Manuscript Click here to download Manuscript transm_rev.pdf

Mathematical Modelling and Numerical Analysis Will be set by the publisher

Modélisation Mathématique et Analyse Numérique

LOCALIZATION OF GLOBAL NORMS AND ROBUST A POSTERIORI ERROR
CONTROL FOR TRANSMISSION PROBLEMS WITH SIGN-CHANGING
COEFFICIENTS *

PATRICK CIARLET JR.! AND MARTIN VOHRALIK?2

Abstract. We present a posteriori error analysis of diffusion problems where the diffusion tensor
is not necessarily symmetric and positive definite and can in particular change its sign. We first
identify the correct intrinsic error norm for such problems, covering both conforming and nonconforming
approximations. It combines a dual (residual) norm together with the distance to the correct functional
space. Importantly, we show the equivalence of both these quantities defined globally over the entire
computational domain with the Hilbertian sums of their localizations over patches of elements. In
this framework, we then design a posteriori estimators which deliver simultaneously guaranteed error
upper bound, global and local error lower bounds, and robustness with respect to the (sign-changing)
diffusion tensor. Robustness with respect to the approximation polynomial degree is achieved as well.
The estimators are given in a unified setting covering at once conforming, nonconforming, mixed,
and discontinuous Galerkin finite element discretizations in two or three space dimensions. Numerical
results illustrate the theoretical developments.
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1. INTRODUCTION

Let Q ¢ R? 1 < d < 3, be an open polytope (polygon for d = 2, polyhedron for d = 3) with a Lipschitz-
continuous boundary 0f2, 3 a tensor-valued diffusion tensor, and f a datum. We consider the following problem:
find v : Q — R such that

-V-(ZVu) = f in Q, (1.1a)
u=0 on O0f). (1.1b)
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In contrast to the usual setting, c¢f. Ciarlet [23], we relax the assumption of X being positive definite (and
symmetric). Such a situation arises as a model problem in electromagnetism for interfaces between dielectrics
and (negative) metamaterials or metals, see, e.g., Bonnet-BenDhia et al. [11] or Wallen et al. [53] and the
references therein. The exemplar situation is the case where 2 is composed of two subdomains €24 and _ of
nonzero measure such that ;\Q+ =04l and X|g_ = o0_1I, where 04 > 0 and o_ < 0 are two scalars and I is
the identity tensor.

We will call u € H}(Q) a weak solution of (1.1) if

(EVu, Vo) = (f,v) Vv € H} (). (1.2)

Conditions for well-posedness (existence, uniqueness, and continuous dependence on the data) of the general
problem (1.2) follow from the celebrated Banach—Necas—Babuska (also called Brezzi-Babuska or inf-sup) the-
orem, cf., e.g., Ern and Guermond [30, Theorem 2.6]. They have recently been revisited via the T-coercivity
approach, see, e.g., Bonnet-BenDhia et al. [10] or Chesnel and Ciarlet [20] and the references therein. Precisely,
the definition of an appropriate operator T is equivalent to the explicit realization of the inf-sup condition
for the exact problem (1.2). Moreover, the same technique can be applied at the discrete level. Conception of
numerical approximations, their well-posedness, and a priori error estimates have been addressed in [9,20] in the
conforming finite element context and in [21] in the nonconforming finite element and discontinuous Galerkin
context.

A posteriori error analysis for problems of type (1.1) has likewise been started recently. In particular, Nicaise
and Venel [39] bound the error between the known finite element approximation uj and the unknown weak
solution u given by (1.2) by a computable a posteriori indicator. The bound, however, features an unknown
generic constant. The dependence of the quality of the estimator on the tensor ¥ (on the ratio, or contrast,
04+ /o_ in the simplest setting) is, unfortunately, not traced; numerical experiments indicate deterioration of
the behavior (so-called non-robustness) when the contrast is approaching the set of forbidden values given by
an interval to which the value —1 always belongs. In [39], there is also a need for a discrete version of the
trace lifting operator, both in the analysis and in the implementation. The previous contributions on diffusion
problems with jumping coefficients, see Bernardi and Verfurth [6], Ainsworth [1], or [52] and the references
therein, only study the standard positive definite case.

