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Abstract We solve the Stokes problem numerically. We analyse the PL . — (P + P')
mixed finite element method which exhibits interesting numerical features. However,
only an incomplete proof of the inf-sup condition is available. We prove here this
condition and the stability of the method.

1 Stokes Problem

A popular low-order method for solving the Stokes problem is the nonconforming
Crouzeix-Raviart mixed finite element method [1, Example 4] (cf. [2, 3] for higher
orders). The discrete velocity is piecewise affine, continuous in the barycentre of
the interfaces between elements, but not globally continuous, P ; and the discrete
pressure is piecewise constant, P°. This method introduces some consistency error
on the discrete velocity, which may lead to an unphysical solution when solving
the Navier-Stokes equations, especially when the source field is a strong gradient
[4, 5]. To recover consistency, the discrete pressure space can be generated by P'-
continuous plus PO basis functions, cf. the TrioCFD code [6, 7]. This leads to the
P.. — (P’ + P') mixed finite element method, which exhibits interesting numerical
features. However, only an incomplete proof of the stability is available in [8, 9].
Below, we prove the inf-sup condition. Consider the Stokes problem set in an open,
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bounded, connected subset Q of R4, d = 2, 3, with a Lipschitz boundary 9Q:
Find (u, p) such that — vAu+ Vp =fand diva = 0in Q, (1)

with homogeneous boundary conditions u = 0 on 9Q and a normalisation condition:
pr = 0. The case of inhomogeneous Dirichlet boundary conditions, thatisu = g

on 0Q with g € H%(('JQ) such that ./(:)Og ‘Mo = 0 can be studied similarly.
Given D an open subset of R<, let us set L*(D) = (L*(D))?, and Lgmv(D) ={q €
L*(D)| /D g = 0}. We denote by (-, -)p the L?(D) or L>(D) inner product, and || - || p
the associated norm. Due to Poincaré-Steklov inequality [10, Lemma 3.24], the semi-
norm in H(} (Q) is equivalent to the natural norm, so that (v, w) Hi@Q) = (Vu, Vw)g

and ”U”HS(Q) = ||Vuv|lq. Letus set V = {v € H(l)(Q)I divv = 0} which is a closed
subset of H(IJ(Q). We denote by V* the orthogonal of V in H(')(Q).

Proposition 1 [13, Theorem 3.1 (e)]. The operator div : H(l)(Q) — L*(Q) is an
isomorphism of V+ onto Lgmv(Q). We call Cgiy > 1 the constant such that: Vp €
L2,,(Q), Alv, € V*| divy, = p and IVp ) < Cavllplle.

Letf € (H{')(Q))’. The variational formulation of Problem (1) reads:
Find (u, p) € H{(Q) x L2,,,(€) such that ¥(v, ¢) € H}(Q) x L2,,,(Q):

V(W Vi) = (P, divv)a = (¢ divu)g = (£, )1 0)- 2

One can prove that Problem (2) is well-posed with the T-coercivity theory [14, 15,
16], using Poincaré-Steklov inequality [10, Lemma 3.24] and Proposition 1.

2 Discretization And Stability Of The P! — (P° + P1) Scheme

Consider (7;,);, a family of simplicial triangulations of Q. For a given 7, := {K},
we call 7, := {F} its set of (d — 1)-simplices, called facets (faces if d = 3, edges
if d = 2), and V), := {S} its set of vertices. In the bounds, we will use < and > for
(hidden) constants independent of 7j,.

e For K € 9y, we call hg and pg the diameters of K and its inscribed sphere
respectively, and we let: og = Z—?When the (77,), is a shape-regular triangulation
family (see e.g. [10, def. 11.2]), there exists a constant o= > 1, called the shape
regularity parameter, such that for all 4, for all K € 7, o < 0.

* Let %, = F UFL, where 7P = {F € 3, | F C 0Q}, F} = Fu \ F.

For K € Ty, we set . = {F € ¥/ | F C 0K}.

