band of nominal frequency fc.

fc (Hz) 50 63 80 100 125 160 200 250 315 400 500 630 800 1000

Nf 1 1 1 1 3 3 3 3 3 3 5 5 7 7

FIG. 3. (Color online) Comparison of WAPEM (black line) and WAPEESSA (red dashed line) simulations for neutral atmospheric condition, for both

flat-reflective ground (scenario 1, top) and rough-absorbing ground (scenario 2, bottom). Results are presented for the frequencies fc ¼ 50 Hz (left) and

fc ¼ 1000 Hz (right), at zr ¼ 2 m. The error (blue line) between the WAPEM and WAPEESSA simulations is plotted and depends on the right vertical axis.

The error plotted in gray is associated with extremely low SPL values where numerical errors might occur as well.
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performed for both neutral (scenario 3) and stable (scenario 4)

atmospheric conditions. Monochromatic results, one-third

octave band results, and overall A-weighted SPL results are

also presented.

The wind speed vertical profile U(z) is defined as follows:

UðzÞ ¼ Uref

z

zref

� �a

; (9)

where Uref ¼ 12 m/s is the wind speed at hub height zref

¼ 80 m, and a is the wind shear exponent set to 0.15 for neu-

tral atmospheric condition (scenarios 1–3) and set to 0.55

for stable atmospheric condition (scenario 4) (Van Den

Berg, 2008). The wind direction is from x positive to x nega-

tive, which means that for x 2 ½200; 1500� m, upwind condi-

tions are considered, and for x 2 ½�1500;�200� m,

downwind conditions are considered.

For all scenarios, the atmospheric temperature is set con-

stant at T0 ¼ 10 �C. As the study focuses on relatively high

wind speed and given that we do not consider crosswind con-

ditions, wind effects are considered to be predominant over

temperature effects (Kayser et al., 2020). Note also that phase

error is mainly induced by wind effects through the effective

sound speed formalism.

The ground properties (sound absorption by the ground

and sound scattering by surface roughness) are taken into

account through the effective admittance model (Bass and

Fuks, 1979) implemented in PE methods following Kayser

et al. (2019). The effective admittance beff is defined as

beff ¼
1

Z
þ brough; (10)

where Z is the acoustic impedance of the ground, and brough is

the average effect of surface roughness on ground acoustic

admittance. The impedance Z is calculated using Miki’s imped-

ance model (Miki, 1990), for which frequency validity is veri-

fied (Kirby, 2014), and that depends only on the airflow

resistivity of the ground r (kN�s�m�4). The expression for

brough corresponds to a 2D rough surface with a small and

slowly varying roughness (Brelet and Bourlier, 2008), which

depends on two parameters, lc (m) and rh (m), which are,

respectively, the correlation length of the horizontal variations

of the ground and the standard deviation of the ground rough-

ness heights (see Kayser et al., 2022; Kayser et al., 2019). In

the first scenario, the ground is perfectly flat and rigid, which

means that r ¼ 1 kN�s�m�4, lc¼ 0 m, and rh ¼ 0 m. For sce-

narios 2–4, r ¼ 500 kN�s�m�4, which accounts for slight

absorbing ground (e.g., cultivated ground), with lc ¼ 0:5 m and

rh ¼ 0:025 m for the corresponding ground roughness parame-

ters (Borgeaud and Bellini, 1998; Embleton et al., 1983).

Given that the one-third octave band widths increase

with frequency and that the wavelengths decrease with fre-

quency, the one-third octave band levels have to be calcu-

lated with an increasing number of monochromatic

calculations with frequency (IEC 61260–1:2014, 2014) (see

Table II).

The OASPL indicator is calculated for f 2 ½50; 1000�
Hz. The OASPL indicator is used with the extended sound

source only and corresponds to overall A-weighted SPL,

which is averaged over one blade rotation.

IV. RESULTS

A. Point source approximation

Figure 3 presents results of the comparison for scenar-

ios 1 and 2, at the frequencies fc ¼ 50 Hz and fc ¼ 1000 Hz.