In terms of a posteriori analysis, there are four goals of this contribution: firstly, we want to derive a posteriori
error estimates which are guaranteed, certifying the maximal error and featuring no unknown constant. Secondly,
we wish them to be robust with respect to the jumps and sign changes in the tensor ¥. The adaptive mesh
refinement based on the a posteriori error estimators developed in this work produces in particular in our
numerical experiments sequences of meshes leading to optimal decay rates for an arbitrarily singular solution.
Thirdly, we want to develop a unified framework covering all standard numerical methods. We achieve this via
the concept of flux and potential reconstructions, following Prager and Synge [42], Ladevéze and Leguillon [36],
Kelly [34], Destuynder and Métivet [26], Luce and Wohlmuth [37], and Braess and Schéberl [13] for equilibrated
fluxes, Prager and Synge [42], Destuynder and Métivet [25], Ainsworth [1], or Carstensen and Merdon [18]
for the potentials, and the unifying frameworks in Nicaise et al. [40], Repin [43], Ainsworth [2], Carstensen et
al. [16], Becker et al. [5], or [31,32,52], see also the references therein. Fourthly and lastly, in extension of
Braess et al. [12] for conforming finite elements and of [32,33] for nonconforming, mixed, and discontinuous
Galerkin finite elements, we obtain robustness with respect to the approximation polynomial degree.

The key point for obtaining the above-discussed properties is a proper choice of the way the error is measured.
For conforming (lying in the space H}(Q)) approximations, Verfiirth [49], Chaillou and Suri [19], Veeser and
Verfiirth [46], Kreuzer and Siili [35], and [29, 31, 52] used the intrinsic problem-dependent norm given by the
dual norm of the residual stemming from the weak formulation. We articulate here two goals. We first identify
a proper generalization of this concept to our setting, including nonconforming approximations u, ¢ H(Q).
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The norm in which we measure the error is in particular given by

2 2 : 2 § -1 0 2
v = max EC@’U, CQD + min C@ U—C + he He Vllle- 1.3
||| |H oe é( %IVl 1( ) ce é( )” ( )” = || [[ ]]H ( )

Here v lies in H'(7},), the broken Sobolev space, see (2.4) below, and Vj is the discrete gradient defined below
by (2.7). For v = u — uy, the first term above is the dual norm of the residual, the second one is the distance
to the energy space in a gradient seminorm, and the last one evaluates the size of the mean values of jumps
in the approximate solution wup. Secondly, we prove that |||-||| as well as both its components ||-||. (first term
in (1.3)) and ||-||% (last two terms in (1.3)) are equivalent to the Hilbertian sums of their localizations on patches
of elements. These results seem to be of independent interest, stating a local-global equivalence for norms that
are only global at a first sight. For dual (residual) norms, a result of this type has probably first been shown
in Babugka and Miller [4, Theorem 2.1.1], and may be deduced from more recent a posteriori analyses, see in
particular Carstensen and Funken [17], Morin et al. [38], Verflirth [48,50], Veeser and Verfiirth [46], Cohen et
al. [24], and the references therein, typically for piecewise polynomial approximations. It has recently been
extended in [8] to any bounded linear functional on the Sobolev space WO1 P(Q), p > 1. Galerkin orthogonality
with respect to lowest-order modes turns out to be crucial here for one direction of the equivalence. For the
distance to the energy space, our localization result seems to be new, although a clue can be again found
in a posteriori error estimates for nonconforming finite element methods on piecewise polynomial spaces, see,
e.g., [16, Theorem 5.1], the survey [32], and the references therein. We also cite Veeser [45] who recently proved
that local and global best-approximation errors in the energy norm are equivalent for piecewise polynomial
spaces. Here, we derive the localization results on the entire broken Sobolev space H'(7;,) and give direct and
minimal proofs with clearly identified constants that only depend on mesh shape regularity and on the space
dimension. This in particular gives robustness with respect to the tensor ¥ and does not request one to work
with piecewise polynomial spaces. Computable upper bounds on the generic constants are also indicated. In
a posteriori error analysis, these results allow to pass from merely global to actually local efficiency, namely
in [29,31,46,49,52] and in the references therein.