For F € ¥, M denotes the barycentre of F, and ng its unit normal (outward
oriented if F C Q). For K € 7, and F C JK, we denote by ng g the normal vector
of F outgoing from K. Let K be the reference simplex. For K € 75, we denote by
Tx : K — K the geometric mapping such that V& € K, Xk = Tx(X) = BkX + by,



Stability Of The P},. — (P° + P') Element 3

where By € R4 and by € R9. Let us set Jx = det(Bg). Recall that [10, Lemma
1L k| = [KI/IK], Bkl < hx/pg. 1Bk~ < hg/pk. For v € LA(Q), we
set: v = v|k, Ok = v o Tg. By changing the variable, we get: ||v||%< = |Jk| ||13K||?%.
Let v € H'(K), then Voix = (Bx ™)' Vsd, and [|Vollg < Bk 'II* [k | IVs0ll%,
IIV;(ﬁllé < IBkII* Uk  IVo]|%. Let K € 75 and F C 0K, we denote by T g the
geometric mapping such that Vx € F, Tr, K(Tlgl(x)) =x. We let Frx = TIQI(F ).
According to [1, Eq. (3.17)]:

VK € T, VF c 0K, |F||K|™" < pi'. 3)

We set PyH! = {v € L*(Q|VK € Ty, vix € H'(K)}, endowed with: (v, w), :=
2ke,(Vo, Vw)k, ||v||}% = XKkeT; ||Vv||12{. Let F € 77,1’ such that F = 0K, N 0KRg
and ng = ng g, . The jump of v € P H" across F is defined by: [v]F := VK, —U|Kg-
For F € 7, we set: [v]r := v|F.

For a subset D of R, for k € N, we call P¥(D) the set of degree k polynomials on D,
PX(D) = (PK(D)), and P, (Th) = {q € LX(Q) | VK € T. qix € P*(K)}. For k >
0 we define PX(7,) = COQ) N PX. (Th). We call mg : LA(Q) — PY. (T;) the L?-
orthogonal projection onto Pgl.sc(‘]ﬁ), such that Vg € L*(Q), mo(q) = 2KeT, QK]lK
where VK € 7y, 9, = fK q/|K]|.

For K € 7, and a vertex S of K, As x denotes the barycentric coordinate related to
S. We can endow P!(7;,) with the basis (¢s)se, such that: VK € T, dsix = As.x
if S € K, zero otherwise, so that P1(7,) = vect ((¢s)se;, )-

Using [12, Thm. 5] and Eq. (3), one can prove that:

14 _1
Yw e PX(K), VF c 9K, lwlr < (IFIIKIT)? lwllk < (ox) 72 lwlix. 4

Using Eq. (4) with w = v — v, and Poincaré-Steklov inequality [10, Lemma 12.11]
in K, it holds for (with below, v, = /F v/|F)):

Yo € PX(K), YF C 0K, v = vllr < llv = vglle s (0k hi) P Vol (5)
Using the proof of [17, Lemma 2] and [12, Thm. 5], we can prove that:
Yo e P(K),  [IVolix < (k)™ llv = vk llk- 6)

Let X, be the space of the discrete velocity of the nonconforming Crouzeix-
Raviart mixed finite element method, defined by:

Xp= (X Xy = {on € P (TH)IVF € F, [.[on] = 0}

isc

(7
Xon = Xon)’ Xon = {vn € Xu |VF € F, [ vy =0}

The condition on the jumps of v, on the inner facets is often called the patch-test
condition. Due to this condition, one can prove that :
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Proposition 2 [1, Lemma 2]. The broken norm vy, — ||vp||n is a norm over Xo p.

For K € 7, and F c 0K, AF i denotes the barycentric coordinate related to the
vertex Sp x opposite to facet F in K. We can endow X;, with the basis (Yr)res,
such that for all K € 7y, ypjx = 1 — dAr x if F C 0K and zero otherwise. We then
have ypp = 1, so that [yr]r = 0if F € 7—;2[, and for all F* # F, fF, vr =0. We

have: Xj, = vect (Yr)res, ) and Xo, = vect((glrp)FE,,_Z).
Let IT, : H'(Q) — X, be the Crouzeix-Raviart interpolation operator, such that:
Vv € H'(Q), T,(V) = Speg, Yo e ¥y = [ V/IF].

Proposition 3 /17, Lemma 2]. The interpolation operator 11y, is such that: Yv, €
Hy(Q), 1T (vi)ll < [1Vh gy 0.

