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The solution of Maxwell’s equations in a non-convex polyhedral domain is less regular than in a smooth or
convex polyhedral domain. In this paper we show that this solution can be decomposed into the orthogonal
sum of a singular part and a regular part, and we give a characterization of the singular part. We also prove
that the decomposition is linked to the one associated to the scalar Laplacian. Copyright © 1999 John
Wiley & Sons, Ltd.

KEY WORDS: Maxwell’s equations; polyhedral domains; corner singularities

1. Introduction

When solving Maxwell’s equations with regular source terms in a non-convex
polygonal or polyhedral domain (with Lipschitz continuous boundary) the solutions,
instead of being in H'(Q)® as in the case of a convex domain, are only in
H(curl, Q)nH(div, Q). In the same way, when solving a problem involving the scalar
Laplace operator with data in L?(Q), the solution instead of being in H?(Q) as in the
regular case (convex polygonal or polyhedral, or with a smooth boundary) is only in
H'*5(Q), with 0 < s < 1. Grisvard [10] showed that a solution of the scalar Laplace
operator in the general case could be decomposed into the sum of a regular part and
a singular part. This decomposition is based on a decomposition of L?(Q) into the sum
of the image space of the regular parts and its orthogonal. In the case of a polygonal
domain of R?, Grisvard [11] completely characterized these two spaces; starting from
this result, we introduced an orthogonal decomposition of the solution of Maxwell’s
equations and proposed a method for its numerical computation [1, 2]. This method
can be generalized to a polyhedral domain with Lipschitz continuous boundary
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provided an orthogonal decomposition of L?(Q) can be obtained and each of its terms
can be fully described.

In this article we would like to generalize the results obtained in [1, 2] to the
three-dimensional case, proving in particular that the solution of Maxwell’s equations
can also be decomposed into the orthogonal sum of a regular term and a singular
term. We shall show that this decomposition is still linked to the decomposition of
L?(Q) associated to the scalar Laplace operator.

The article is organized as follows. First, we shall recall the characterization of the
orthogonal decomposition of L*(Q) in the case of a non-convex polyhedral domain
Q with Lipschitz continuous boundary obtained by Assous and Ciarlet [3]. Then for
a model problem associated to the steady-state Maxwell equations, we shall introduce
a decomposition of the space of solutions, which will enable us to characterize the
singular solutions as well as the regular solutions.

In the last part, we obtain results that are complementary to those obtained by
Costabel and Dauge [6], who worked on the explicit study of the singular part of the
solution. In this spirit, Bonnet—Ben Dhia et al. [4] have recently worked on the
solution of the frequential Maxwell equations by a regularizing method that can be
related to the theory developed by Costabel and Dauge. The originality of our
approach lies on the one hand, on the theoretical analysis of the decomposition of
L*(Q) and, on the other hand, in the introduction of orthogonal decompositions,
which enable us among other things to describe the space of singular solutions more
precisely.

2. A characterization of the orthogonal of A(H2(Q)nH(Q)) in L*(Q)

Let Q be a connected and simply connected polyhedral open set of R with
a connected and Lipschitz-continuous boundary I We denote by (I;); <;<n, the
faces of I'. Let n be the unit outward normal to T

As we mentioned in the introduction, the space L?(Q) can be decomposed in the
following way.

Theorem 2.1. The image by the Laplace operator of the space H*(Q)nH(Q), denoted
by A(HZ(Q)mH(I)(Q)), is a closed subspace of L*(Q), and we have the following ortho-
gonal decomposition:

1
L*(Q) = A(H*(Q)nHy(Q) @ N. (1)
Proof. This result was proved by Grisvard [10], and by Dauge [7]. O

One of the goals of this paper is to characterize the elements p of N. To that aim, we
denote by D(A, Q) the space {q € L*(Q); Aq e L*(Q)}.

By definition, each face I'; is a polygon, hence its boundary OI'; is Lipschitz
continuous. For any point x € I';, we denote by p;(x) the distance of x to 0I';. We then
have the following definition (cf. [11]).
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Definition 2.1. F'/(T;) is the set of functions f of H'/*(T';) such thatf/\/;j also belongs
to L*(T)). We denote by | f1| < i1, = (Hlez/z,rj + Hf/\/,;J |\§,rj)1/2 the associated norm.

Finally, we denote by H~'/*(T;) the dual space of H'/(T}).
Now, let us recall the theorem which is proved in Assous and Ciarlet [3].