Our paper is organized as follows. Section 2 sets the notation and assumptions and identifies and examines
the intrinsic norm [||-]||. Section 3 resumes our general findings about the localization of global norms. A
posteriori estimates in an abstract framework for all standard numerical approximations of problem (1.1) then
form the content of Section 4. Finally, Section 5 illustrates our theoretical developments on two numerical
examples, whereas Section 6 gives some concluding remarks and outlook.

2. SETTING

This section introduces the notation, assumptions, and discusses in detail the choice of the way we will
measure the error in numerical approximations of problem (1.1).

2.1. Notation

Let {Tx}n be a family of simplicial partitions of the domain Q, i.e., Uger, K =  for all T, any element
K € Ty, for any mesh Tj, is a closed simplex, and the intersection of two different simplices in one mesh 7 is
either empty, a vertex, or their common [-dimensional face, 1 < < d — 1. The set of vertices will be denoted
by Vy; it is composed of interior vertices V}Lnt and vertices located on the boundary Vi**. For element K € Tj,
Vi denotes the set of its vertices. For a vertex a € Vy, T, stands for the patch of the elements of 7; which
share a, for w, the corresponding open subdomain, and 1, for the continuous, piecewise affine “hat” function
which takes value 1 at the vertex a and zero at the other vertices.

The mesh (d — 1)-dimensional faces are collected in the set &, with interior faces £ and boundary faces
Es¥t. A generic face is denoted by e and its diameter by h.. For any e € &, n. stands for the unit normal
vector to e; the orientation is arbitrary but fixed for e € £i" and points outwards of Q for e € £, We will
use the jump operator [-] yielding the difference evaluated along n. of the traces of the argument from the two
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mesh elements that share e € £™ and the actual trace for e € £*. Similarly, {-} stands for the mean value of
the traces from adjacent mesh elements on faces from £ and the actual trace on £X'. We denote by 112 the
L?(e)-orthogonal projection onto constants (mean value) on a face e € &.

For a d-dimensional subdomain w of Q, we use (-,-),, to denote the L?(w) or [L?(w)]? scalar product and
I]l for the associated norm; shall w = €, the subscript is dropped. For (d — 1)-dimensional subdomains, we
similarly use (-, ), and ||||-

2.2. Assumptions
Throughout the paper, we shall suppose the following;:

Assumption 2.1 (Setting). We suppose that

o the family {Tp}n is shape regular in the sense that there exists a constant kT > 0 such that, for all
triangulations Tp, maxgeT, hix/ox < k1, where hk is the diameter of K and o 1is the diameter of
the largest ball inscribed in K

° ; c [LOC(Q)]dXd;

e f€ L2(Q);

e there exists a linear bijective operator T : HE(Q) — HY(Q), cf. [20, Definition 3], bounded in the sense
that ||V (Tv)|| < [|IT||[|Vv| for all v € HE (), ||T|| < oo, and such that the bilinear form in (1.2) is
T-coercive in the sense that (XVv,V(Tv)) > a|Vol||? for all v € H} (), a > 0.

Then one immediately obtains:

Corollary 2.2 (Weak solution). Under Assumption 2.1, there exists a well-posed solution of problem (1.1) in
the sense (1.2). It satisfies u € H} () and o := —XVu € H(div, Q) with V-a = f.