The comparison shows a shift in interference patterns

between WAPEM and WAPEESSA simulations, due to the

WAPEESSA phase error. The shift leads to a non-negligible

error, especially at high frequencies at the position of the

interference dips, i.e., up to 15 dB for flat and reflective

ground and up to 4 dB for absorbing and rough ground. In

downwind conditions (x 2 ½�1500; 0� m) and outside the

interference dips, only small error appears (less than

0.7 dB), whatever the frequency and ground properties. In

upwind conditions (x 2 ½0; 1500� m), the error increases up

to 20 dB in the shadow zone. However, the magnitude of the

error is not critical in such a region from a practical point of

FIG. 4. (Color online) Comparison of WAPEM (black line) and WAPEESSA

(red dashed line) simulations for neutral atmospheric condition in the pres-

ence of rough-absorbing ground (scenario 2). Results are presented for the

one-third octave band of center frequencies fc ¼ 50 Hz (top), fc ¼ 1000 Hz

(middle), and OASPL (bottom), at zr ¼ 2 m. The error (blue line) between

the WAPEM and WAPEESSA simulations is plotted and depends on the right

vertical axis. The error plotted in gray is associated with extremely low

SPL values where numerical errors might occur as well.
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view. Indeed, it is associated with very low SPL, as we do

not consider sound scattering by turbulence and also given

that other environmental sound sources are very likely to

mask wind turbine sound contribution. Given the extremely

low SPL in this region, the error is plotted in gray as numeri-

cal errors might occur as well. One can also notice that the

shadow zone boundary is slightly moved for fc ¼ 50 Hz

between the two types of ground. This observation might be

explained by creeping wave (Don and Cramond, 1986). In

the case study of scenarios 1 and 2, we conclude that the

phase error leads to non-negligible SPL error, even in the

presence of an absorbing and rough ground.

Figure 4 presents results of the comparison for scenario

2, at the one-third octave bands of center frequencies fc
¼ 50 Hz and fc ¼ 1000 Hz, as well as for OASPL. Results of

Fig. 4 show low error (<0.5 dB) outside the shadow zone

for the three indicators. These low errors are due to the

smoothing done by using one-third octave and OASPL indi-

cators. In the shadow zone, the magnitude of the error is still

high (up to 7 dB) for one-third octave bands, but it is accept-

able (<1 dBA) for OASPL.

B. Extended wind turbine source

Figure 5 shows results of the comparison for scenarios

3 and 4, at the frequencies fc ¼ 50 Hz and fc ¼ 1000 Hz for

one blade rotation. Figure 5 does not show interference

patterns given that the source is extended spatially and

that SPLs are averaged over one blade rotation. Therefore,

only small SPL error (<0.5 dB) due to phase error is

observed outside the shadow zone, as the significant

error is mainly due to shifts in the location of interference

patterns. It should be noted that the slightly higher error

that appears in downwind conditions far from the source

(i.e., for x < �1000 m) is due to refraction effects. This is

presented in more detail in Appendix B.

As in Sec. IV A, we clearly see that the error is non-

negligible (up to 8 dB) in the shadow zone. As already dis-

cussed, this error is not crucial as the SPLs are very low in

such region and, thus, will most likely be masked by other

environmental sources or sound scattered by atmospheric

turbulence (that is not taken into account here). Finally, the

phase error seems slightly higher for stable atmospheric

conditions. This is because the shear factor a is higher in

these conditions, which induces a stronger wind vertical gra-

dient and, thus, stronger refraction effect. Under these con-

ditions, the ESSA limitation is more noticeable.

Figure 6 presents results for one-third octave bands of

center frequency fc ¼ 50, and fc ¼ 1000 Hz as well as

OASPL. The atmospheric condition is stable with a ¼ 0:55

as it induces the highest SPL error due to phase error (see

Fig. 5). Results for one-third octave bands and OASPL show

that the error curves are very similar to the monochromatic

calculations (Fig. 5), with values of the same order of magni-

tude (<0.5 dB outside the shadow zone and caustic region).