Theorem 2.2. p e N if and only if
peD(A,Q), Ap=0, pr=0 in H Y*(T}) for 1 <i< Ng.
The proofis based on several technical results, which we recall as we shall also need

them in the present paper, and on the classical theory developed by Gagliardo [8] and
Necas [12]. Let I'; be a fixed face.

Proposition 2.1. (i) The normal trace on I'; mapping, g v g ny, is linear and continu-
ous from {ge H'(Q)*, g xny = 0} into H”Z(l")

(i) The trace of the normal derivative on I'; mapping, u +— (Ou/On),, is linear and
continuous from H*(Q) Ho(Q) into HY?(T).

Next, we define the space

H,(Q) = {ve H*(Q)n Hy(Q), @u/on)y, =0, for k # j).

Proposition 2.2. Let u be an element of H'*(T;). Then there exists a lifting u belonging
to H;(Q) such that

Oou
onr,

Proposition 2.3. For a given face T;, there exists a constant C(I';) such that

ou

Ve HYX(T;), Jue HyQ), 5
n ‘Fj

= and [luly < Clul <,

Proposition 2.4. The space H*(Q) is dense in D(A, Q) endowed with the graph norm
2 2
lglo = {llqllo + llAqlio} ">

Proposition 2.5. W hen p belongs to D(A, Q), we have py, € H™'/*(T;) for all 1 < i < Np.
In addition, for each face T3, there exists C; > 0 such that

Vpe DA, Q), lpl~ —iar < Cilpllp (2)
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Moreover, the following integration by parts formula holds:

V(p.v) € D(A, Q) x (H*(Q) n Ho(Q)),
ov
J pAvdx — J vApdx =), <p|r,,, <—> > . (3)
Q Q i on Jir, / m-vey, ey

3. Application to Maxwell’s equations

3.1. The model problem
Consider
X ={ue H(curl, Q)n H(div, Q), uxn =0 on T'},

the Hilbert space endowed with the canonical inner product of H(curl, Q) H(div, Q)
and

V = {ue H(curl,Q)n H(div,Q), diva =0, uxn =0 on I'},

the Hilbert space endowed with the canonical inner product of H (curl, Q) n H(div, Q).
Given a function ge L*(Q), and a function fe L?*(Q)*® verifying divf= 0 and
f-n=0 on I', we consider the following problem:

Find u € H(curl, Q) H(div, Q) such that:

curlu=f inQ, 4
divu=g¢g inQ, (5)
uxn=0 onT. (6)

Theorem 3.1. Let fe L*(Q)® with divf=0 and f-n=0 on I and g e L*(Q). Then
problem (4)—(6) admits a unique solution u € H (curl, Q) n H(div, Q).

Proof. The proof can be based on the theory of mixed problems by introducing
a Lagrange multiplier for divergence-condition (5) (see [9]).

First, the solution of (4)—(6), if it exists, is unique, because from Weber [13], we
know that |v|y = {|divv|g + |curlv|3}"? is a norm equivalent to the canonical
norm on X. Then, it is also a solution of the variational problem (if p = 0):

Find (u,p) € X x L*(Q) such that

J curlu'curlvdx-l-J pdivvdx=f f-curlvdx VvelX, (7)
Q Q Q
J divuquZJ gqdx VqeL*Q). (8)
Q Q

So there remains to prove that variational problem (7)—(8) has a unique solution. We
shall do this with the help of the inf-sup theory (see for example [9]). From Weber
[13], it is clear that the bilinear form (u, v) — [, curlu-curl vdx is coercive on the

Copyright © 1999 John Wiley & Sons Ltd. Math. Meth. Appl. Sci. 22, 485-499 (1999)



Characterization of Maxwell’s equation 489

kernel of the second bilinear form (8), that is V. Moreover the inf-sup condition is
satisfied. Indeed, let g € L*(Q). Then taking v = V¢ with ¢ e H o(Q) such that A¢ = ¢:
we have ve X and

J qdivvdXZJ‘ qAédx=J q® dx.
o o o

If follows that

. divvdx
inf qui/ .
ger@vex |IVlxlgllo

Hence problem (7)—(8) has a unique solution. Finally, let v= V¢ with £ e H o(Q) such
that A¢ = p: we have v e X. Then (7) yields

which enables us to conclude. Indeed, (7) becomes

n

curlu- curlvdx :f f-curlvdx VveX.

