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NUMERICAL ANALYSIS OF THE MIXED FINITE ELEMENT
METHOD FOR THE NEUTRON DIFFUSION EIGENPROBLEM
WITH HETEROGENEOUS COEFFICIENTS

P. CIARLET JRr.!, L. GIRET"?, E. JAMELOT*" AND F.D. KPADONOU

Abstract. We study first the convergence of the finite element approximation of the mixed diffusion
equations with a source term, in the case where the solution is of low regularity. Such a situation
commonly arises in the presence of three or more intersecting material components with different
characteristics. Then we focus on the approximation of the associated eigenvalue problem. We prove
spectral correctness for this problem in the mixed setting. These studies are carried out without, and
then with a domain decomposition method. The domain decomposition method can be non-matching
in the sense that the traces of the finite element spaces may not fit at the interface between subdomains.
Finally, numerical experiments illustrate the accuracy of the method.
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1. INTRODUCTION

The multigroup neutron diffusion equation, which is an approximation of the multigroup neutron transport
equation, is important in nuclear industry since it allows to model many nuclear reactor cores [16]. In the
steady state case, it corresponds to a generalized eigenvalue problem. We propose here the numerical analysis
of this problem in the case of a discretization with mixed finite elements, possibly with a domain decomposition
method. We focus on the one group of energy case which is the base block of the multigroup case. This paper is
thus the extension of [13], where the authors proposed the numerical analysis of the one-group neutron diffusion
equation with a source term, discretized with mixed finite elements, with matching and non-matching domain
decomposition methods.

Nuclear reactor cores often have a Cartesian geometry. In Figure la, we draw a top view of a PWR-like
core model. Each square, which represents a part of the reflector or an assembly, is made itself of cells, which
are rectangular cuboids of R®. In Figure 1b, we make a zoom on a patch of six (3 x 2) assemblies: each

Keywords and phrases: Diffusion equation, low-regularity solution, mixed formulation, eigenproblem, domain decomposition
methods.
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2 P. CIARLET JR. ET AL.

(a) Reactor core model (b) Patch of six assemblies

FI1GURE 1. 2D depiction of a PWR core and a zoom on six assemblies.

colored square represents a cell containing fuel, absorbing or reflector material. In our model, the coefficients
are polynomial (possibly constant) in each cell [16, 23, 24]. The global domain of the reactor core (see again
Fig. 1a) is represented by a rectangular cuboid of R®. In practice the coefficients characterizing the materials
may differ from one cell to another by a factor of order 10 or more.

The outline is as follows. In Section 2, we introduce the notations, and recall basic mathematical definitions. In
the next section, we provide the main abstract tool that enables us to characterize the so-called low-regularity
solutions, that is piecewise H'*" solutions with an exponent r > 0 that can be (arbitrarily) small. Then in
Section 4, we solve the diffusion equation written in mixed form, with either a source term, or as an eigenproblem.
We recall that the approrimation of eigenvalue problems has been studied among others by Osborn et al. in
[1, 27], and in particular by Boffi et al. [/, 5, 6] when the eigenproblem is in a mized form. In our case however,
their theory does not ensure the spectral correctness of the approximation so we design a new proof to obtain
this result. On the other hand, we can adapt the work of Boffi et al. [8] to exhibit a convergence rate for the
eigenvalues. For the discretization, we choose the well-known Raviart-Thomas-Nédélec finite element. Then in
Sections 5 and 6, we consider the same problems, solved now with the help of a Domain Decomposition method:
the DD+ L2-jumps method. Finally, we analyze the numerical capabilities of the DD-+L?-jumps method, before
giving some concluding remarks.

2. GEOMETRY, HILBERT SPACES AND NOTATIONS

Throughout the paper, C' is used to denote a generic positive constant which is independent of the meshsize,
the triangulation and the quantities/fields of interest. We also use the shorthand notation A < B for the
inequality A < C'B, where A and B are two scalar quantities, and C is a generic constant. Respectively, A <~ B
for the inequalities A < B and B < A.

Vector-valued (resp. tensor-valued) function spaces are written in boldface character (resp. blackboard char-
acters); for the latter, the index sym indicates symmetric fields. Given an open set O € R?, d = 1,2, 3, we use
the notation (-|-)o,0 (respectively | - [lo,0) for the L?(O) and L?(0) := (L?(0))? scalar products (resp. norms).
More generally, (-|-)s,0 and || - ||s,0 (respectively | -|s,0) denote the scalar product and norm (resp. semi-norm)
of the Sobolev spaces H*(0) and H*(O) := (H*(0))¢ for s € R (resp. for s > 0).

If moreover the boundary 9O is Lipschitz, n denotes the unit outward normal vector field to 0O. Finally, it
is assumed that the reader is familiar with vector-valued function spaces related to the diffusion equation, such
as H(div; 0O), Hy(div; O), etc.

We let R be a bounded, connected and open subset of R?, having a Lipschitz boundary which is piecewise
smooth. We split R into N open disjoint parts {R;}1<i<n with Lipschitz, piecewise smooth boundaries: R =
UlgigNE and the set {R;}1<i<n is called a partition of R. For a field v defined over R, we shall use the
notations v; = vjg,, for 1 <i < N.
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NUMERICAL ANALYSIS FOR MIXED EQUATIONS 3
Given a partition {R;}1<i<n of R, we introduce function spaces with piecewise regular elements:

PH*(R) = {¢ € L*(R) |¢; € H(R;), L<i< N}, s> 0;
PWL®(R) = {D € L(R)|D; € W"*(R;), L<i < N}.

We recall that for a piecewise smooth ¥ € PH*(R), Hd)H%HS(R) = ZZI\; [9]12 %, Similarly for elements of
PWL2(R).

3. SETTING OF THE MODEL

Given a source term Sy € L?*(R), we consider the following neutron diffusion equation, with vanishing
Dirichlet boundary condition. In its primal form, it is written:
Find ¢ € H}(R) such that:

—divDgrad¢ +X¥,¢=Sfin R (3.1)

where ¢, D, and ¥, denote respectively the neutron flux, the diffusion coefficient and the macroscopic absorption
cross section. Finally, Sy denotes the fission source. When Sy depends on ¢, the steady state neutron diffusion
equation is a generalized eigenvalue problem. It reads (one group of energy):

Find ¢ € H}(R)\{0}, X € R such that:

—divDgrad¢ +X,¢ = AvE,¢ in R (3.2)

where vX; is the fission yield times the macroscopic fission cross section. Under the assumption that the
coefficients D, ¥, and vX, are positive, the physical solution corresponds to the smallest A > 0 [12, 16]. When
this problem is solved using the inverse power iteration, the source problem (3.1) corresponds to one iteration
step, which further justifies its study.

When solving the neutron diffusion equation, D is scalar-valued. From now on and unless otherwise speci-
fied, we adopt the more general setting of a (symmetric) tensor-valued coefficient D. The coefficients defining
Problems (3.1) and (3.2) satisfy the assumptions:

(D, Xq,vX)) € Lgg,, (R) x L*(R) x L*=(R),

3D,,D* >0, Yz € RY D,|z|? < (Dz,z) < D*|z|? a.e. in R,
A(X0)s, (Za)* >0, 0< (Zg)s <X < ( o) ae in R,
0<vi,ae inR,vi; #0.

(3.3)

In particular, it can happen that ¥X, vanishes on some regions. Also, it is well known that Problem (3.1) is
equivalent to the following variational formulation:
Find ¢ € H}(R) such that Vo) € H} (R):

/RDgrad¢-grad1/J+/REa¢1/J = /Rsfw. (3.4)

Under the assumptions (3.3) on the coefficients, the primal problem (3.1) is well-posed, in the sense that
for all Sy € L?(R), there exists one and only one ¢ € H(R) that solves (3.1), and in addition there holds
ol S 11Sfllo,=r- We recall that under additional mild assumptions on the coefficients, the solution ¢ has
some extra regularity (see [9, 14] and [13], Prop. 1).
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4 P. CIARLET JR. ET AL.

Proposition 3.1. Let D € PWL> (R) and X, € PWH>(R) satisfy (3.3). There exists rmax €)0,1], called the
regularity exponent, such that for all source terms Sy € L?(R), the solution ¢ € H*(R) to Problem (3.1) belongs
t0 Mo<reryn, PHT(R) (rmax < 1) or PH*(R) (rmax = 1) with continuous dependence:

Vr € [Qrmax{; ||¢HPH1+"(R) S HSf| 0,R (Tmax < 1) or ||¢HPH2(R) < HSfHO,R (Tmax = 1)'

In the following, we study the two different problems, the source problem (3.1) and the eigenvalue problem
(3.2). Unless otherwise specified, we keep the assumptions of Proposition 3.1 throughout the paper. Since cross-
points are allowed in our model, ¢f. Figure 1a, and in accordance with [9], the low-regularity case corresponds
precisely to

Tmax < 1/2.

For the eigenvalue problem, the analysis is carried out for eigenfunctions which can be either low-regularity
functions or “smooth” functions.

Remark 3.2. Instead of imposing a vanishing Dirichlet boundary condition in the model, one can consider a
vanishing Neumann boundary condition D grad ¢-n = 0 on 0R. Under some slight restrictions on the geometry,
one can also consider a vanishing Fourier boundary condition up¢ + Dgrad ¢ - n =0 on IR, with ur > 0. In
the latter case, the restriction is that the coefficient D is smooth in a neighborhood of the boundary. The theory
and numerical analysis written hereafter still apply.

4. THE PLAIN CASE

We start our study with the neutron diffusion problem without domain decomposition method: we call it the
plain case. In this section, we use the function space:

. 1/2
X = {€:= (q.v) € Hdiv,R) x 2(R)},  [ellx = (lalxan = + [40)
From now on, we use the notations: { = (p, ¢) and & = (q, ¥).
4.1. Setting of the mixed variational formulation
Starting from the solution ¢ to (3.1), if one lets p := —D grad ¢ € L?(R), known as the neutron current,

one may write the neutron diffusion problem as:
Find (p, ¢) € H(div,R) x H}(R) such that:

—D7'p —grad¢=0 inTR,
divp + Sed = 5; in R.