However, due to the consistency error on the discrete velocity, it is well-known
[18, 19] that choosing the space of the discrete pressures equal to Pgl.sc(‘i;',)ﬂLzzmu(Q)
yields inaccurate results when solving Navier-Stokes equations. Starting from [20],
a new element is proposed in [8]. The space of the discrete pressures is then: Oy, =
Qo.n+01.n, Where Qo 1= Pgl.sc(‘ﬁ,)ﬂLz andfork > 0, Q. p, := PX(T)NL2,,,(Q).

zZmo zmv

One can build an L2-orthogonal sum letting 01, = {qn € Qn | VK € T, [, qn = O}.
1 <
Proposition 4 We have: Qn = Qon ® Qi It holds for all g, € Qp: ||qh||§2 =
Imo(gm)li + llgn = mo(gn)lig-
To prove the discrete inf-sup condition of X, X Qj, we need some Lemmas.

Lemmal Let k > 0, (v,q) € Xon X Qkn. It holds:

|Xken Zrcok V-nrk, QF| S o |[Vlnllg — mo(g)lla- (8

Proof. We start with the proof of [20, Lemma 3.1]. Using the patch-test condition,
one obtains:

2Ke7;, 2rcok(V - ME K, QF = ZKe?;, 2FCoK ((VK - XF) ‘NF K, gK _gK)F ’

We have, using Eq. (4) with w = gx — 95 and Eq. (5) for the components of v:

(i = v mrkax = a,) | < o 19Vl llax = g,

Summing and using the discrete Cauchy-Schwarz inequality, we obtain (8). O

Introducing the element-wise divergence operator divj, we prove next that one
can build an explicit right inverse of divj, from Qj, to Xg .

Lemma 2 For all g, € Qp, there exists vo, € Xo,, such that:

~(divi Vo mo(gn))a = v Imo(gn) I3 )

Ivo.nlln < Caiv v™" ll70(gn)lla- (10)
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Proof. Let g, € Qp. From Proposition 1, 3vyg,) € H(l)(Q)| div Vg, = mo(gn)

and ||V,r0(qh)||H(1)(Q) < Caiv lImo(gn)lla. Let vo;, = —v7! I15,(Vry(qy))- Integrating by
part twice, we get: VK € Ty, fK divvoy, = —y~! fK div v(g,)» hence (9). Using
Proposition 3, we get (10). |

We can also build an explicit right inverse of the discrete divergence operator
from Q1 to Xz = {vi, € Xou |VF € F,  vj, -ng = 0}, if [20, Hyp. 4.1] holds:

Hypothesis 1. We suppose that Ty, is such that each element K € 75, has at most
d — 1 facets that lie on 0Q.

Lemma 3 Assuming Hypothesis 1, Vqi1.n € Q1.n, 3V1,n € Xt such that:

(Vain, Vin)a 2 v o 24D g, - 7T0(q1,h)“g2p 11)
(divvip, gon)k =0 Vgon € Qon, (12)
Ivialle < v o? llgun — mo(gun)llo- (13)

Proof. Let us consider g1, € Q. For all K € 7, we let gx = gy px and
gk = gk o Tk. Since g1 € H'(Q) we have (see e.g. [21, Prop. 2.2.10]): VF €
7—'hi |F = KNK’, Vgx x np = Vgg: x ng. We construct vy, € Xz, |VF € 7,
vi.n(MF) = vl h% nr X (Vqi.n X np), where hr is the diameter of F. We have:

VK €Ty (Vaumvink = v (d+ D)7 K| Speq by [Vag x el (14)

Let np_  be the unit normal vector of the facet E F.k outgoing from K. We have:
ng g = |K| B ) | Fp il IFI g, .
Consider d = 2. Changing the variable, assuming Hypothesis 1, we get:

Srer i IVax x0p? = Spe |Fr P Vadr x g, 1 2 [Vsdel>. (15)

Consider d = 3. Changing the variable, one now finds that |Vgx X np| =
|Fr k| IFI™' Bk Vadx x ng, | Hence: |Vgx x ng| 2 |FI™' |[Bx~'|I7" [Vagx x
an,Kl' Notice that hp |[F|™" |Bx 17! = o-I_(l. Assuming Hypothesis 1, we then
have:

Sresi by [Vax xnpl® 2 o |Vad . (16)

Using Poincaré-Steklov inequality [10, Lemma 12.11] in K, we have: |K| |Vsdx|* =
g — QKH?e with 4y = fK gk /|1K|. Using (15) and (16) in (14), it holds:

-1 _-2(d- n 1 -2(d-
(Vg vk 2 v o K Vs 2 v ol gk — g MR (D

We obtain (11) by summation. Remark that Vyp g = |K|~!'|F|ng k. Let us prove
(12). Recall the orthogonality Vg g (Mp) L vip(MF), so that (div vy, gon)k =
K| t]o,h(K) ZFE‘F’,'( V¢F|K(M1:) . Vl,h(MF) = 0. Let us prove (13). For all K € 7,

YVink = Zreri, Vi./(Mp)®VYp k. Hence: I¥vinll2 < v2 LFeri |FI>|K|™" hi. [V x
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nr|%. Using (3), and assuming Hypothesis 1, we get: |¥ v 4|2 < v og h% |K]| Yrer Vaxx

ng|? s v2op hi |IVgkll%. From Eq. (6): [|[Zvinllx < v of llgk -q.llk. O

Let by, : Xp X Qp — R be defined by bp(vi,gn) = — (divi Vi, qon )q +
(Vh, Vq1,n)a with gn = qo,n + g1, such that (gon. q1.n) € Qon X Q1,n-
Theorem 1 (Stability) The following continuity property holds:

YV, qn) € Xop X On,  16n(Va, gin)l < o [Vl llgnllo- (18)
Assuming Hypothesis 1, the following inf-sup condition holds:
Yqn € Qn, Ivh € Xon,  bu(Vi, qn) 2 \/% Caz o 2N alln llgnlla- — (19)
Proof. Let us prove (18). Let (v, gn) € Xo.n X Q. Integrating by parts, we have:
bn(Vis gn) = —(divi, Vi, mo(gn))a + Xk e, 2 cox (Vh * DF, K> G1LR)F - (20)

Using Cauchy-Schwarz, we have: |(divy, Vi, 70(qn))al < Vd||[valln |70(gn) -
Using (8) in (20), we obtain (18) from Proposition 4. Let us prove (19), starting from
the proof of [20, Lemma 4.2]. Let g, € Q,\{0}, where g5 = qo.n + 1,1 is such
that (qo,n, g1,n) € Qo.n X Q1,n- Let v, := vo, be like in Lemma 2. Using (20) with
Vi = Vo, (8) and (9), letting §1.» = gn — mo(qn), we have:

br(Vou qn) 2 v Imo(gn)llg = o Ivonlla 11l (21
Using (10) and Young inequality, we have for all & > 0:
~IVonlln lGLalle = =4 Cav v (e Imogn)ll + &~ 1G1nll3)- (22)

We now insert the bound (22) in (21) to get:

_ & Cyi .
ba(vongn) 2 v (1= 3 Caw @) Imo(@n)llg = 22 o lqually)-  23)
Let vy 5 be like in Lemma 3. Using (11) and (12), we get:
ba(Vins qn) = (Vqim Vi) 2 v o 242 g 113 (24)

Last, we set VZ = uvon + V1,5, where ¢ > 0. Using (23) and (24), we have:
by qn) = bn(Vo.ns qn) + bu(Vin, gn),
— - - Ciiv g
2 v (1 (1= 5 Can o) Imolamly + (72972 = EC8 o) gy 4113

Let us choose € = (Cgiy 07)~' < 1 and u = 0~2(4=2) £2, We obtain that:

br(Vi qn) 2 Cminv ™" llgnll3 with Cin = €2 02@2 = C 20720 (25)
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Let us bound [|v}|ls by [lgallo. We have: [|[v}]IZ < (;12 Ivonll} + “Vl»h“i)' Using

(10 and (13) V31 5 v (12 G, llmo(an) I, + o* 141 nl13), hence

Vil < Coav™> gl with Crnay = V202, (26)
Using (26) in (25), we get (19) since Cpin Ciply = % Cilo2d. ]