JQ Q

Whence curl(curlu — f) = 0 and consequently, there exists ¢ € H(Q) such that
curlu — f = Vg. In particular,

IVl = f curlu- Vo dx f £-Vodx.
Q Q

Asu € X, the first term cancels by integration by parts. The same is true for the second
term, thanks to the hypotheses on f. The conclusion follows.

Remark 3.1. Equation (5) can be brought back to the case g =0 by letting
v=u— Vi, being the unique element of Hy(Q) verifying Ay = g. The function
Y verifies a Laplace problem (which has been studied by Grisvard [10]) that can be
solved with a classical variational formulation. In order to simplify our presentation
we shall suppose in the sequel that g = 0.

3.2. Decomposition of the space of solutions

Let us introduce the space of regular solutions
Xg={veH' (Q)? vxn=00nT}, Xg;={veXg, v-nr =0 fork #j}
and
Ve ={ze H(Q)? divz=0,zxn=0onT}.
Proposition 3.1. The space Xy and Vi are closed, respectively, in X and V.
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Proof. Costabel showed in [5] that on the space Xy we have the equality of the
bilinear forms

Q

J VV:VWdX:f curlv~curlwdx+J divvdivwdx. )
Q Q

This equality remains obviously verified on V. The claimed results are a straightfor-
ward consequence. ]

Lemma 3.1. Let T; be a given face and let u belong to H'/*(T;). Then the extension fi of
uby0toT issuch that fi e H?(I'). Moreover, this continuation operator is continuous
from H'Y(T;) to HY*(T).

Proof. See the Appendix. O
We have the following results:

Proposition 3.2. Let u belong to H'/?(T;). Then there exists a lifting v e Xg_; such that
\A n‘n = ﬂ.

Proof. A face T being fixed, we consider u e H'/?(T;). We assume that the face T is

embedded in the plane of equation x; = 0. The reasoning is done in two stages:

(a) Case of a scalar function. From the Lemma above, the extension fi of u by 0 to
I belongs to H'/?(T"). After Necas [12]:

3z3 € H'(Q), Zyr = [l

(b) Case of a vector function. If we take z; = z, = 0 and denote by z = (zy, z,, z3)",
we have ze H'(Q)*. By construction,

z‘rkZOfork;éj,zxnlrj=0and Z 0, = [

In other terms, z € Xy ; is a lifting of p. O

Proposition 3.3. For a given face T}, there exists a constant C(I;) such that

Ve Hl/z(rj)’ veXrj, voop=p and ||v]|y < C|ul ~,1/2.T;

Proof. We now consider the mapping:
Xg.j— ﬁl/z(rj),
ViV nlrj.

Due to Propositions 2.1 and 3.2, respectively, it is linear and continuous on the one
hand, and onto on the other hand. Moreover, its kernel is {ve Xk ;, vonp, = 0} =
Hy(Q)>.

The mapping v — v-n, is hence bijective, linear and continuous from Xg ;/H 3(9)3
into HY*(T).
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The inverse mapping is thus also continuous owing to the Banach—Steinhaus
theorem. The conclusion follows. OJ

Proposition 3.4. We have the following integration by parts formula:

v(p’ V) € D(A’ Q) X XRa

{Vp, V>X'R,XR + J pdivvdx = Z <I7|ria V'n\r,->1? U2(1), HY(T) (10)
o) i

Proof. Let pe D(A, Q). Due to Proposition 2.4 we can choose a sequence (py); of
elements of H?(Q) such that p, — p in D(A, Q). For v e Xy, we have the relation

J Vpivdx + f prdivvdx = Z[ P, Vo, doy.
Q Q L

i

As vy, e H'2(T;) thanks to Proposition 2.1, as we know from (2) that the trace
mapping is continuous from D(A, Q) onto H™'*(T), we get

J‘ pk\l_j \A n‘l-,_ dO'j - <p|1-j, \ A n‘l-’_>1T171‘rz(l-j))1:'11xz(ri).
I
On the other hand, as [, pxdivvdx — |, pdivvdx, the term |, Vp, vdx admits a limit
when k —» +o0. Moreover, for k # I,

j (Vo — Vp)-vdx| < [[pe — pillolIdivv]o + Z Ik — pull ~, - 1/2,r,.HV'“H ~ 12T,
o) i
< Cllpx — pillplIvlx, (11)

due to Proposition 2.5 for (p, — p;) and Proposition 2.1 for v. Thus (Vp,), is a Cauchy
sequence in the dual space of X. Hence it has a limit in this space. On the other hand,