Solving the mixed problem (4.1) is actually equivalent to solving (3.1), as the result below recalls.

Theorem 4.1. Let D satisfy (3.3). The solution (p,¢) € H(div,R) x HL(R) to (4.1) is such that ¢ is a
solution to (3.1) with the same data. Conversely, the solution ¢ € H}(R) to (3.1) is such that (—D grad ¢, ¢) €
H(div,R) x H}(R) is a solution to (4.1) with the same data.

In practice, writing the diffusion equation in its mixed form allows to compute precisely both the solution
and its gradient: it avoids the propagation of the numerical error from the solution to its gradient. In order to
obtain the variational formulation for the mixed problem (4.1), we consider any test functions q € H(div,R)
and ¢ € L?(R), we multiply the first equation of (4.1) by q, the second equation of (4.1) by ¢ € L%(R), and
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NUMERICAL ANALYSIS FOR MIXED EQUATIONS

we integrate over R. We sum the contributions to reach:

/(7D71p~qurad¢-q+d)divp+2a¢1/1):/wa.
R R

We recall that ¢ € H}(R). One can integrate by parts to remove the first order derivatives of ¢:

—/Rgradd)'q:/ndmivq.

(4.2)

Hence, the regularity requirement on the solution can be lowered to ¢ € L?(R), and we find that the solution

to (4.1) also solves:

Find (p, ¢) € X, such that V(q, ) € X:

/(—D‘lp-q+¢divq+wdivp+2a¢¢):/wa.
R R

We define the bilinear forms:

and:

.|

Remark 4.2. The form c(+,-) is symmetric as soon as the tensor field D is symmetric.

We consider the linear form:

H(div,R) x H(div,R) — R
(p,q)H/—D‘lp-q ’
R

H(div,R) x I2(R) — R
(q,w)w/ pdivg
R

[2(R) x L2(R) - R
(¢>,¢>~>/Rza¢w ;

X xX R
(¢, &) = a(p,q) + b(q, ¢) + b(p, V) + (¢, )

X =R
f:
S
EH/R i

We may rewrite the variational formulation (4.3) as:

Find ¢ € X such that V¢ € X:

c(¢,€) = f(8)-

(4.3)

(4.6)

(4.7)

(4.9)
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6 P. CIARLET JR. ET AL.

Theorem 4.3. The solution ¢ = (p, @) to (4.9) satisfies (4.1). Hence, problems (4.9) and (4.1) are equivalent.

4.2. Well-posedness of the mixed formulation

We now recall how to obtain the well-posedness of (4.9) by proving in particular an inf-sup condition.

Theorem 4.4. Let D and X, satisfy (3.3). Then, there exists a unique solution ¢ € X to the mized variational
formulation (4.9).

Proof. Since the form c¢(+,-) is symmetric, the inf-sup condition yields the claim. This condition writes:

dn >0, inf sup (ST > . (4.10)

ceX gex [IClIx [1€llx —

To achieve (4.10), a possible choice is:

q=—-p € H(div,R),

Y = %¢+ %(za)*ldivp c L*(R). (4.11)
It holds [|¢||x > v||¢|lx, with v := (1 + %((ZG)*)_Q))_UQ. The bound on ¢ reads:
(¢, &) = v llClxll€llx
with v := min ((D*)_l,%(Ea)*,%((Za)*)_l). O

4.3. Discretization

We study conforming discretizations of the variational formulation (4.9). To fix ideas, we use a family of
triangulations, indexed by a parameter h, which is classically chosen as the largest diameter of elements of the
triangulation. We introduce discrete, finite-dimensional, spaces indexed by h as follows:

Q;, € H(div,R), and L, C L*(R).

For approximation purposes, and following Definition 2.14 in [17], we assume that (Qp)p, resp. (Lp)p have the
approzimability property in the sense that

vq € H(div, R), lim (qhigg} la — anllaiv ,R)) =0,

¥ e L2(R), tim (L int 16~ vnllo) =0, (112

and also that L includes the subspace L?L of piecewise constant fields on the triangulation.
We impose: divQy, C Ly.
We endow Qj, with the norm || - || (aiv,z), While Ly, is endowed with || - [|o,%-
We finally define:

X = {Sh = (qhﬂ/}h) S Qh X Lh}, endowed with || . Hx

The conforming discretization of the variational formulation (4.9) reads:
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NUMERICAL ANALYSIS FOR MIXED EQUATIONS 7
Find (pp, &) € Xp, such that V(qp, ¥n) € Xp:
a(Pn, an) + 0(an; ¢n) + b(Pr, ¥n) + t(dn, ¥n) = (Sr,¥n)or- (4.13)
Or equivalently:
Find ¢, € X, such that V&, € Xy, ¢(Cr, &) = f(En)- (4.14)

For later use, we denote 7 the L?(R) orthogonal projector on its subspace L?L. By construction, it holds
range(n?) = LY where 7 is defined by:

Yy € L*(R), Vi, € LY, (7% =, ¢n)or = 0.
According to Proposition 1.135 of [17]:

Vze L*(R), |lz—"zlor < lzllor:
VZEPHl(R), ||Z—7TOZH0)R5 h”Z”le(R),
V2 e PWHS(R), Iz = 7m2llor S hll2llpwie(m)- (4.15)

For the last two inequalities, the result holds provided that the triangulations are conforming with respect to
the partition, namely for all triangulations, for all elements K of a triangulation, it holds that there exists
1 <4 < N such that K C R;. Similar results hold on subsets of R.

4.4. Discrete inf-sup condition

The discrete inf-sup condition to be found writes:

dnp >0, inf sup M > Np- (4.16)

neXn guex, [ICnllx [1€nllx

Once (4.16) is achieved, one obtains existence and uniqueness of the discrete solution ¢y, hence the corresponding
linear system is well-posed. More generally, our aim is to obtain that () is uniformly bounded away from 0.
In this sense, one has at hand a uniform discrete inf-sup condition (udisc), from which the error analysis can
classically be derived.

Theorem 4.5. Let D, resp. ¥, € PWL(R), satisfy (3.3). The discrete inf-sup condition (4.16) is fulfilled.
Moreover, it is a uniform discrete inf-sup condition.

Proof. In order to prove the discrete inf-sup condition, we use the same method as for the continuous inf-
sup condition (cf. proof of Thm. 4.4). One can remark that if ¥, is piecewise-constant, §(3,)~!divpy, is
automatically in Ly,.

Otherwise, we project (3,) ! on the piecewise-constant functions. One modifies (4.11) by choosing:

qn = —Pn € Qu,
1

1 _ .
Yp = §¢h + §7TO((E(L) 1) divpy € Ly,.

Using (4.15) with z = (3,) 7! yields |[(£4) ™! = 7°((Za) ™Y loo,r < h, which allows us to derive again a udisc in
this more general case. U
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8 P. CIARLET JR. ET AL.

4.5. Numerical analysis of the source problem

We consider the neutron diffusion equation assuming that D, resp. ¥, € PW1L°(R), satisfy (3.3). Under
the assumptions of Section 4.3, it follows from the previous study that limy_0 || — (nllx = 0. We find below
a sharper bound of the error || — (x||x by using Proposition 3.1. In order to obtain optimal a priori error
estimates, we must know the regularity of the solution to problem (3.1). Since we have assumed that the
source term Sy belongs to L?(R), we already know that ||¢|l1, = < ||Sfo,r. Moreover, under the assumptions of
Proposition 3.1, the solution ¢ has some extra regularity, and the low-regularity case corresponds to rpax < 1/2
there. This is the case that we are focusing on now. In this setting, the field p := —D grad ¢ automatically
belongs to PH"(R), for 0 < r < rpax. We suppose in addition that

p €]0, "max[, Sy € PH*(R).
Then we have divp € PH*(R) (recall PH*(R) = H*(R) for p < 1/2). We will use this hypothesis on Sy to
carry on the calculations of the error estimates.

We recall below the definition of the Raviart-Thomas-Nédélec (or RTN) finite element [26, 28]. Let (K¢)i1</<z
be a conforming mesh, or triangulation, of R made of parallelepipeds (a mesh, or triangulation, is said to be
conforming if in every K;, D and X, are smooth). Let P(K}) be the set of polynomials defined over K,. For
integer values I, m,p > 0, we consider the following subspace of P(Kj):

l,m,p
Ql,m,p(Kf) = Q(x7ya Z) € P(Kf) |Q(x7y7 Z) — Z Qe,j,k x° yj Zkv Qe,j k € R
e,j,k=0
For integer k > 0, let us set ¥’ = k + 1 and introduce the vector polynomial space:

Dk(Kg) = [Qk’,k,k(KZ) x 0 x 0} () [0 X Qk,k’,k(KZ) X 0] [S2) [0 x 0 % Qk,k,k’(KZ)]-

We can now define the RT'Np finite element subspace of H(div,R) x L*(R):

Q= {qeH(div,R) |V, € {1,..., L}, qx, € Di(K()},
Ly ={v e L’ (R)|Vle{1,...,L}, ¥k, € Qrrr(Ke)} . (4.17)

As required, it holds div Q’fL - L,’i and L% C Lﬁ. We recall that for any q in H(div,R), its RTN[;)-interpolant
q% € QF satisfies:

Von € Ly, b(q — qf, ¥n) = 0. (4.18)
In addition thanks to the commuting diagram property, cf. Section 2.5.2 of [7], it holds
Vq € H(div,R), divq% = 7°(div q). (4.19)

Let g € H"(R), such that divg € H*(R), 0 < r,5 < Tmax. According to Lemma 3.3 of [3]:

la—a%llor S (Alalrr + R|divalor),
[div (@ — a®)|lo,r S hF[divals r. (4.20)

Similar results hold on subsets of R, provided the discretizations are conforming.
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Remark 4.6. If one chooses another discretization, all results presented hereafter hold provided the estimates
(4.20) remain true. For instance, for the RTNy finite element defined on tetrahedral triangulations of R, cf.
Section 2.3.1 of [7]. To prove (4.20) in this case, one has simply to apply the results of Section 3.2 from [3].
On the other hand, provided that the field q and its divergence are “smooth” in the sense that they belong to
PH™L(R) for some integer m > 0, using the RTN,,) finite element one can recover interpolation estimates in
O(h™TY), cf. Section 2.5.5 in [7]. For meshes made of affine elements such as tetrahedra or parallelepipeds, the
approximation estimate (4.20-top) does not require the term with the divergence (see, e.g. [7], Sect. 2.5.1).