2.3. Intrinsic norm in the conforming setting

Let, for the moment, v € H}(Q) and Vo = V. The weak formulation (1.2) and Assumption 2.1 suggest the
intrinsic norm

[[v]]« :== max (BVov, V); (2.1a)
PEH(Q); | Vel=1

this writing takes immediately the form we need in this paper, for v from the broken Sobolev space H'(T;) and

the discrete gradient Vg defined below. We define the local versions of (2.1a), for each vertex a € V}, and the
corresponding patch subdomain w,, as

V]| 4w == max (EVov,V),.- (2.1b)
PEHG (wa); [Vellwa=1

For v € H}(Q), the Cauchy—Schwarz inequality implies

(XVv, V(Tv))

< ol < IZVoll Vv e Hy (), (2.2)
IV (To)]| ’

and the boundedness and coercivity of the operator T and the boundedness of the tensor X allow to further

confine
o

Il

so that ||v]|s is indeed a norm on the space H{(f2), equivalent to the canonical norm ||Vv|. Note, however,
that the equivalence constants ﬁ and || Xl are setting- and problem-dependent (not robust), see Remark 5.1

IVoll < flolls < |1 Zlloll Vol Vo € Hy (), (2.3)

below for a discussion of a particular example. Remark also that (XVwv, Vv) may become negative, which
excludes the notion itself of an energy norm; on the other hand |[v||. = ||[Vv]| in the case where X = I, so that
lv]|« is a natural extension of the canonical norm of the Laplace operator.
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2.4. Broken Sobolev space and broken and discrete gradients

In order to make our analysis as general as possible, taking in particular into account nonconforming and
discontinuous Galerkin methods, we will henceforth often work with the broken Sobolev space H!(T},) related
to the mesh Ty,

HYTh) = {ve L*(Q);v|x € HY(K) VK €T} (2.4)

The corresponding broken gradient Vy, is given by, for v € H'(Tp,),
(V})U)|K = V(’U|K) VK € 'Th; (25)

one simply applies the usual weak gradient elementwise. All the analysis of the present paper holds for the
broken gradient V},. Unfortunately, with Vy,, it is not possible to directly apply our results to certain numerical
methods. Indeed, we will need to suppose Assumption 2.4 below, and this typically does not hold with Vi, for
certain discontinuous Galerkin methods. For this reason, following [32,33], we are lead to present our results
for a further generalization of the concept of the broken gradient.

For each face e € &, let T, regroup the (one or two) mesh elements sharing the face e. We let VO(T,) stand
for piecewise constant vectors on Tg, i.e., vi|g € [Po(K )]d for all K € T.. Alternatively, vectors v, such that
Vilr € [Po(K)]% + Po(K)x for all K € T, (piecewise lowest-order Raviart-Thomas-Nédélec space) could also
be used. In both cases, vy n, is constant for v, € VO(T.). Let v € H'(T;). Following, e.g., Di Pietro and
Ern [27, Section 4.3] and the references therein, where these concepts are often employed, we define the lifting
operator I, : L?(e) — V°(T,) by

(), vi) 7. = ({vadne, [ol)e  Vvi € VO(T0). (2.6)

We then extend [.([v]) by zero outside of T;. For a parameter 6 € {—1,0, 1}, the discrete gradient Vov € [L?(Q2)]?
is given by

Vv := Vv —0 Z Lo ([v])- (2.7)

ecép

We observe that Vv = Vv when 6 = 0 or when the jumps of v are of mean value 0, i.e., {[v], 1) = 0 for all

e € &,. Similarly, both broken and discrete gradients are consistent extensions of the weak gradient V in the
sense that

Vov=Viyw=Vv Yoe HiQ). (2.8)