Vp. - Vp in H '(Q)>.
As, moreover, Hy(Q)® < Xz, we have Xz = H™'(Q)® and, consequently, (Vp,)x con-

verges in Xz to Vp. The conclusion follows. O

In the case where the boundary I' is smooth or when the domain Q is convex we
have the equality Vx = V. But in our case Vy is strictly included in V. Let us denote by
Vs the orthogonal of Vi in V for the norm v — |curlv|, (which is indeed a norm
equivalent to the canonical norm after [137]). We then have the decomposition into
a direct orthogonal sum

V= Vi V. (12)

We have the following characterization of the space Vs:

Theorem 3.2. Let u be an element of V. Then u belongs to Vs if and only if there exists
a p € N, unique, such that curlcurlu = Vp in Hy(curl, Q).
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Theorem 3.2 can be proved in the following way, which takes two steps. First we
have the theorem:

Theorem 3.3. Let ue V. Then u belongs to Vs if and only if there exists a function
p € L*(Q), unique, such that

J curlu-curlvdx—i—f pdivvdx =0 Vve Xj.
Q Q

Proof. Let ue V, we have ue Vs if and only if
L curlu-curlzdx =0 Vze Vi.

Consider then the linear form [ defined by
v Ly =J curlu- curl vdx

Q

defined and continuous on Xz which cancels on V3. In particular, it is a continuous
. 1 .
linear form on Hy(Q)*> which cancels on

{ve Hy(Q)*; divv = 0}.

Due to the de Rham theorem, there exists p € L?(Q) (defined for the moment up to a
constant) such that

vy =— L pdivvdx Vve Hy(Q)?
that is
JQ curlu-curlvdx + Lpdivvdx =0 VveHy(Q)> .
Now let v e Xg; first we assume that
J divvdx = 0.
Q

After [9], there exists a function w € Ho(Q)? such that divw = — divy.
Then the function v + w of Xy verifies div(v + w) =0, so that v + w e V. This
implies

J curlu- curl(v + w)dx =0,
Q
that is

J curlu-curlvdx = —f curlu~curlwdx=‘[ pdivwdx = —f pdivvdx,
Q Q Q Q
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or

J curlu- curlvdx +J pdivvdx = 0.
Q Q

Let us now consider any function v e X. We introduce a function ¢ € H2(Q) n Ho(Q)
such that [,A¢odx =1 and set vo = V¢po. Then

Vo € Xg, J divvydx = 1.
Q
We then set
V=v— <f divv dx>v0,
Q
so that ¥V € Xy verifies
J divvdx = 0.
Q
Due to the previous considerations, we have
J curlu- curl vdx + J pdividx = 0.
Q Q

But curl v = curl v and so

J pdidex=J pdiVVdX—(J pdivvodx>J divvdx
Q Q Q Q

= J (p — A(p)) divvdx,
Q
with
Alp) = J pdivvydx.
Q

(We notice that p — A(p) is determined uniquely). Replacing p — A(p) by p, we finally
obtain that

J (curlu-curlv + pdivv)dx =0 Vve Xi.
Q
Conversely, if u e V satisfies this last relation, we have straightforwardly
J curlu-curlzdx =0 Vze T,
Q

so that u e Vy. Of course, the uniqueness of p comes immediately from the fact that
u e Vs and the first part of the proof. |

The second step of the proof consists in a more explicit characterization of p.
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Lemma 3.2. Let u be an element of Hy(curl, Q). Then p € L%(Q) verifies
L (curlu-curlv 4+ pdivv)dx =0 Vve Xji
if and only if
curlcurlu = Vp in Hy(curl, Q), and p e N.
Proof. Taking ve 2(Q)°, we immediately have curlcurlu = Vp in H(curl, Q), as

curl(curlu) € curl L>(Q)® = Hg(curl, Q). Choosing v = V¢, with a function ¢ € H*(Q)
AHy(Q), we find

J pAd dx =0,
Q

so that pe A(H*(Q)nHy(Q)" = N.
Conversely, if p € N verifies curl curlu = Vp in Hy(curl, Q)', we have on the one hand

curleurlw, ¥) g ccurty, moeurt) = J curlu-curlvdx Vve Xj. (13)
Q

On the other hand (cf. (10) Proposition 3.4),

VP, Vox x, = — J pdivvdx + Z <l7|r,-, \A n|ri>H*"Z(r,-),1T¢2(ri)
Q i

= —J pdivvdx Vve Xg. (14)
Q

But, as X is dense in Hq(curl, Q), we have
Vve Xy (Vp, V>X’R.XK = {curlcurly, V>H0(curl)’, H(curl)

The result follows. O

Theorem 3.2 is then a straightforward consequence of Theorem 3.3 and of
Lemma 3.2.