4.5.1. A priori error estimates

Since we focus on the low-regularity case, we choose the RTNjg finite element, i.e. X, = QY x LY. If the
solution is “smooth”, one can increase the order of the RTN finite element. This will be used in particular in
Section 4.6.2 for the study of the error on the eigenvalues. According to first Strang’s Lemma [17] and because
(1+ |lefl(nn) =) < 1, the error reads:

16 = Ghllx S g 11¢ = nllx. (4.21)

Theorem 4.7. Under the assumptions of Proposition 3.1, it holds, with rmax < 1/2:

Y €]0, rmax|[, VS € H*(R),
Ip — Pullaiv,r) + |¢ — dullor S P IS¢ 0% (4.22)

Remark 4.8. In particular, for “smooth data” Sy, i.e. Sy € H™=<(R), one expects a convergence rate at
least in A"™=x"7 for > 0 arbitrary small: by a slight abuse of notation there and in the sequel, we shall write
h™max_ Also, the previous analysis can be extended to the case where rpax is in [1/2,1] and g < rpax (or p <1
if Tax = 1). Furthermore, for a “smooth” solution, one may recover a convergence rate like O(h™*1) for an
RTN[m] discretization of order m > 0.

Proof. Choosing &, = (p%, m¢) € X}, then thanks to the a priori estimates (4.15) and (4.20), it follows that:

16 = &nllk = Ip = PRIz =) + 16 — 7015 =
S h(plhr + divelf =) + P26l =
SE 1817 -

4.5.2. Aubin-Nitsche-type estimates

To derive improved estimates on the error ||[¢ — ¢pllor in X5 = Q) x LY, we shall rely on the illuminating
work of Falk-Osborn [18]. Interestingly, one can obtain an improvement of the convergence rate, contrary to the
case where the solution is “smooth”. From the previous analysis, for all y < 7r,.x, we already have the estimate
(4.22).

Lemma 4.9. Let (p,¢) (resp. (Pn,®n)) the solution of continuous (resp. discrete) variational problem (4.3)
(resp. (4.13)). For all (qn,1n) in Xy, it holds:

a(p — P, dn) + b(dn, ¢ — ¢n) = 0, (4.23)

b(P — Pr, ¥n) + 1(¢ — dn, ¥n) = 0. (4.24)
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10 P. CIARLET JR. ET AL.
Proof. Let (qp, %) be in Xj. The subtraction of (4.3) from (4.13), with (q, %) = (qn,%n) in the former, gives

a/(p — Pnh, qh) + b(qh7 ¢ - ¢h) + b(P - phawh) + t(¢ - ¢h7,¢h) =0.

We obtain the first equality (4.23) (resp. the second equality (4.24)) with ¢, = 0 (resp. g5 = 0). O

Before improving the estimate, we need to introduce the adjoint problem:
For d € L*(R), find (y4,n4) € X such that V¥(q, ) € X:

a(yd,d) + b(d,na) + b(yda, V) + t(na, ) = (d,9)o,r- (4.25)
Theorem 4.10. Under the assumptions of Proposition 3.1, it holds, with Tmax < 1/2:
Vi €]0, max], VS5 € HY(R), |6 — dnllor S 1S5 %- (4.26)

Proof. Adapting the methodology of [18] and by using (0,¢ — ¢p) as a test function in the adjoint problem
(4.25), we remark:

b y ¥ T +t ¥
16— dnllor =  sup (Ya: & — én) + (04, ¢ Cbh). (4.27)
deL2(R)\{0} lldllo,=

We now look for an upper bound of the supremum in (4.27). We find that the numerator is successively equal
to:

b(ya— (Ya) % @ — &n) + b((ya) %y & — S0) + t(1a, @ — dn);

using (4.18), for any ¥, v, in Ly:

b(ya — (ya)jpr & = i) + 0((ya) ks 6 — dn) + t(1a — ¥h, & — dn) + t(1}, & — dn);
using (4.23) with q, = (y4)%:

b(ya — (ya)g: ¢ = ¥) —alp — P, (ya) &) + t(1a — ¥, & — 6n) + (W}, & — dn);
now we use (4.24) with 1, = 1} :

b(ya — (ya)g: ¢ — ¥3) — a(p — P, (ya) &) + t(1a — ¥h, & — én) — b(P — Pr. ¥7);

we add (4.25) with (p — ps,0) as a test function:

b(ya— (Ya) % @ — )+ a(P — Pr.Ya — (Ya) &) + t(na — 5, & — ¢n) + b(P — Phy1a — ¥})- (4.28)

All terms' in the previous relation can be bounded with an h-dependent term:
inf |b(yq — %o — )| < ||div — 0 inf — 1y
¢26Lh| (Yo — (Ya)r, @ — ¥p)| < div (ya — (ya)r)llo,r pint ¢ — vpllor
S divydllor A lloll=
S WISt rlldlo,rs

In particular, [|div (yqa — (ya)%)llo,r < ||ldivyallo,r according to (4.15) and (4.19).
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la(p — Pr,ya — (ya)B)| S IIp — Pullorllya — (ya)&llo=
S PNSHr (B yalpr + Rlldivyallor)
< WS¢ urlldllor-

The last two terms in (4.28) are considered together.

inf [b(p — Pn,na — ¥p,) + (¢ — bnsna — ¥y
YL €Ly

S (1div (p = pa)llor + |6 = dnllor) inf [Ina — ¢pllo.r
Y, €LR

< hH||S inf —
S hH| fHu,Rw;LELhHT)d Ypllo,r

S hHSElur Blinallir S AETHSy|

R ldllor-
Thus, for low-regularity solutions (1 < 1/2), we conclude that it holds:

6 — onllor S max(h, K, k¥ [[Sy]l= = B [[Sf]luR-

Corollary 4.11. In the case of “smooth data” Sy, i.e. Sy € H™(R), the error estimate gives:

16— nllo.r < BT NSl -

4.6. Numerical analysis of the generalized eigenvalue problem

Let us focus on the approximation of the generalized eigenvalue problem (3.2) in our low-regularity setting,
under the assumptions of Proposition 3.1, supplemented with v, € PWL2(R).

Let 0 < p < rmax be given, we introduce an operator B, associated to the source problem (4.3): given
f € H*(R), we call B, f = ¢ € H'(R) the second component of the couple (p, $) that solves (4.3) with source
Sy = v, f. Since vX; belongs to PWH>(R), it holds [|Sfll.,=r < Ifllur because p < 1/2. Hence, B, is a
bounded operator from H*(R) to itself:

1B, f|

wr SIBuflir = 18llir S1Stllor SISlpr S I1fllr;

we write B, € L(H*(R)) for short. In addition, since the second component of the solution actually belongs
to H'(R) with continuous dependence (||¢[|1 = < || fl.=), it follows that B, is a compact operator. Denote by
o(B,,) its spectrum. By construction, A=! € o(B),) if, and only if, X is an eigenvalue of (3.2).

Finally, we consider the discrete operator BZ associated to the discrete source problem (4.13): given f €
H*(R), we call Bﬁf the second component of the couple (pn, ¢r) that solves (4.13) with source Sy = vX,f.

Under the assumptions of Section 4.3 and as noted at the beginning of Section 4.5, it holds limj_,¢ ||Bof —
By f lo.g = 0 for all f € L?(R). This property is the so-called pointwise convergence. However, for a mixed
formulation, the fact that the family (B);, converges pointwise towards the compact operator By is not sufficient
to guarantee that the family (B%);, converges in operator norm towards By.

4.6.1. Convergence in operator norm

On the other hand, according to [27], proving that limj,_, || B, — BZHL(H#(R)) = 0 for discrete approximants
(BZ) n is a sufficient condition to obtain convergence of the eigenvalues. In order to ensure the convergence in
operator norm of the family (BZ)h towards the compact operator B, we need a technical assumption on the
triangulations.
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Definition 4.12. A family of triangulations (73), is reqular™ if it satisfies:

360 >0, Yh, h>7? < Inin diam(K). (4.29)

€Th

In particular, a quasi-uniform family of triangulations is reqular™ (take 6 = 1 in (4.29)). For a regular™ family,
one has the following inverse inequality, whose proof is given in Appendix A.