2.5. Nonconformity evaluation

An important observation is that ||-||. given by (2.1a) is merely a seminorm on the broken Sobolev space
HY(Ty). Consequently, it is not sufficient to evaluate the error therein, and we are lead to quantify the non-
conformity H(7,) ¢ H}(Q). An intrinsic measure here is simply the distance to the energy space H}(Q),
minge i) [Vo(v — ()| for v € H(Ty). As in this expression, only the gradient seminorm appears, we are
finally lead to evaluate the nonconformity as

o]l = Cell{lli}(lmHVe(v —QIP+ D hMT]IZ v e HY(Th). (2.9a)
o eely

The second term with the mean values of the jumps on the faces given by II2[v] ensures the validity of the
broken Poincaré—Friedrichs inequality and plays a key role in Lemma 2.3 below. Note also that scaling both or
one term in (2.9a) by generic constants is possible. As local versions of (2.9a), we define

[0, = _min [Vo(v=OlE, + > AT (29b)
CEH (wa) ec&n,ace
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for each vertex a € V}, and the corresponding patch subdomain w,. Here

H(wa) = H' (wa), ac Y, (210)
H%&(wa) = {v € H'(wa); v =0 on dw, NN}, ac V>, .
2.6. Intrinsic norm
Combining (2.1a) and (2.9a), we define the total intrinsic norm as
Mol = oll2 +llvll% v e H'(Th). (2.11)

We have the following simple but crucial result:

Lemma 2.3 (Intrinsic norm). Let the broken Sobolev space H'(T;,) be given by (2.4) and the discrete gradient
Vo by (2.7) with 0 € {—1,0,1}. Then |||-||| given by (2.11) defines a norm on H(Ty).

Proof. Clearly, [[|av||| = |afl[|v|ll and |[|v + w||| < [[|[v|ll + |[|w]]] for any o € R and any v,w € H'(T,). Let now
[[lu]]] = 0. Then the second term in (2.9a) implies that the jumps of v are of mean value 0, ([v],1). = 0 for all
e € &, and thus Vo = V. Consequently, for s := argmingc i (o) [|Vo(v — ()|, the broken Poincaré-Friedrichs
inequality

[ =]l < Copr.ahallVi(v —s)ll;
see Brenner [14] or [51], implies from the fact that the first term in (2.9a) vanishes that v = s and thus
v € H}(Q). Finally, the equivalence (2.3) valid on the energy space H}(2) shows that indeed v = 0. O

2.7. Evaluating the error by the dual norm of the residual and the distance to the energy
space

When X = I, there holds, for arbitrary u € H}(Q) and up € H(Ty),

Vo(u—up)|? = Vo(u—up), V)2 4+ min ||[Vo(ur —O)|?, 2.12
Vo(u —up)|l «peH(}(%?ﬁ(Vgoﬂzl( o(u —up), Vo) gerﬁé?m” o(un — Q)| (2.12)

see Theorems 3.3 in [28,32] and the references therein. Note that the present definition (2.9a) implies

Ju=wnl = _min [90((u =) = OIF + 3 b T — unl
0 e
) - (2.13)
= min |[Vg(up — + he I [un]llz,
min [¥o(un ~ QI+ 3 by ]

e€céy

since u € H}(Q) and since its jumps are zero. Thus ||u — up||4 is a distance of uy, to the space H}(2) and it
simplifies to the energy distance mingcpi(q)l|Ve(un — Q)|| = minge (o)l Vi(un — ¢)|| whenever the jumps of
up, are of mean value zero, (Jup],1)e = 0 for all e € &,. For X = I, our intrinsic problem-dependent error thus
takes the form

= unl]® = [lu = unll? + lu = unll% = Vo (w —wn)l* + Y o 1T [un] |2,
e€ly

so that in particular |[[u — up||| = ||[Ve(u — up)|| whenever the jumps of u; are of mean value zero. In what
concerns the first term ||u — up||«, using the dual norm definition (2.1a), equivalence (2.8) on H}(2), and the
weak solution characterization (1.2), it takes the form

U — uplls = max ,0) — (XVoun, V)i,
ulle =, s  {(7) = (EVouw. Vo))
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so that this is nothing but the dual norm of the residual. Note that only this term remains whenever uj, € H}(Q);
in this case |[|[u — up||| = ||Ju — up||«.