Let Vi, = {vi, € Xon |VYgn € On, bn(vh, gn) = 0}. We know from [22, Lemma
3.1] that V,, € {v; € Xon|VK € T, divv,x = 0}. Using P° + P! discrete
pressures improves consistency. Indeed, integrating by parts, we have that for all
(Vi q1.1) € Vi X Q142 0 = bp(Vi q1n) = —(diva V. mo(qun))e + Zres, [ q1nlval-
ng =0+ ZFE% fF q1.n[vn] - nF. Hence:

Lemma 4 For all (Vi, q1,n) € Vi X Q1 p, it holds: Ypeq, fF qinlve] -mp =0.

Let & € £(Xp,, R) be such that Vv, € Xy, G(vy,) = (£, vi)q if f € L2(Q), 4(vy,) =
(f, Ih(vh)>H(1)(Q) if f ¢ L2(Q), where 7, : Xo;, — Yo, is for instance an averaging
operator [10, §22.4.1], with Yo, = {v), € Hé(Q)lVK € Th, Yk € P¥(K)}. The
discretization of Problem (1) with the P} . — (P? + P') element reads:

Find (up, pn) € Xo.n X Qp, such that V(uy, pr) € Xon X On

v(Wn, Vi)n + bu(Vi, pr) + br(an, qn) = &(vp). (27)

Due to Proposition 2 and Theorem 1, Problem (27) is well posed.

3 Convergence Of The P! . — (P’ + P!) Element

Following the proofs of [1, Theorems 3, 4, 6], we can prove

Theorem 2 Suppose that Hypothesis | holds and that the solution of Problem (1) is
such that (n, p) € (VN H?(Q)) x (H'(Q)n L2 (Q)). It holds:

zZmuvo

lu-wlly s ohv"fllo. (28)

If Qis convex |[u—uyllo < o2 h2y! [Iflc- 29)
1(p = pr) = mo(p = pr)lla $ v o@D h||f||q. (30)
I7o(p = pu)lla < v Caiw oY il |q. 31

In the case of inhomogeneous Dirichlet boundary conditions, one can also recover
(28) and (29), following [1, §7], where a lifting of g is used.
When Q c R2, we have moreover the two Lemmas below.

Lemma 5 For all (v, qn) € Vi X Qo (Van, vi)o = 0.
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Proof. Let(vp, qn) € Vi X Qo p,. Integrating by parts and using Lemma 4, we get that
Vain € Qun: (VanVi)a = = Zreg, [ anlval - 0p = = Zpeg, [(an — qun)lva] -
ng = Yreg [p(an = qun)Vi = va(Mp)] - ng. Hence, we obtain: (Vgp, vi)o =
— Ykes Zrco Jp(@n—q1.n) (Vi = Vi(Mp))-np k. Choose g1, such that VS € V.,
q1.0n(S) = q2.n(S). Then, VF € Fp, the degree 3 polynomial (g, — q1.n)(Vi — Va(MF))
vanishes at the quadrature points of Simpson’s rule. Since it is exact for degree 3
polynomials, VF € Fi, [,.(qn—q1.n)(Vn—=Vn(MF)) gk = 0and (Vgn, Va)o =0. O

Lemma 6 Let ¢ € H*(Q) N L2, (Q) such that |¢|gsq) # O.

Zmv

Then, Vv, € Vi, (V. Vi)a < 0 12 ¢l lIValla.

Proof. Let v, € Vj,. Using Lemma 5 and Cauchy-Schwarz, it holds: |(V@, vi)a| =
|(V(¢—qn), Vi )al for all g, € Q2. We then use [10, Lemma 11.9] to conclude. O

Theorem 3 Suppose that Q is convex. Let p € H3(Q)N Lgmv (Q) such that |p| g3 (q) #

0. Consider Problem (1) with £ = Vp. Then (uy, py,), the solution of Problem (27) is
such that (where 6p = p — pp):

vl < o B plgsy Vil € 03 5t Iplys).- (32)

I6p = 706l < o 12 Ipli2ay I70(6P)lle S Caiw o° B Pl ) (33)