Lemma 4.13. Let p € [0,1/2[. For a regular™ family of triangulations, it holds:
h, Von € Ly, [nllur S 0200 nlox. (4.30)

Theorem 4.14. Under the assumptions of Proposition 3.1 with rmax < 1/2 plus vi; € PWLR(R), let p €
[0, "max[. Provided that the family of triangulations is regular™, one has:

1By — Bll| cw(ry) < hPH (4.31)
Proof. According to (4.26), we know that
1By = Bp) fllor S W2 || fllur- (4.32)

It remains to estimate ||(B, — B/’j) fllu=: for that, we use the triangle inequality

||(B;L - BZ)fHH-,R < ||B#f - WO(B;LJCN wR T HWO(B/Lf) - Bﬁf‘ R

To bound the first term, we have according to Theorem 2.3 in [2] that

Vi) € PH'(R), | = 7°¢llir SR 10llpa (w)-

Applying the result to ¢ = B, f, we find ||B,f — (B f)llnr S P4 fllur-

To bound the second term, we use first the inverse inequality (4.30) on the discrete space Lz, valid for a
regular™ family of triangulations. Applying the result to ¢y, = (B, f) — Bﬁ f and using again the triangle
inequality, we now find that

|17°(Byf) = Bifllur S b= 7%(Buf) — By fllo.r
S h720 (17 (Buf) = Bufllor + 1Buf = By fllo.r)

< max(ht =20, he“)”f”uﬁ’

where we have used (4.15) and (4.32) to derive the final estimate. Since pu < 1/2, we conclude by aggregating
the results that (4.31) holds. O

Thanks to [27], convergence of the discrete eigenvalues to the exact ones is guaranteed, and so is the absence
of spectral pollution:

e Given any closed, non-empty disk D C C such that D No(B,) = 0, there exists hy > 0 such that, for all
h < hg, Dﬂa(BZ) = (.

e Given any closed, non-empty disk D C C such that D No(B,) = {A}, with X of multiplicity my, there
exists hy > 0 such that, for all h < hg, DN O’(BZ) contains exactly my discrete eigenvalues.
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4.6.2. Optimal convergence rate

Let the assumptions of Theorem 4.14 hold. We determine now the rate of convergence of the eigenvalues in
the spirit of [8]. Let v = A™! be an eigenvalue of B,,. For simplicity, let us assume that v is a simple eigenvalue,
and denote by W the associated eigenspace. According to the absence of spectral pollution, for h small enough,
the closest discrete eigenvalue, denoted by v}, is also simple; we denote by W}, the associated eigenspace.

Definition 4.15. Let w, > 0 be the regularity exponent of the eigenfunction, i.e. either W C PH**(R) for
s<w, and W ¢ PHT“"(R), or W C PH'*»(R) and W ¢ PH!**(R) for s > w,. Let w = min(w,,m + 1),
where m > 0 is the order of the RTN finite element.

Clearly, w,, and as a consequence w, can be greater than r,,.. We shall prove that the approximation
converges with a rate equal to twice the exponent w defined above: this result is stated in Corollary 4.23 at the
end of the subsection.

Let p € [0, 7max| be given. As we defined B,, (resp. BZ)7 we define A, (resp. AZ): for f € H*(R), we call
A,f =p e H(div,R) (resp. Aﬁf = pp, € Qp) the first component of the couple (p, @) (resp. (pn, ®p)) that
solves (4.3) (resp. (4.13)) with source Sy = v¥ ¢.f. The following lemma introduces some equalities that we will
use later on.

Lemma 4.16. Let ¢ and ¢’ be given in W. Then, it holds:
(@f% (Bu — BZ)‘P (Apep, (A — AZ)%"/)

Nor =a
+b((Ay — ALY Bup) + b(Aup, (B — B)¢') + t(Bup, (B, — B))¢'); (4.33)

and

0=a(ALp, (A, — AR)¢') +b((Au — Al)e, Blip)
+b(Alp, (By = Bl)¢') + t(Blio, (B, — B))¢'). (4.34)

Proof. The definitions of A,,, B,, imply that for all f € H*(R), for all (q,v¢) € X:

WX f,)or = alAuf,q) + b(a, Buf) + b(Auf, ) + U(Buf, ), (4.35)
whereas the definitions of AZ, Bﬁ imply that for all f € H*(R), for all (q,v) € Xp:

(W, £, 0)or = a(Af,q) +b(a, BLF) +b(AL £,0) + t(BLf, ). (4.36)
The first equality (4.33) comes from (4.35) with:

F=¢ra=(Au— Ap)¢"s v = (B, - By
The second one, (4.34), comes from the difference between (4.35) and (4.36) with:
f=¢s a=Alg; ¥ =By,

and with the symmetry of a(-,-) and ¢(-,-). O
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We remark that ¢ — [J¢|lw = ||(@f)%go||0772 is a norm over W, and this norm is induced by the inner
product

(o, " )w = ;0,9 )or-

Proposition 4.17. Let w be as in Definition 4.15. For every ¢ in W, the following inequalities hold:

(B = Bi)ellor < h*llellw
(A = AR ellra =) S hllellw-

Proof. These two inequalities come from the first Strang’s Lemma. The method is the same as for Theorem 4.7
(see Rem. 4.8 for the “smooth” case). Here, we use the equivalence of all norms on W to state the result. O

Introducing §(Z, Z') = sup,ez, |2o=1 nfzez |2 = 2'|lo,r for Z, Z" closed subspaces of L*(R), the gap between
W and W}, is defined by:

(5(VV, Wh) = max[é(VV, Wh), (5(Wh, W)]

It allows us to evaluate the approximation of the continuous eigenfunctions by their discrete counterparts.
Classically, this gap can be bounded with the help of Proposition 4.17, following Theorem 1 from [27]:

(W, Wh,) < h*. (4.37)
Let us now define Ej, as the projector from L?(R) onto W}, such that
Vi € LA(R), Vb € Wiy (VE (¢ — En),¥n)or = 0. (4.38)

Lemma 4.18. The operators Ey and BZ commute.

Proof. Let ¢ € L?(R) be decomposed into ¢ = Ej¢ + @. By construction Eje € Wy, so that BZEhgo € Wy,
hence EhBZEhgo = BﬁEhcp because W}, is invariant through Fj. It follows Ethjap = EhBZEhgo + EhBZgb =
B\Ene + EpBJi@. This is equivalently expressed as

(EnB! — Bl'Ey)¢ = E,Bg.
By construction, ¥y, = EhBﬁcﬁ belongs to W, with squared norm equal to

(WE pn, ¥n)o,r = (WS, BB, ¥n)or = (VS B@,Yn)or = (5@, Bitbn)o,r = 0.

The penultimate equality stems from the fact that ¢(-, -) is symmetric, and the last one comes from the definition
of ¢ and Ey,. O

Let F} be the restriction of Ej to W. One has the following simple results as a consequence of the gap
property.

Lemma 4.19. For h small enough, Fy, is a bijection from W to Wj. Moreover

Yo e W,

ezt - B, S hllelw. (4.39)
I

f |l¢llw = 0, then vX s = 0. By definition of W, ¢ is solution of (3.2) with zero right-hand side. Thus, by uniqueness of the
solution it follows that ¢ = 0.



NUMERICAL ANALYSIS FOR MIXED EQUATIONS 15

a2 Let Sy, = F; 'Ej, — I € L(L?(R)) for h small enough.
2 Lemma 4.20. For h small enough, W C ker(Sp); (Sn)n is uniformly bounded.
324 One can then prove an “orthogonality” result involving Sp,.

»s  Proposition 4.21. For all f in L*(R) and py, in Wy, one has for h small enough
(vE;Snfen)or = 0.
2 Proof. Let f be in L?(R) and ), be in Wj,. We find:

(VX ;Snf, pn)or = (@f(F;flEhf —f),en)or
= (s (F, 'Enf — Enf)sn)or
= (VS (F, "Enf — FuFy ' Enf), on)or-

27 The second equality uses (4.38) with ¢ = f. One concludes by remarking that ¢ = F,;lEhf € W so (vXs(v —
w2 Fp), on)or = 0 using again (4.38), because Fj,1p = Ep.
329 D

s To obtain an optimal rate of convergence we restrict the operators B,, and BZ to the eigenspace W. We denote
s finally by B% and BZ the operators, from W to itself, Eu = B,|w and EZ = Fh_lBLLFh. Let us estimate

. . (0, (B, — B¢ )w
|By — Bllllzowy = sup L
owrewngoy  llelw ll¢'llw

sz Theorem 4.22. Let w be as in Definition 4.15. Then for h small enough, the following estimate holds true
1By — Bpllcw) S 0> (4.40)

33 Proof. Using the definition of F},, Lemma 4.18 and finally Lemma 4.20, one checks that for all ¢’ € W:

(By — Bl)¢' = Bup' — F, ' Bl Frg!
= Buy' ~ F}L_lBﬁEh‘p/
= Buyg' — F, 'E,B]y
= (B, — B¢ + B¢’ — Fy 'EWB¢ + Sp B¢/
= (B, - BZ)SOI + Sn(By — BZ)SOI- (4.41)

su Hence, given ¢, ¢’ € W, we can bound |(¢, (Bu — EZ)@’)W| = (X, (B# - Bﬁ)go')ogg\ by

|20, (By — B¢ o | + (20, Sh(By — B¢ )o.r|-

135 Let us bound each part separately below.
33 One obtains from the difference between (4.33) and (4.34)

(B0, (By = By)¢ o,r = al(Au — Ap)e, (A — AL)¢') + 0((A, — AR)Y' (B — Bj))g)
+b((Ay — Al¢, (Bu — Bp)¢') + t((Bu — B, (Bu — By)¢').



337

338

339

340

341

342

343

344

345

346

347

348

349

350

351

352

353

354

355

356

357

358

359

16 P. CIARLET JR. ET AL.

Then, one can bound the first part:

(W2, (Bu = B¢ orl S I(Au = Ap)ellorll (A — 43)e lo,r
Hdiv (A, = AD¢ lo.r I (By = Bp)ellor
+Hdiv (A, = ARl I(Bu — B)¢'llor
+(B. = BY)¢llorl(By — Bi)¢'llo,r

S P llellw 1o lw-

The second part is bounded by:

(250, Sn(Bu — B¢ )or| = |(VE; (¢ — Fu), Su(Bu — Bp)¢')|
< w2 (0 = Fu@)llor ISk (B — B¢ llo.r
SeEs (e — Fao)llorll(By — B¢ lor
SE*lellw e llw

In the first line we use Proposition 4.21 with f = (B, — B[j)(p’ and oy, = Fjp. In the third line we use the
uniform continuity of S, in h, and in the last line we use the first inequality of Proposition 4.17 and the
estimation (4.39). Therefore we have obtained (4.40). O

From this estimation and the work of Osborn in Theorem 2 of [27], one derives an optimal estimate on the error
on the eigenvalues.

Corollary 4.23. Let w be as in Definition 4.15. Then for h small enough, the error on the eigenvalue is given
by

v —vp| < A,

Remark 4.24. If v has an algebraic multiplicity m, > 1, the previous analysis and the a priori estimate are
still valid with v, = m%/ ZZZ”I Ui, where (Vp,;)i=1,m, are the m discrete eigenvalues closest to v, see again
Theorem 2 of [27].