2.8. Orthogonality with respect to the hat functions

We conclude this introductory section by an assumption that will be crucial for some of the forthcoming
results:

Assumption 2.4 (Galerkin orthogonality with respect to 1,). There holds

(Eveum v¢a)wa = (fv wa)wa Va € V}ILnt

This assumption is naturally satisfied in most Galerkin numerical approximations of problem (1.1), namely
in various conforming, nonconforming, and discontinuous Galerkin finite elements. Application to mixed finite
elements can be achieved along the lines of [32, Section 4.4].

3. EQUIVALENT LOCALIZATION OF GLOBAL DUAL AND DISTANCE NORMS

This section shows that two types of global norms, dual norms on the space H}(Q) of the form ||-||. of (2.1a)
and distance norms of the form ||-||x of (2.9a), admit an equivalence with their local versions of the respective
forms ||*]|«,w, Of (2.1b) and ||-||4.w. of (2.9b). Let us note immediately that Assumption 2.4 is central for one
direction in the first case. This may be seen as an extension of some previous results in [4,17,24,31,32,38,46,48,50]
to the broken Sobolev space H'(T}) of (2.4). The presentation below is not necessarily linked to a posteriori
error analysis and we find it of independent interest. We give direct and minimal proofs, with clearly identified
constants that only depend on the mesh shape regularity x7 and space dimension d. All results here actually
hold for any space dimension d > 1.

3.1. Some useful local inequalities

Some more definitions and tools will now be needed. Let first the patchwise Sobolev spaces be given by

Hi(wa) = {U € Hl(“a); (Ua 1)wa = 0}7 ac v}iLnt, (3 1)
Hl(wa) :=={v € H'(wa); v=00n 0w, NN}, ac V. '
It follows from [17, Theorem 3.1], [12, Section 3], see also [32, Lemma 3.12], that
|V(%av)lwa < Ceont, PRI VV||wy Vo € Hi (wa), Va € Vg, (3.2)
where
Ccont,PF = Hé%x{l + CPF,wahwavaa”oo,wa} (33)
acVy,

only depends on the shape regularity parameter x5 and possibly on the space dimension d. Here Cpr ,, is the
Poincaré—Friedrichs constant from

[Vlla < CPPuwaha[VUllws Vo € Hy(wa), (3-4)

see Payne and Weinberger [41] or Veeser and Verfiirth [47].
Similarly, it follows as in [32, Lemma 3.13] and [33, Section 4] that

1/2
[V (¥av)[lwa < Ceont,bPr (”thnwa + { Z he_1||H2[[U]]§} )a (3.5)

ecy,ace
Yo € H'(T,) with (v,1),, = 0 when a € VI" Va € V),
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where Ceont,bPr = MaXacy, {1 + CbPF w, hw, || V¥l co,ws } only depends on the shape regularity parameter 7
and possibly on the space dimension d. Here Cypr,,, is the constant from the broken Poincaré-Friedrichs
inequality

1/2

1ollon < Coprwahion | IVb0lE, + > RTRWIIZ )

ec&y,ace

Yo € HY(T,) with (v,1),, = 0 when a € V",

see Brenner [14] or [51].
Finally, as the spaces VO(7.) in the definition (2.7) of the discrete gradient consist of low-order polynomials,
the inverse inequality gives

[vinele < Cuwh 2 ville VK € Th, Ve € Ex, Yvi € VO(T2), (3.7)
where Cj,, only depends on k7 and d.