Proof. Setting v;, = uy, as test-function in Problem (27) and using Lemma 6, it
holds: v ||uh||ﬁ = (Vo up)q < o h? || 13y |lun |l From [1, Theorem 4], we have:
lunllo < ok ||uglln. We deduce that v ||y ||, < o> h® |¢|513()- Using this estimate,
we get that v ||uy|lo < o3 nt || 13- The proof of (33) is similar to that of Eqs (30)-
(31), using (32) and noticing that VK € Ty, V(¢ — 71)llx < 0k hk |¢lg2). O

4 Numerical Results

To get p, € LgmU(Q), we eliminate a degree of freedom in Pgisc(‘fh) and in
P1(7;,) and post-process by subtracting the mean-value. Let us set: ||(u, p)||2 :=
IVullZ, + v>2llpll3. Let 6pu = Ilu —uw,, 6p = p — py and 7). be the
L?*-orthogonal projection onto Pclh.sc(’l;;). We compute the discrete errors val-
ues: gy(up) = [lopullo/lI(w plly, /() = [I6pulls/ll(w p)ll, and &f(pn) =
v (Imo(@p)II3 + 1Y, (61) = mo(@p)I3)2 /11 p)lly. Let Tou, T1.u and 7, be the
averaged convergence rates of & (u), £} (u) and & (p).

We first consider a 2D case illustrating Thm. 3, with the prescribed solution u = 0,
f = V¢ with ¢(x,y) = exp(=10(1 — x + 2y)). Fig. 1 shows &f(up,), &} (u,) and
&y (pn) against h, for v = 1072, with PO (left) or P* + P! (right) discrete pressures,
comparing the P} . — P° [1, Example 4] and P} . — (P? + P!) schemes. Tab. 1 reports
observed convergence rates, which are better for the P,11C — (P° + P') scheme.

Let us consider stationary Navier-Stokes equations set in Q = (0, 1)*: Find (u, p)
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Fig. 1 2D case. Plots of &) (up,), &) (u;,) and £ (py,) forv = 1072
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10713 ‘ £ () —m— ey (w) 10-13 )'/ ‘ —o— g} (u) —m— gy (u)
v v
R () Pz )
107 107 1072 107! 1074 107 1072 107!
h h

Table 1 2D case, averaged convergence rates on the last five meshes.
P° |P°+ P!| P’ |P°+ P!| PO |P°+ P!
Tou 2.02] 4.03 | 714 1.01] 3.07 | 7, 1.60] 2.10 |

such that =vAu +u-Vu + Vp = f and diva = 0 in Q, with inhomogeneous
Dirichlet boundary conditions. Computations are done with the TrioCFD code [6, 7]
with the PL. — (P + P') scheme. The convection term is discretized using the
MUSCL scheme [6]. We study the prescribed solution u = (y — z,z — x, x — y)!,
p= %(x2 +y> +7%) —xy — xz— yz — 1 /4 so that f = 0. Fig. 2 shows & (ay) (left)
and &y (py) (right) against h, for v = 1071; 1072; 1073,

Fig. 2 3D case. Plots of &) (uy,) and &) (py,) forv = 107, v =102 orv = 1073

107! - = 107! - —
—o—v=10"' =y =107 1 —o—y=10" =y =107 S
02| —ev =10 1 ——y =107 /
F 1072 1
A o r Sa
+ + F ./0/ /'/ 8
< <
L L0k -
1 I F -
I o x|
= SR ]
- . 1074 E
= = E =
= 2 F ./. s
= e [ /
107° .
1076 I
1073 1072 107!
h h

Table 2 reports the convergence rates 7oy (left), and 7, (right). More numerical
results are available in [8, 9, 6, 23]. The P,lw - (P0 + Pl) scheme shows good approx-
imation properties and should therefore be suitable for solving the Navier-Stokes
equations in the context of industrial simulation. More generally, it seems interesting
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Table 2 3D case, averaged convergence rates on the last three meshes.
v _107'[107%[107* v 10°'[107%[107°
7o,u 1.68]1.88[1.41 7, 0.70[1.72[1.35

to design and study discrete pressure enrichment for higher order nonconforming
Crouzeix-Raviart mixed FEM [2, 3].
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