5. THE DD CASE

We continue by considering the neutron diffusion problem using a domain decomposition method: we call
it the DD case. The diffusion problem with low-regularity solution in a mixed, multi-domain form has been
analyzed in [13]. In this section, we first define some notations and spaces. Then we recall some results of [13],
in which technical aspects on the choice and properties of the spaces and discretization are discussed. Finally,
we define the variational formulation. The numerical analysis of the DD case is carried out in Section 6.

5.1. Setting of the DD spaces

Let us consider a partition {751}1 <i<i of R which can be independent from the physical partition of the
materials in R (see e.g. [10, 11, 23]). In other words, it can happen that {R;}, ., 5 # {Ri}1<i<n. We denote
by I';; the interface between two subdomains R; and ﬁj, for ¢ # j: if the Hausdorff dimension of E N 7%7] is
d—1, then I';; = int(ﬁﬂfj); otherwise, I';; = 0. By construction, I';; = I'j;. We define the interface I'g,
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respectively the wirebasket 'y by

N
U R a]-—‘W == U U 6F2]

i=1j=i+1

||
I sz

It is stressed that the resulting interface I's needs not necessarily coincide with the physical interface between
cells.

When d = 2, the wirebasket consists of isolated crosspoints. When d = 3, the wirebasket consists of open
edges and crosspoints. For a field v defined over R, we shall use the notation v; = ViR, for 1 <i < N. Let us
define the function space with zero Dirichlet boundary condition:

PHY(R) = { ¥ € IA(R)|vi € H'(R), oz 5 = 01 S < N }.

When T';; # 0, let Hl/2 be the set of H'/2(T;;) functions whose continuation by 0 to 9R; belongs to H'/2(9R;).

1/2 1/2

On can prove that A . We also introduce the space of piecewise H(div ) vector-valued functions:

1/2
PH(dinR) = {q € Lz(R) |qi € H(dinRi), 1<i<N }7 Hq”PH(dw R) (Z ”qi” H(div,R; )) .

For p € PH(div,R), let us set [p - nj;; := > 4_; ; Pk Dgjp,; the jump of the normal component of p on I';;

when I';; # 0. [p - n];; is well defined in ( 1/2) the dual space of H, /v (see e.g. [19]). The global jump [p - n] of
the normal component on the interface is defined by:

[p-nhpij = [p-nj;, forl<ij< N.

By definition, it holds [p - n] € [[,_.(Hp bz 554 2) We recall that for p € H(div,R), the global jump vanishes:
[p-n] =0 (see e.g. [13], Lem. 1).

We introduce finally the following Hilbert spaces:

i<j

1/2

M= vse [[LPMTy) ¢ lvsla = | D I¢slir, ;

1<j 1<J

HY(Tg) = {ws € M |vgr,, € HY2(Ty)), Vi < j}, with graph norm;
Q= {aePH(div,R)|[a-n] €M},
1/2
laillg = (11alZggqany 0y + Nt w3, )
~ 5 ) 1/2
={&=(@v) e Qx R} lélg = (lall + W3 =) :
~ 1/2
W= {wi= (& vs) € Xx M, |l = (lEl% + sl )

By construction, one has M C [];_( 11/;)

in Q x L2(R).

We will next define a variational formulation which is conforming
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s 5.2. Variational formulation and discretization in the DD case

375 The mixed form of the neutron diffusion problem (4.1) is now given by (see Sect. 3.2 from [13]):
376 Find (p, ¢, ¢s) € Q x PH}(R) x M such that:

—D;'p; — grad¢; =0 inR;, forl<i<N,
divp; + Xai¢i = Sy inR;, forl<i<N,

¢i = ¢s on OR; NTg, forl<i<N,
[p~n]:0 onI'g.

(5.1)

s To solve this problem, we are looking for a solution ((p,¢),¢s) in W. Find ((p,®),¢s) € W, such that
s V((a,¥),vs) €W

3

2

/ (7D71p.q+¢divq+¢diVP+2a¢T/’)+/
R

T

[p~n}¢sf/F [q‘n]¢>s:/Rwa. (5.2)

o In (5.1)=(5.2), ¢g,1s play the role of Lagrange multipliers, with M the space of those Lagrange multipliers.
s0 To be mathematically precise, we should be integrating on U;;1";; instead of I's. We make this slight abuse of
w1 notations from now on. This approach is called the DD+ L2-jumps method.

382 From now on, we use the notations:

® u-—= (<v¢S)a (= (pv¢)a p= (pi)lgigﬁ and ¢ = (¢i)1§i§ﬁ§
4 e W= (§7¢S)7 §= (q>1/})7 q= (qi)lgigﬁ and ¢ = (wi)lgigﬁ;

ss  and we define the bilinear forms:

3

2

3

-3
@

3

-3

WxW—R
lg : , 5.3
T @ww) e [ [pon)s (5:3)
s
386 and:
WxW—R
: . 5.4
“ {<u, W) - o(G,€) + Lo w) — Co(iu) (54)
sz We consider the linear form:
W—R
[s: : (5.5)
W f(§)

w  Above, we extended the definition (4.7) (resp. (4.8)) of the form ¢ (resp. f), to elements of X x X (resp. X).
s We may rewrite the variational formulation (5.2) as:
390 Find u € W such that Vw € W:

cs(u,w) = fo(w). (5.6)

s We recall that cg satisfies an inf-sup condition, so the variational problem is well-posed (see [13], Sect. 4), and
22 that, under the assumptions of Proposition 3.1, the global jump of p vanishes: [p-n] =0 in M (see Lem. 1 of
s [13]).

;e We study abstract, conforming, discretization of the variational formulation (5.6) as it is done in Section 5 from

3

©
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[13]. To that aim, we introduce discrete, finite-dimensional, spaces indexed by a (small) parameter h as follows:
Qi € H(div,R;) and L; , C L*(R;), for 1 <i < N. We impose the following requirements, for all 1 < i < N:

® Qin Nz, € L2(87€i) for all h > 0, for all q; ;, € Q; n;
e divQ;, C L;y for all h > 0;
o (Q;n)n and (L; p)p satisfy the approzimability property (4.12) in R;.

Then, let

Q. = H Q;n and Lj= H L; p.

1<i<N 1<i<N

In particular, the discretization Qh x Ly, is globally conforming in Q x L*(R). We endow Qh with the norm
|- llg> while Ly, is endowed with | - [0,z

We then define T; ;, as the space of the normal traces of vectors of Q; ; on 87%1- Ng:
Tip = {Qi,h € L*(0R;NTs) | 3din € Qins dih = ih - nilaﬁinr‘s} . (5.7)

Classically, several situations can occur on a given interface I';;, 1 <1i,5 < N:

(1) non-nested meshes: T; pr,, ¢ Tjnr,, and Tj e, € Tinr,;;
(2) nested meshes: T; pr,; C Tjnr,, or Tjnr,, C Tinr,;;
(3) matching meshes: nested meshes with T; p,p.. = T ui1,. -

W T J>h|T;

Usually, the term nested meshes is used to describe a family of successively refined meshes. In this paper, we
will use this expression to express that on all interfaces I';;, case (5.2) described above holds. As an illustration,
see the interfaces between the subdomains in Fig. 3a.

Let us denote by M}, C M the discrete space of the Lagrange multipliers. We assume that M}, includes the
subspace M, 2 of piecewise constant fields. We introduce the discrete projection operators ([13], Sect. 5) from
the spaces of normal traces T; p, to M}, and vice versa, which are defined by:

/~ (TLi(qs,n) — 4i,n) Y5 =0
OR;NI's

(mi(¥s.n) — ¥s.n) qin =0

875,1 Nl's

Vqin € Tin, Vips,n € My (5.8)

As the operators II; and m; are orthogonal projections, they are continuous, with a continuity modulus equal
to 1. We also introduce the orthogonal projection operator I11% : M — M}. According to Proposition 1.135 of
[17], if we denote by hg the meshsize on I'g:

Wibs € HY?(Ts), Ils — T (s) s S g2l gyove - (5.9)

Next, let py, € Qh. We define the discrete jump of the normal component of p;, on the interface I';; as [pp -
njpi; = Z IL (pi.n - nllr‘ij). The discrete global jump of the normal component, [py, - n], € Mp, is defined by:
l=i,j

[Pr - 0]pr,; = [P 0py, for 1 <45 < N.
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We finally define:

X, = {fh = (an, ¥n) € Qp X Lh}, endowed with || - [|¢,

W, = {wh = (&n,Ys,n) € Xh X Mh} , endowed with || - ||y.

In the DD+ L2-jumps setting, the conforming discretization of the variational formulation (5.6) reads:
Find up € Wy, such that Yw, € Wy, cs(up,wp) = fs(wp). (5.10)

It is shown in Section 5 from [13] that cg verifies a discrete inf-sup condition if the following conditions hold:

Hﬁh > 07 VQh € Qhﬁ /

I's

[an - 0]y [qn - n] > ﬂh/F [qp - n]? (5.11)

and

EI'y;L >0, Visn€ Mp,

Z Z/ mi(sn)? + mi(bs)?) = s nls, (5.12)

i=1 j=i+1

Moreover, if 8;, and ~;, can be chosen independently of h, the form cg satisfies a udisc. For instance, conditions
(5.11)—(5.12) are uniformly fulfilled when M}, is chosen as

My =Y Tip. (5.13)

Last, under (5.11), one easily checks that [py, - n] = 0. In other words:
pr € H(div,R) N Q. (5.14)
In the DD case, we define Qp, = H(div,R) N Q.

6. NUMERICAL ANALYSIS IN THE DD CASE

To carry out the numerical analysis in the low-regularity case, we first introduce a suitable discretization
of the DD problem, and then we carry out the numerical analysis on this discretization. Again, if one chooses
another discretization that fulfills those properties detailed in the previous section, one may recover similar
convergence results.