3.2. Localization of dual (residual) norms

The following is our localization result for the dual norm of the residual ||u — up||« defined by (2.1a), with
the patchwise contributions ||u — up ||+, given by (2.1b):

Proposition 3.1 (Localization of the dual norm of the residual). Let u be the weak solution given by (1.2) and
let up, € HY(Ty) satisfying Assumption 2.4 be arbitrary. Then

1/2
lw — upll« < (d+ 1)1/20cont,PF{ Z |lw — uh”i,wa} , (3.8a)

aeVy,

1/2
1
{d+1 Z |uuh||z,ws} < ||7.L7UhH*. (38b)

acVy

Remark 3.1 (Bound (3.8a) with patchwise constants). Using Ceont,PF.wa = {1 + CPF waPw, ||V¥allcowa }
in (3.8a) in place of Ceont,pr, the slightly sharper bound

1/2
lu—unll. < (d+ 1)1/2{ ) csont,PF,wauhi%} (3.9)

aeVy,

immediately follows.

This proposition is an immediate consequence of the following general theorem of independent interest. Recall
that Ceont,pr is the constant from inequality (3.2):

Theorem 3.2 (Localization of a dual norm with 1,-Galerkin orthogonality). Let v € [L?(Q)]?. Then, under
the hat functions orthogonality condition

(V,Vta), =0  Va e Vint, (3.10)

there holds

max v, V)2 < (d+1)C%, max v,Vp)?2 . 3.11a
senyvprm (V) = (0D e a;h senyo itV P 1)



TITLE WILL BE SET BY THE PUBLISHER 9

There always holds

max v,Vp)? <(d+1 max v, V)2 3.11b
a;h soeHé(wa);HVwHWaﬂ( o = )soeHé(Q);HVsaHﬂ( ) ( )

Proof. Let ¢ € H}(Q) with [|[Ve| = 1 be fixed. The partition of unity by the hat functions ta, Zaevh Yo =1,
and the Galerkin orthogonality with respect to ¥, expressed by (3.10) give

(V7 VQO) = Z (V7 V(wa‘p)) = Z (V, V(lpa@))wa

acVy, acVy,
= 3 W Va —Toe)on + 3 (¥, V(a9
agyint agVpxt

where I, ¢ is the mean value of the function ¢ on the patch w,. There holds (¢ — Il w, ¢)|w, € H1(wa) for
the space H}(wa) given by (3.1) and (Ya(¢ — Ho.wa®))|w. € Hi(wa) for an interior vertex a € Vi, Similarly,
©lwa € H} (wa) and (Ya)|w, € Hg(wa) for a boundary vertex a € Vi*. Thus, passing to a maximum and using

inequality (3.2) yields, for any interior vertex a € Vint,

(6, Tl = o)) = IVl = Tl (v, o 2B

< [[V(®ale = Howa®))llwa max (v, Vo)w
WeHé(wa)§ HVS"”Wa:]‘

<C V(ip—1I max v,V
< Conner | V(e = Mol x0Tl
- cont,PF||v‘;0||wa max (V7 v@)wav

PEHG (wa); [Vellwa=1

finally employing that the gradient of a constant vanishes. A similar estimate holds for a € Vi**. Thus, the
Cauchy—Schwarz inequality gives

(v.V9)? < Clnepr D IVellZ, D max (v, V)i,
5= 55, eHY(wa)i [Vellwa=1

Now the fact that each simplex has d + 1 vertices gives

DAVeld. = D IVeli= > > IVeli = (@+1)Vel?, (3.12)

acVy acVy, K€Ta KeT, acVi

so that the premise |[Vyl|| = 1 finally yields (3.11a).
The converse estimate (3.11b) does not need the hypothesis (3.10). Let a € V), and let (* € H}(wa) be
defined by the lifting

(v¢s, v‘P)wa = (v, V‘P)wa Vp € H(} (wa)-

Then

Vv, V(*)w. = (VC*, V(). = max V(2 V)2 = max v, V)2 .
( o = (VE,VEY) soEHé(wa);HVvaa:l( Ve WEHé(wa);val\wa:l( Plin
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Consequently, taking ¢ :=>_ .y, (* € H(Q),

Z max (V, V@)E)a = Z (V7 Vé-a)wa = (Va VC)

H} (wa); wa=1
acy, P€ 0 (Wa); [IVellwa aevy,

< max
PEH(); [Vell=1

(v, Vo)llvel,

where we finally passed to the maximum. Noticing that

IVCIP = D0 11D (V¢ ke

KeTy"aeVi

2

<(d+1) Y IVEIE,,
K

acVy,

we arrive at (3.11Db).