Remark 3.2. We also notice that in our case Xy is a genuine subspace of X. Let us
denote by Xy the orthogonal of Xy in X for the inner product

Q

(v, W) —> J curl v-curl wdx + f divvdivwdx.
Q

We then have the following decomposition into a direct orthogonal sum:
X = Xz 6 X. (15)

The solution of (4)—(6) can be written as u = uy + ug, with (uy,us) € Xg x Xg. In
particular, for any g e H*(Q)nH(Q), Vq is orthogonal to u, for the above inner
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product. This reads
J Agdivugdx = 0.
Q

Hence, the definition of N yields that
divu, € N.

Thus, if diva =0, it follows that the divergence of the regular part is singular, i.e.
divug € N.

O
3.3. Saddle-point formulation
We now come to a saddle-point formulation in H'(Q)* of the problem:
Find u e V solution of
curlu = f.
We have already seen, cf. (7)—(8), that u is a solution of
J curlu'curlvdx=J f-curlvdx VveX (16)
Q Q
f divugdx =0 Vge L*(Q). (17)
Q

We use the decomposition
u=ug +ug, ugelg, ugels.

To ug we associate the unique function p € N such that
curlcurlug = Vp in Hy(curl, Q).

We can then characterize the pair (ug, p) which consists of the regular part ug and the
function p associated to the singular part ug of the solution u as the solution of a
saddle-point problem in the space Xy x L3(Q).

Theorem 3.4. The pair (ug, p) is the unique solution of the problem:
Find (ug, p) € Xg x L?(Q) solution of

J (curluR-curlv—pdivv)dx=f f-curlvdx Vve Xg, (18)
Q

Q

J divuggqdx =0 VgqeL3(Q). (19)
Q

Proof. Let us verify that (ug, p) is indeed a solution of the previous problem. Due to
(16), we have

J (curluR~curlv+curlus~curlv)dx:f f-curlvdx VveX.
Q Q
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496 F. Assous et al.

Taking v € Xy and regarding the definition of p, we have

J (curluR‘curlv—pdivv)dx=J f-curlvdx Vve Xg,
Q

Q

which proves our claim.

It remains to verify the uniqueness of the solution. If (ug, p) € Xg x L?(Q) verifies
(18)—(19) with f=0, taking v=upe Vg, we obtain curluz =0 and so, as

u — |[curlu|, is a norm on V, ug = 0. Thus,
J pdivvdx =0 Vve Xi.
Q
In particular, Vp = 0, hence p is a constant. Whence

pf divvdx =0 Vve Xg,
Q

so p = 0. (see the next Proposition for the existence of vX such that [ divvdx # 0).

O

This is enough to prove Theorem 3.4. However, let us now also check the existence
and uniqueness of a solution to the saddle-point problem (18)—(19) using the inf—sup
theory. First, we have already seen that the bilinear form [, curlug-curlvdx is

coercive on V. Thus, all we need to check is the inf-sup condition:

pdivvdx
lapdivvdx g ole VpeL2(@.

vexe vl

This will follow straightforwardly from the following Proposition.

Proposition 3.5. The divergence mapping from Xg — L*(Q) is surjective, i.e.

div Xx = L3(Q).

Proof. We have the inclusions

Hy(Q) = Xg and V(H*(Q)NHo(Q) = Xg.
Hence, as Lg(Q) = div Hg(Q) (see [9]),

L3(Q) = divXy and AH*Q)nH(Q) < div Xg.
We also have div Xz = L*(Q), so

La(Q) + A(H*(Q) N Ho(Q)) < div Xz = LA(Q).
Moreover, obviously,

L(Q) =LiQ®R,

the sum being orthogonal in L*(Q).

(20)

21
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Then, assuming for the moment that there exists ¢ € H*(Q)n Ho(Q) such that A¢
does not belong to Lg(€), there exists a non-vanishing real constant ¢ such that
Ad =f+ ¢ with fe Ly(Q) = div Hy(Q)>. Hence there exists ge Hy(Q)? such that
f=divg. Then y = V¢ — g, which belongs to Xk, is such that divy = ¢. Now as c is
different from 0, any constant is the divergence of an element of X (y multiplied by the
appropriate scalar).