6.1. Discretization

We consider (5.10) where the RTN finite element is used on each subdomain with a conforming mesh, or
triangulation. For 1 <1:¢ < N let h; denote the local meshsize in RZ, and h = max; h; the global meshsize. Let
us denote by k; > 0 the order of the discretization in R“ and k = min; k;, the minimal order of the RTN finite
element. The local RTN finite element subspace of H(div,R;) x L*(R;) is defined as th X Lki With this

choice, we have div Qkih C Lki as required: local consistency is ensured. Now, if we set Qh H1 <i<H QZ i

and LF = H1<1<N Lffh , we have Qi Mpg, € L? (8R) for all q; € th , hence it follows that Qh cQ:
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the discretization QZ X L’fL is globally conforming in Q x L?(R). For the reader’s convenience, we omit the
superscript k; in the analysis below.

Finally, we choose M), so that on the one hand (5.11)—(5.12) hold uniformly, and on the other hand it holds
hs < h: we refer to Section 5.2 from [13] for an extended discussion on suitable choices. According to the first
Strang’s Lemma [17] and because c¢g verifies a udisc, the error reads:

lu —uplly S inf |lu—wplw. (6.1)
WhEWR

As a consequence limy,_,q ||u — up||ly = 0. This result holds for nested and non-nested meshes. We study below
how to improve the bound on the error, how to derive an Aubin-Nitsche estimate, and finally how to prove
convergence for the generalized eigenvalue problem, for nested meshes.? As previously, those results hold under
the assumptions of Proposition 3.1 (plus vX,; € PWH>(R) for the eigenproblem). We focus again on the
low-regularity case.

6.2. A priori error estimates

Let q € H(div,R) N 75H“(R), with 0 < p. A global RTN interpolant of q is defined on every subdomain R,
via its restriction q;, and denoted by q; g for 1 < ¢ < N. One may thus define the global interpolant of q in Qp,
denoted by qgr henceforth: quﬁ/ = q;,r for 1 < i < N. Below, we also use the orthogonal projection operators

70 L2(R) — LY (see Sect. 4.5.1) and 11 : M — M} (see Sect. 5.2). One has the following result, whose proof
is given in Appendix A.

Lemma 6.1. Assume that the meshes are nested, non-matching, on the interface I's., and that they are quasi-
uniform on Uy.. To fir ideas, we assume Te pr,. C Ty pr,, with T, yr,, # Tt nr;. *).
Let q € H(div,R) NH*(R) with 0 < u < 1/2, it holds:

- 1/2
lfar - nllor,. <272l ar I 7,
Theorem 6.2. Let the assumptions of Proposition 3.1 hold, with ry.x < 1/2. One has for matching meshes:

Vi €]0, rmax|[, VS € H*(R),

6.2
1P — Phlssaie =) + 16— dnlloe + 165 — dsnllar < A 17 ]lur. (6:2)

For nested, non-matching meshes, the result holds under the assumption that on an interface I';; where the
meshes T pr,; and T pr,; are non-matching (Ti,hm_j # Tjnr,, ); the families of triangulations of T r,, and
T nr,, are quasi-uniform.

Proof. We bound the different contributions in the right-hand side of (6.1) for some appropriately chosen discrete
field wy. Recall that u = ((p, ¢), ¢s).

Matching meshes. We know that [p-n] = 0. For matching meshes, one has also [pg-n] = 0,s0 [(p—pPgr) -n] =0.
Starting from (6.1), the conclusion follows. Indeed, according to the a priori estimates (4.15), (4.20) and (5.9),
wy, = (Pr, 00, 1% (ds)) € Wy, is such that

N
= wnllf = 3 o = pial gy g, + 10— T°8l3 R + s — T (65)I3
=1

S h(plr + 14l ) + P21 pm r) + hsllos e gy S P ISR

‘37 . . . . . . .
For non-nested meshes, numerical illustrations suggest that the convergence properties can be recovered in some situations (see

[13], Tab. 2). See also Section 6.5.
4f refers to fine discretization, while ¢ refers to coarse discretization.
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Hence we conclude that for matching meshes it holds:
o —unllu S 2 IS¢l uw- (6.3)

Nested meshes. In this case, [pg - n] # 0 in general. Nonetheless, one can use the result of Lemma 6.1, to find
that

1 = Br) - 1] [ar S B2 [Ipllaaiv )

provided that the meshes are quasi-uniform on the part of the interface where they are non-matching. One
concludes that the estimate (6.3) still holds for nested meshes under this condition.

Conclusion. Noting that it always holds [p - n] = [py - n] = 0 (cf. (5.14)), developing the norm |[u — uy ||y, one
concludes:

[P — Prllaciv,r) + 10 — dullor + 05 = dsnllar S A (IS¢ lw-

In other words, we have the a priori error estimate (6.2). O
As in the plain case, for “smooth data” Sy, i.e. Sy € H™=x(R), one expects a convergence rate at least in h™ax.

Remark 6.3. Within our framework, we obtain error estimates that generalize those of [11, 32] for low-regularity
solutions. In addition, the technical aspects we propose remain quite simple and natural.

6.3. Aubin-Nitsche-type estimates

To derive improved estimates on the error ||¢ — ¢nllo,, we adapt the calculations of Section 4.5.2 to the
DD case. Recall that Q, = Q, N H(div,R). We already know that when conditions (5.11)~(5.12) hold, the
solution ((Ph,®n), Ps.n) € X;, x M, of (5.10) (discrete DD case) is such that (pp,dn) € Xp, since pp € Qp.
Then restricting the test-fields in (5.10) to elements of X, x M}, we observe that (pp, ¢p) satisfies (4.14) too
(discrete plain-case), because all interface terms vanish. Hence, to estimate ||¢ — ¢pllo,z in the DD case, we
explicitly consider that the discrete fields (pp, ¢p) are also the solution to the variational formulation of the
plain-case (4.14). Let us begin by a technical result, whose proof is given in Appendix A.

Lemma 6.4. Let the assumptions of Lemma 6.1 hold. Let q € H(div,R) N H*(R) with 0 < pn < 1/2, and

define 6qysc € Qg by ddfe - nyr,, = (Qe,r -0 —Qyr-N)r,, and zero extension in ﬁf \T'yc. It holds

0l exgase ) < 2 (lagl, =, + Idivayloz, ) -
Theorem 6.5. Under the assumptions of Theorem 6.2 with rmax < 1/2, one has for nested meshes:
Vi €10, rmax, VSy € H*(R), [l¢ = dnllor < 7% ||S¢llur- (6.4)

Proof. Matching meshes. In this case, one can use the theory already developed in Section 4.5 for the plain case,
to conclude that (6.4) holds.

Nested meshes. The difficulty for non-matching meshes is that one cannot define the global RTN-interpolant of
p directly. Instead it is defined via its subdomain interpolants (p; r), ;<5 Introduce, for 1 <4 < N, Z; as the
set of indices j such that Tjnr,; € Tinr,, (since we are dealing with nested meshes, it holds Tjnr,; C Tipry;
or Ti pr,; C Tj7h|pij). We proceed as follows to obtain an H(div,R)-conforming approximant, i.e. an element
of Qp,. On all interfaces I';;, introduce 0p;j -n = pe g -nyr,; — Pf,r - Nyr,; where py g is the interpolant from the
finer discretization on I';;, resp. p¢ g is the interpolant from the coarser discretization on I';;. By construction,
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0pij -n =0 when T; yr,, = Tj nr,,- Then dp;; - n is extended by zero in R; to define an element of Qi »; with a
slight abuse of notation, we still denote the extension by 0p;;. The H(div, R)-conforming approximant pr € Qs
is then defined subdomain by subdomain as

Pi,r = Pi,r + Z opi; for1<i<N.
J€EL;

Indeed, [pr-n|r,, =0for 1 <i,j < N by direct inspection. It remains to evaluate

rJ

||p - pR”%‘I(diV R) — Z ||pt - pi’RHiI(div Ri) with
1<i<N

IPi = Pirlu@y &, < P~ Pirlaay 7, + Z 19Pj | exaiv 7,y for1<i<N.

JEL;

Above, the fact that the index j belongs to Z; implies that if 0p;; # 0, then the finer discretization on I';;
automatically originates from R;. To evaluate [[0Pi;[lg(q;, #,) One uses the results of Lemma 6.4 to find

18D axcasy 7y S B (IPill, 5, + v pillo 7, ) -

Again, this bound holds under the condition that the meshes are quasi-uniform on the part of the interface
where they are non-matching. Due to (4.20), one has ||p; — pivR”H(div 7o) S A |Sf|lur for 1 < i < N, and it
follows that

lp — Prlla@v.R) S A 1Sflr-
As a consequence (follow Sect. 4.5.2) we conclude that the estimate (6.4) holds. O

6.4. Numerical analysis of the generalized eigenvalue problem

Let us focus on the approximation of the generalized eigenvalue problem (3.2) for low-regularity solutions
with nested (matching or non-matching) meshes. We will follow the methodology of Section 4.6.

6.4.1. Convergence in operator norm

Let 0 < p < rmax be given, we introduce an operator B,, associated to the source problem (5.6): given f €
H"(R), we call B,,f = ¢ € H'(R) the second component of the triple (p, ¢, ¢5) that solves the source problem
with Sy = v¥, f. For the same reason as in the plain case Section 4.6.1, B, is a bounded and compact operator.
Next, let us consider the discrete operator BZ associated to the discrete source problem: given f € H*(R), we

call Bﬁf the second component of the triple (ps, ¢n, ¢s,n) that solves (5.10) with source Sy = vY,f. Using
estimate (6.4), we obtain, like in the plain case, the result below.

Theorem 6.6. Under the assumptions of Theorem 6.2 with rmax < 1/2 plus vi; € PWL(R), let p €]0, Tmax|.-
Provided that the families of triangulations are regular™ on every subdomain, one has for nested meshes:

By — Bl (mer)) S A, (6.5)

where 6 = minfv:1 0; >0, and for 1 <i < N, 0; is defined by (4.29) on R;.