There are no major differences between the two scenarios.

FIG. 5. (Color online) Comparison of WAPEM (black line) and WAPEESSA (red dashed line) simulations with an extended sound source, for both stable

(scenario 3, top) and neutral atmospheric condition (scenario 4, bottom). Results are presented for the frequencies fc ¼ 50 Hz (left) and fc ¼ 1000 Hz (right),

at zr ¼ 2 m. The error (blue line) between the WAPEM and WAPEESSA simulations is plotted and depends on the right vertical axis. The error plotted in gray

is associated with extremely low SPL values where numerical errors might occur as well.
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V. CONCLUSION AND DISCUSSION

This work focuses on SPL discrepancy predictions due

to phase error induced by ESSA in the PE model, in the con-

text of wind turbine noise. To estimate the error, compari-

sons are made between simulations from the WAPE model

with the ESSA and the WAPE model derived without this

approximation.

First, comparisons are made with a point source located

at the hub height of the wind turbine, with a heterogeneous

atmosphere and for both a flat-reflective ground and a

rough-absorbing ground. Results highlight high phase error

(up to 15 dB for flat and reflective ground) outside the

shadow zone, due to shifts in interference patterns between

the two WAPE model predictions. Phase error is even higher

in the shadow zone (up to 20 dB for reflective ground).

However, high phase error in such a region is not crucial as

SPLs are very low. Thus, environmental sources are very

likely to mask the wind turbine noise. A study is also

performed for one-third octave band and OASPL. The

results show fewer interference patterns due to smoothing

by considering one-third octave bands, which leads to lower

phase error (�1 dB outside the shadow zone) than for the

monochromatic study.

Another comparison is performed with an extended

source representative of a wind turbine, for both neutral and

stable atmospheric conditions. As the wind turbine sound

source is extended spatially, and the SPLs are averaged over

one blade rotation, the interference patterns are significantly

reduced. As a result, phase error outside the shadow zone is

smaller (<0.5 dB) and seems negligible for this scenario.

Stable atmospheric conditions show a slight increase in

phase error as the wind vertical gradient is stronger and

ESSA more penalizing. Furthermore, with the extended

wind turbine sound source, we showed that phase error leads

to negligible error on the prediction of one-third octave

bands or OASPL.

In summary, we can conclude that when using a point

source, the phase error induced by the ESSA can be an

important issue that leads to strong error in SPL predic-

tions, especially in the presence of interference patterns,

strong refraction, and a flat and reflective ground. We con-

clude here that the ESSA approach should not be used if a

simplified modeling of the wind turbine by a unique point

source is considered. Nevertheless, when considering an

extended source and more realistic scenarios (i.e., wind

turbine on a rough-absorbing ground), we found that phase

error due to the ESSA induced small or even negligible

SPL prediction error. For this specific case study, both

types of WAPE modeling produce equivalent results.

Those results confirm that, even if the new WAPE formu-

lation remains undeniably the most accurate, the WAPE

formulation using ESSA can still be used for predicting

wind turbine noise on the condition that the source model-

ing explicitly takes into account the large size of the

source.
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APPENDIX A: NUMERICAL SOLUTION OF THE WAPE
IN MOVING MEDIUM

To solve Eq. (4), the CN scheme is used to advance the

solution from x to xþ Dx,

W1�
ik0Dx

2
W2

	 

�/ðxþDxÞ ¼ W1þ

ik0Dx

2
W2

	 

�/ðxÞ; (A1)

where the terms W1 and W2 can be written

W1 ¼ 1þ e
4
þ 1

4k2
0c

2
x

@2

@z2
; (A2)