Now as we already know that the elements of L3(Q) are the divergence of an
element of X, the result follows thanks to the decomposition (21).

To end the proof we now need to prove that there exists indeed ¢ € H2(Q) N Ho(Q)
such that A¢ does not belong to L(z)(Q). For this let us assume that
AH*(Q)n H(Q)) = L3(Q) and come to a contradiction:

Take c € R\ {0}. Then c € L*(Q) = A(H*(Q)n Ho(Q)) @ N. Hence,

c=Ap+p, ¢=HQnHo(Q, peN,
and ||c|§ = HAqﬁHé + Hp\l(z). We have, because of the hypothesis, [,A¢ dx = 0 and, due
to the orthogonality of the decomposition, ,pA¢ dx = 0. Then

|c|é=f (A +p>dx=j cpdx=f (A¢+p)pdx=f prdx = pl2.
Q Q Q Q

Hence HAQSH(Z) = 0, which implies that ¢ € N. Then, from Theorem 2.2, ¢, = 0 which
implies ¢ = 0. This contradicts our previous assumption, thus the Proposition is
proved. O

To conclude, we note that the divergence mapping is continuous from Xy to L?(Q),
and that its kernel is Vg. Thus, due to the Banach—Steinhaus theorem, the inverse
mapping is also continuous from L?(Q) to Xz /Vx, which yields (20).

Once the pair (ug, p) solution of the saddle-point problem (18)—(19) is obtained,
there remains to determine the singular part ug from p, that means solving

curlcurlug = Vp in Hy(curl, Q) with uge V.

Of course, this problem admits a unique solution due to Theorem 3.2.

Appendix

The proof of Lemma 3.1 is based on [3].

Proof. Let u belong to H'?(T;) and denote by i its extension by 0 to I'. Recall (cf.
[12]) that i is an element of H'/?(T") if and only if

|(x) — Ay)?

35— do(x)da(y) < oo
Ix =yl

ﬁeLz(F), and |l~l|1/2,r = j J
rJr
with do a measure on I
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The fact that ji is an element of L2(T") is clear from its definition. Now,

kAj HX—Y\|3'

as 1 vanishes outside of I';. The first term is bounded by assumption, so there remains
only to bound the second term. Let us consider a single term of the sum: if [; T} = 0,
then ming y e r,xr, [X — ¥[ > d(I}, I}) > 0. So we have to consider the case when their
intersection is not empty. In order to prove the Lemma, we have to bound the
right-hand side term by

d
|&1j2.r = [plij2.r, + 2 Z L. |1 (x))? do(x) JF ﬂ

. [ ™)
Clllllyz.r, + 1l < 1p2.r, ) With [u] L yjor, = da(x) < oo

T, pi(x)
Now, according to [10], in the plane IT; which contains I}, there exists a non-negative
constant C; such that

J da(z) C;
— < .
cemn X —2zl17 7 pi(x)

To put things in the correct order, one has to consider some geometry.

If the diedric angle o between the two faces is larger than m/2, let us use the
orthogonal projection p; onto II; to map I into II;: for all (x,y)el;xI,
[x —y| > |x — p;yl. Assume that p;(I;,)nI; = 0, then for x e I},

d d d C
[y g N | oW _ C
n X =y e = pyl ey X =2 = )

This proves the Lemma in this case. If, on the other hand, p;(I})nT; # 0, one can
perform in the first place a C'-mapping m, of the face I'; (in the plane I1,), in such
a way that p;(m()nT; =0 and C;, [x —y| = |x — myy], for all (x,y)eI;xI;.
The same reasoning can be applied again on my(I7).

On the contrary, if aj is smaller than or equal to n/2, then one has to consider the
rotation r; around the common boundary of the two faces, of angle (7 — o), to map
I', onto a region of I1;. After some technical computations, one obtains that there
exists a nonnegative constant which depends on oy such that, for all (x,y)eI'; x I,
C(op)Ix =yl > |Ix — r;yll. The same kind of bound as above is thus obtained.

Note that, by construction, the constants which appear only depend on the
geometry of the domain Q. This yields finally the existence of a constant C such that,

Vue ﬁl/z(rj)z fLe Hl/z(r) and [|fi]ly,2,r < Cllul ~,1/2,T; O
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