We conclude to the absence of spectral pollution.
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6.4.2. Optimal convergence rate

Let the assumptions of Theorems 6.2 and 6.6 hold, and in particular the conditions for nested, non-matching
meshes. We use the same notations as in Section 4.6.2. In particular, let w, > 0 be the regularity exponent
associated to v with respect to (PH'T*(R))sx0, and introduce & = min(@,, k + 1).

Let p € [0,7max| be given. As we defined B, (resp. BZ), we define A, and C, (resp. AZ and Cﬁ): for

feHMR), wecall A,f =p € Qand C,f = ¢s € M (resp. A'f = pj, € Qp and C!' f = @55, € M) the first
and the third components of the triple (p, ¢, ¢s) (resp. (Ph, ¢n, ¢s,n)) that solves (5.6) (resp. (5.10)) with source
Sp=vS,f.

For the DD+ L2-jumps method, the transposition of Lemma 4.16 reads:

Lemma 6.7. Let ¢ and @' be in W. Then, it holds:

Zs0, (By — Bh)¢ or = a(Aup, (A — ALY + (A, — AL)¢', Buy)
+b(Aup, (B — Bl)¢') + t(Bup, (B, — Bl)¢'); (6.6)

and

0=a(Aly, (A, — A)¢') +b((A, — Ah)e', Bhy)
+0(Al, (B, — BM¢') + U B, (B, — BM'). (6.7)

The formulas (6.6) and (4.33), resp. (6.7) and (4.34), are identical. As Strang’s Lemma holds for the DD+ L?-
jumps method with nested meshes, we can also transpose Proposition 4.17. For that, we admit that the result of
Lemma 6.1 can be improved for smooth functions q. As a matter of fact, in this case one may directly compare
the discrete normal traces Ilf r(q - l'llpfc) and I r(q - l'llpfc) to the exact normal trace q - nyr,_, and evaluate
the difference in L?(Tf..)-norm, because for smooth functions the exact normal trace always belongs to L?(T'f.).

Proposition 6.8. For every ¢ in W, the following inequalities hold for the DD+L?-jumps method with nested

meshes:

(B = Bielor S b ellws

(A = AR ellrai =) S h°llellw.

Estimate (4.37) on the gap between W and W), is still valid: 6(W, W3) < h®. Let Ej, be the operator defined
in (4.38). We recall that Ej, and B commute (Lem. 4.18 holds). The restriction of Ej to W, denoted by Fj,

is a bijection that satisfies estimate (4.39), for i small enough. We will also make use of Sy, = F}, 'Ej, — I that

satisfies Lemma 4.20 and Proposition 4.21. We recall that Bu = B,|w and Bﬁ = F,:IBZFh. The transposition
of Theorem 4.22 is stated next. The proof is identical (replace w by @), so it is omitted.

Theorem 6.9. For h small enough, one has for the DD+L?-jumps method with nested meshes:
1B — Bl cowy S 1. (6.8)

Corollary 6.10. For h small enough, the error on the eigenvalue for the DD+L?-jumps method with nested
meshes is given by:

v—up| S h*.
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FIGURE 2. The domain of study, and the subdomain meshsizes.

6.5. About non-nested meshes

We recall that, for general non-nested meshes, one has convergence without explicit convergence rate, as soon
as (5.11)—(5.12) hold uniformly. In the most general case however, it seems difficult to obtain a convergence
error that depends explicitly on h.

On the other hand, let us consider the case where the meshes are non-nested, with some structure. By
structure, it is understood that the non-nestedness can be described by a finite number of configurations (e.g.
3-face mesh vs. 5-face mesh, etc.) that are reproduced at smaller and smaller scales when the meshsize diminishes.

We note first that a result similar to Lemma 6.1 can be recovered. Going back to the reference configurations
(by assumption there are a finite number of them) and taking the supremum in the upper bounds among all
these configurations, we infer from (A.5) that ||[qr - n]llor,, < her;. I gsn llor,., i-e. one can conclude the
proof as before. As a consequence, an explicit convergence rate may be derived for the source problem as in
Theorem 6.2.

Then, one may proceed in a similar fashion to prove Lemma 6.4, so as to derive an Aubin-Nitsche estimate
as in Theorem 6.5. Finally, because interface terms are absent in the analysis of the convergence rate of the
eigenvalues (see in particular (6.6)—(6.7)), such estimates can also be proved for non-nested meshes, with some
structure.

7. NUMERICAL ILLUSTRATIONS

The tests are carried out in two dimensions: the cartesian coordinates are denoted by (z,y). We use RTN[g
finite elements on rectangular meshes. We define the discrete space of Lagrange multipliers M), as in (5.13).

7.1. Benchmark square for transmission problems

We study a singular toy problem described on Dauge’s website [15] for a magnetic problem and adapted here
for the neutron diffusion equation with Neuman boundary condition. Set R :=|] — 1, 1[2, and divide it into four
subsquares (see Fig. 2 left). Let D, be a scalar, piecewise-constant, coefficient: D := D = 0.1 in Ry URs3, and 1
elsewhere, ¥, = 1 and @f = 1. We consider the following problem:

—divDgrado+¢=Xp inR

7.1
% =0 on OR. (7.1)
on

The singularity exponent is 7y, = 0.39. Implementation is in MATLAB.
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TABLE 1. Results with 16 subdomains.

1/h N¢ Ex EXs EXg EXy

4 448 2.88¢e—3 3.92e—2 549e—-—3 2.00e—2
8 1792 722e—4 236e—2 138¢—3 5.00e—3
12 4032 3.22e—4 1.74e—2 6.12e—4 2.22e¢—3
16 7168 1.8le—4 140e—2 3.44e—4 1.25e—3
20 11200 1.16e—4 1.18¢—2 220e—4 8.00e—4
24 16128 8.05e—5 1.02e—2 153e—4 5.05e—4
Rate h? hO-76 h? h?

TABLE 2. Results with 25 subdomains using graded meshes.

1/h N¢ EXy EXs EXg EXy

3 304 747e—3 114e—2 192e¢—2 1.12e—-1
6 1216 1.92e—-3 8.19¢—3 490e—3 2.75,e—2
12 4864 4.83e—4 528¢e—3 123e—3 6.85e—3
15 7600 3.10e—4 442e—3 T7.88e—4 4.38¢—3
18 10944 2.15e¢e—4 3.86e—3 5bH47e¢e—4 3.04e—3
21 14896 1.59e—4 6.68e—4 4.02e—4 2.24e—3
Rate h? ho-71 h? h?

We study the error on the four first eigenvalues (excluding Ao = 1), with two different partitions {ﬁi}l <i<R
The results are given in Tables 1 and 2, which data are: T

e h: the meshsize,
e Ny: the number of degrees of freedom of ¢,
e &, = [Ani — Mil/|Ai]: the relative error for the eigenvalue \;, i = 1,4.

In the last line, we report the average rate of convergence of the computations. In Figure 3a (resp. 3b), we
represented the mesh for 1/h = 12 (resp. 1/h = 18) and the second non-constant eigenfunction ¢o, which is
singular at the cross-point. B

The first partition is based on N = 16 square subdomains, represented in Figure 2 middle. As indicated in
this figure, the four centered subdomains have a meshsize equal to h; whereas the other subdomains have a
meshsize equal to h. = 2hy, so that the parameter is h = h.. The results are given in Table 1.

The second partition is based on N =25 subdomains, with graded meshes towards the cross-point, where
the singular behaviour is expected. The subdomain in the center of R has a mesh size equal to hy, whereas the
four subdomains on the corners of R have a meshsize equal to h. = 6y (see Fig. 2 right). This is similar in
spirit to the XFEM except there is only one mesh near the cross-point [20].

The results are given in Table 2. With this simple idea (the use of graded meshes), one derives an accurate
approximation of the singular eigenfunction at low cost. Indeed, comparing Tables 1 and 2, one notices that the
error €y, is comparable using the coarser mesh of the second partition (with Ng = 304) than using the finer
mesh of the first partition (with Ny = 16 128). However, the approximation of eigenvalues associated to smooth
eigenfunctions is not improved by the use of graded meshes. On the contrary, as the order of the eigenvalues
increases, their approximations seem to be more and more degraded, which is due to the difficulty to capture
the faster and faster oscillations of the corresponding eigenfunctions.
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(a) ¢2, 16 subdomains (b) ¢2, 25 subdomains

F1GURE 3. The second non-constant eigenfunction.

7.2. PWR core

We give here some results of computations carried out with the MINOS solver of the APOLLO3®5 neutronics
code [30] developed at CEA. This industrial test models a pressurized water large reactor core with heavy-steel
reflector similar to the one described in [29]. The neutron transport equation is discretized using the multigroup
simplified Py (SPy) equations, with two groups of energy, and SP; and SP; angular orders. We recall that,
for each group, the neutron SP; equation is similar to the neutron diffusion equation, whereas the neutron S P;3
equation corresponds to two coupled neutron diffusion equations. The different homogenization steps that allow
to obtain the coefficients of this discretization on square cells lead to 229 different media. The coefficients are
thus parametrized according to the medium, the energy group and the angular order, which depend respectively
on the position, the energy and the direction of the neutrons. We refer to [23, 24, 25] for more details on the
multigroup SPy and diffusion neutron equations and the general algorithm to solve them.

The subdomains {R; }1<i<361 of the partition correspond to the 19 x 19 cells of Figure 1la. In each subdomain,
the coarser triangulation is also such that the coefficients are piecewise constant. The meshes of the subdomains
are nested.

In neutronics, the quantity of interest is the inverse of the smallest eigenvalue, which is called the criticality,
and is denoted by k.g. Below, we make comparisons on the criticality, the reference value, denoted by kz%fg being
computed on a conforming mesh made of 1.5e + 7 (resp. 7.5e + 6) rectangles in SP; (resp. SP3).