FIG. 6. (Color online) Comparison of WAPEM (black line) and WAPEESSA

(red dashed line) simulations with an extended sound source, for stable

atmospheric condition (scenario 3). Results are presented for the one-third

octave band of center frequencies fc ¼ 50 Hz (top), fc ¼ 1000 Hz (middle),

and OASPL (bottom), at zr ¼ 2 m. The error (blue line) between the

WAPEM and WAPEESSA simulations is plotted and depends on the right

vertical axis. The error plotted in gray is associated with extremely low

SPL values where numerical errors might occur as well.
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W2 ¼
c2

xe
2
� 1þ e

4

� �
~s þ ð2c2

x � ~sÞ
4k2

0c
2
x

@2

@z2
: (A3)

The domain is now discretized with mesh sizes Dx and

Dz: /n
m ¼ �/ððm� 1ÞDx; ðn� 1ÞDzÞ, with m ¼ 1;…;M and

n ¼ 1;…;N. The second derivative with respect to z is esti-

mated using a second-order finite difference scheme,

@2

@z2

� �
/n

m ¼
/nþ1

m � 2/n
m þ /n�1

m

k2
0Dz2

: (A4)

The numerical scheme associated with the CN for the

WAPE method is, thus,

M1/
n
mþ1 ¼ M2/

n
m; (A5)

where the matrices M1 and M2 are given by

M1/
n
m¼ 1þen

m

4
� ik0Dx
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n
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M2/
n
m ¼

"
1þ en

m

4
� ik0Dx

2

ðc2
xÞ

n
men

m

2
� 1þ en

m

4

� �
~sn

m

� �

� 2� ik0Dxð2ðc2
xÞ

n
m � ~sn

mÞ
4k2

0ðc2
xÞ

n
mDz2

#
/n

m

þ 2� ik0Dxð2ðc2
xÞ

n
m � ~sn

mÞ
8k2

0ðc2
xÞ

n
mDz2

" #
/nþ1

m þ /n�1
m

� 

:

(A7)

The matrix M1 in Eq. (A6) is tridiagonal with diagonal

elements

bn ¼
"

1þ e
4
� ik0Dx

2

c2
xe
2
� 1þ e

4

� �
~s

 !

� 2� ik0Dx 2c2
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and off diagonal elements

an ¼ cn ¼
2� ik0Dxð2c2

x � ~sÞ
8k2

0c
2
xDz2

" #
: (A9)

Similarly, the matrix M2 in Eq. (A7) is tridiagonal with diag-

onal elements

en ¼
"

1þ e
4
þ ik0Dx

2

c2
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� 1þ e

4

� �
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and off diagonal elements

dn ¼ fn ¼
2þ ik0Dxð2c2

x � ~sÞ
8k2

0c
2
xDz2

" #
: (A11)

The boundary condition at z¼ 0 (n¼ 1) written with respect

to the normalized admittance b ¼ 1=Z can be obtained by

using the centered second-order scheme at the fictitious

point z ¼ �Dz,

/2
m � /0

m

2Dz
þ ik0b/1

m ¼ 0: (A12)

The first lines of the matrices M1 and M2 are changed

accordingly, with modified coefficients,

c1g ¼ 2c1; b1g
¼ b1 þ 2ik0Dzbc1;

f1g ¼ 2f1; e1g
¼ e1 þ 2ik0Dzbf1:

APPENDIX B: DOWNWIND ERRORS DUE
TO REFRACTIVE EFFECT FAR FROM THE SOURCE

Figure 7 shows the presence of caustics at long distan-

ces from the source for downwind conditions, with high

associated sound pressure levels. For example, with a stable

FIG. 7. (Color online) Color maps (x, z) of attenuation to free field DL term

of Eq. (8) for downwind conditions for both stable (top) and neutral (bot-

tom) atmospheric conditions. The source frequency is f¼ 1000 Hz, the

source height is zs ¼ 35 m, and the ground is rough and absorbing.

Simulations are performed with WAPEM modeling.
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atmosphere, these caustics cover a wide spatial region

between heights of z¼ 0 m and z¼ 60 m. These caustics are

visible in Figs. 4–6.
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