In Table 3, we present the results obtained with the MINOS solver for different levels of refinement, with
RTNg finite elements on rectangles. The data are:

e h: the meshsize,

e Ny: the spatial number of degrees of freedom of the neutron flux ¢,

e ¢ (resp. 3): the relative error made on the criticality |keg — k;g|/k£%’:, for a computation using the SP;
(resp. SP;) approximation.

e rate: the averaged rate of convergence.

Convergence rates are higher than 1, seemingly indicating the absence of strong singularities in the first
eigenfunction. Instead, we hypothetize that we are still in the pre-asymptotic regime (for the first eigenfunction):

5APOLLOS3 is a registered trademark in France.
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TABLE 3. Results with 361 subdomains.

]./h N¢ €1 €3

285 540e+5 1.3be—4 137e—4
380 9.60e+5 80le—5 879e—-5
570 2.16e+6 4.10e—5 b5.12e¢—-5
665 294e+6 3.26e—5 4.30e—5
950 6.00e+6 2.09e—5 3.1be—5
Rate h1.55 h1.22

(a) First group (b) Second group

FIGURE 4. Neutron flux.

on the one hand, the norm of the “more singular” part is small compared to the norm of the “more regular”

part, and on the other hand there are only a few degrees of freedom per characteristic length (see Fig. 1b).
Note that the DD version is parallelized in the APOLLO3® code, contrary to the plain version. Hence,

computational times are greatly reduced: we refer to [23] for the analyses of algorithms and their parallelization.
The neutron flux of the first (resp. second) group of energy are represented in Figure 4a (resp. Fig. 4b).

8. CONCLUSION

The solution of the steady-state one-group neutron diffusion equation being usually of low-regularity, the
convergence of the eigenvalues and the error estimates are not straightforward to obtain. In particular, we
provide new proofs:

e for the source and eigen-problems, with low-regularity solutions;
e for the eigenproblems, in mixed setting with non-vanishing zero-order term (X, # 0).

Notice that our results are obtained under the regular™ condition on the family of triangulations. For the DD
case, we suggest the following strategies to take into account the apparently restrictive condition on quasi-
uniform meshes on the interface, compared to the regular™ condition on the family of triangulations:
e use {ﬁi}1<¢<1\7 for DD as the orthogonal (i.e. Voronoi) tessellation of {R;}1<i<n;
e use {ﬁi}l <i<i = 1Ri}1<i<n and compute the singular part of the solution (or eigenfunction) via some
ad hoc technique (SCM, XFEM, etc.).

A possible continuation of this paper is the study of the steady-state multigroup neutron SPy problem [21].

APPENDIX A. ADDITIONAL PROOFS

We provide here the proof of three technical lemmas. A
Let (7x)n be a given regular family of triangulations. We call K := [0,1]¢ the reference element. Let h be
given. For every K € T, we denote by x = Fg(X) := AxX + bk, Ax € R4 by € R the map from K to
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K. Introducing hy = diam(K) for all K € T, one may bound [[A gl l(Ar)~1|, |det(Ag)| with respect to hg.
The change of variable formulas from K to K, and vice versa, can be found e.g. in Section 1 of [17].

Proof of Lemma 4.13. We follow Section 2 of [2]. Given ¢, € L¥, one has ¢, € H*(R), for all 4 < 1/2. By the
definition of the norm of H#(R), we have the following equalities:

2 _ 2 [¥n(x) — ¢n(y)
lonlie = lonlon + [ [ P ayax

S (lonte+ [ [ 00t gy

KeTh
2
=Sl 3 [ [ o) dyax (A1)
KeTh KeTh

Let us estimate first Y, - [[9n |7 g According to Corollary 1.138 of [17], we know that

Yo lnlin S D b Il xS huni 19nllE R (A-2)

KeTy, KeTy,

where hpin = Ignlg hg. To estimate the remaining part, we recall that, for any K € T, and any x € K, it holds
€Th

that, by going back the reference space, applying (cf. [22], 1.3.2.12) on K and then going to the physical space:

1 1
dy < ;
/72\K |x — y|d+2m poK (x)2

where pgk (x) = infyepr |x — y|. Thus we have:

(4 a (4 Un(y)l?
Jofo seittos X [ [0 M'

K'eTy
K'4K
© 2 it S
K'4K
Y (x)?
< A (. A.
< /K X (A.3)

Going back to the reference element K and introducing Un |k (X) = P(X), it stands:

(g g [ Do

K por(x)2 T K & Pog (X)*H

Because u < 1/2 (cf. [22], Thm. 1.4.4.4), ¢ — ( fK X)2py 5 (X) 72 d%)"/2 is a norm on L* = Qy 4 (K). Thanks
to the equivalence of the norms on finite dimensional vector spaces, one gets

Ui (x)? d=2u)) 7112
KWdXShK #”11[}”0’1‘('
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Finally, going back to element K, we know that ||| I_(d””t/ih”(z),z(. Hence using (A.3) and the results that

0,K S
follow, we have:

4 Y (y)[? -
L ey S 1l (2.4

Starting from (A.1) using (A.2) and (A.4), we obtain finally the global bound:

||’(/}hHM, min

As the family of triangulations is regular®, one has h_l < h(=2k which concludes the proof. O

Proof of Lemma 6.1. For | = ¢, f, we introduce the operators from the normal trace spaces (H(div,R)N
H*(R)) -nr,, to the discrete spaces of normal traces T 5 on I'f.:

{HZ,R : (H(div,R) NH*(R)) - nyr,, — Tippr,.

/ ~/
q -, = ;.-

With a slight abuse of notations, we write Il z(q; - n5%,) = @ - 155, We also introduce the operator I 5

on the vector space of normal traces of elements of Qc,h with lowest-order RTN finite element, i.e. the vector
space T eh|T of piecewise constant functions on the interface mesh defined as the trace on I'f. of the mesh used

in R Note that because the meshes are nested, the restriction of Iy g (resp., Il g and HS’R) on Ty nr,., (resp.,
on the subspaces Tt pr,, and T° ShIT where applicable) may also be considered as an orthogonal projection
operator. Denoting ¢y, = Hf,R(q n|pfc), we have:

llar - nlllor,. = [Hsr(a nr,,) - r(a-nr,,)lor,.
= |t r(a-nr,.) — e rolly r(a-nr, )or;.
= [|[(I—Ic,r)asnllor;.
<M =T g)gs.nllor.- (A.5)

As the meshes are quasi-uniform on the interface, one has h¢r,, =~ hyr, . Then, starting from (A.5), thanks to
the quasi-uniform mesh assumption for the inverse inequalities on I'y., c¢f. Lemma 10.10 of [31], we find

([3], Lem. 4.9)

llar - nlllor;. < her;.
S hCIch (hf\l“fc)_l/4 | af,n ||71/4,ch
S (hfll“fL)S/4 [ yr(a- n|37€f) |L1/4 OR
(hm) hg0m,) 4 N Bom, Iy a0,
< hf

||clfRHH(dIV Rp) ~ ||Qf HH(div,ﬁf)'

Above, we have used the continuity of the normal trace, resp. the stability of the RTN interpolant, to derive
the last two inequalities. O

Proof of Lemma 6.4. First, let us bound the norm of ||§qfc||H(div R, by [|dqsc - nllo,r;,. We use the notation
v = dqy. below. Denoting by (K;), the parallelepipeds composing the mesh on R 7, and Nt the set of indices ¢
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such that I'; := K, N I'¢. is of Hausdorff dimension d — 1, because of the definition of v it now holds

2 2 2
||V||H(div)7§f) = E ”V\KeHH(div,Kg) = § ”V\Ktz“H(div,Kg)'
¢ LENT

Then, one can bound ||v |k, [|H(aiv,x,) bY [[Vik, - nllo,r, for each index ¢ € Nr. To that aim, one goes back to
the reference element K wvia the Piola transform, which reads ([7], Sect. 2.1.3):

1

= div v(%).
det(hr,)] v V)

V|K/z(x) AKe{’(X)v div VK, (X)

1
 ldet(Ax,)]

With the help of a classical formula for the change of variables on I'y ([7], Eq. (2.1.62)), one finds after a few
elementary algebraic manipulations® that

h;@l/ (V‘Ke-n)QdF:[ (v-n)?dr,

Te r

where I'y is equal to FI;j (Ty)-
On the reference element, it holds

¥l < [ (7o @RdE,
iig

because the non-zero degrees of freedom are all located on T'. Finally, one has the classical bounds ([7], Lem.
2.1.7):

—d~ . —d 3t A
Vi 8.0, S R30G5 v vig, 15 x, S P lldiv ]|

2
0,K’
so that
—d|| ¢ -1
||V\Kg||%{(div,m) s th”VHf_I(de’f() < hm/r (V\Kg 'n)2 dr.
4
Adding up the contributions for £ € AT, one finds:

—1/2
16eselexa =,y S By 2 l0ase - nllor,.. (A.6)

By modifying the final computations in the proof of Lemma 6.1, one finds that for all 0 < e < pu:

0.0 S hepry. 1arn llor,, ([3], Lem. 4.9)

S heprye (e, ) 2 lagnlle-1j2.r,. ([31], Lem. 10.10)
e+1/2
S by

19ase -

lasnlle-1/2,r;.

e+1/2
Shy (A myr,) e 007,

e+1/2

SHTY 2 ap npg, l1jpor, (2, Thm. 2.4 and Rem. 2.5)
e+1/2 .

S 072 (gl z, + Idivayloz, ) -

‘6.7 . . . .
Since the meshes are quasi-uniform on I'., they are in particular regular.



683

684

685

686

687
688
689
690
691
692
693
694
695
696
697
698
699
700

702
703
704
705
706
707
708
709
710

712
713
714
715
716
717
718
719
720
721
722
723
724
725
726
727
728
729
730
731
732
733
734
735

32

Or,

P. CIARLET JR. ET AL.

choosing € = u — n for n > 0 arbitrary small, that

+1/2— .
18ase - nllor,. 227 (llagl, 5, + ldivarly z, ) -

Using (A.6), we conclude the proof. O
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