O

Remark 3.3 (Further generalization). Theorem 3.2 has recently been extended to any bounded linear functional

on the Sobolev space Wy P(Q), p > 1, in [8].

3.3. Localization of distances to the energy space

Recall that d is the space dimension, Vi, is the broken gradient given by (2.5), Vg is the discrete gradient
given by (2.7) with the parameter § € {—1,0,1}, and that the constants Ceont,bpr and Ciy, are respectively
given by (3.5) and (3.7). It appears that the distance ||u — up||x defined in (2.9a) admits a similar localization
property for the contributions ||u—up || 4,4, defined in (2.9b), as this was the case for ||u—up ||« in Proposition 3.1:

Proposition 3.2 (Localization of the distance to the energy space). Let u € H}(Q) and up € H(Ty) be

arbitrary. Then

lu—unll% < Coe D llu—unllZ.,
acVy,

Dol — G, < (@4 1)llu—up|%,
aeVy,

where
9 1

1
Cl2oc = S(d + l)ccont,bPF + = (2|9‘2(d + 1)Cvlznv + 1) + g (8|9|2(d + 1)3030nt,bPFCi2nv)'

d

To prove this result, the following theorem of independent interest will be crucial:

Theorem 3.4 (Localization of a global distance for jumps of mean value zero). Let v € H(Ty).

the jumps of v have zero mean values, i.e.
([v],1)e =0 Ve € &y,

there holds

min ||V, (v —Q)||? < (d+1)C2, min |V, (v — Q)2
CeHé(Q)” b( I < ( ) t’bPFaethEH#(“’a)H b( Moa

There always holds

min ||V (v = i <(d+1) min [|[Vy(v— O
3 opin, IV = Ol < @+ D) i 190 =

(3.15b) also holds for the discrete gradient Vg in place of the broken gradient V.

(3.13)

Then, when

(3.14)

(3.15a)

(3.15b)
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Proof. The second claim (3.15b) is immediate, as local-best approximation is always subordinate to the global-
best one:

Y. min [[Vi(w=()2, < min ZIIVMJ* )z, = (d+1) min [[Vy(0—Q)*

acv, CEHY (wa) CEH(Q ath CEH ()

In the inequality, we have used that restriction of any ¢ € H{}(Q2) to the patch subdomain w, for any vertex
a € V, lies in the space H#(wa) given by (2.10); in the equality, the fact that each element K € T}, lies in
(d + 1) patches has been employed as in (3.12). This estimate is obviously the same for Vv replaced by Vouv.
The rest of the proof is thus dedicated to showing the first claim (3.15a).

Let, for a given vertex a € Vy, s® be defined by the orthogonal projection of the function ¥,v onto the space
H (} (wa),

a._— Vi (av — ; 3.16
s arg(églll(ﬂ [V (¥av — ) lwa (3.16)

equivalently, s® € H}(wa) solves

(Vs*,VQ)w = (Vi (¥av), V()w, V¢ € H& (wa)-

Extending s® by zero outside of w, and setting s := > s® € H (), we have, also employing the partition

of unity >,y Valx = 1K,

acVy

fglln Voo =OI* < [Viw=9)1? = D [Vilv—9)l%
CeHo () =
2 (3.17)
= S| T Gt =l | < @) IV - I,
KeTp''aeVg acVy,

The fact that ¢a( € Hg(wa) for any ¢ € Hy(wa) gives from (3.16)

Vi (thav — 8%)[lwa < Ce;g;f(wa)llvb(iba(v ~ Ol (3.18)

Let H, ,(wa) := Hy(wa) fora € Vi** and H, ,(wa) == {¢ € Hj(wa); ((, Dw, = (v,1)w, } fora € V. Introduc-
ing thls space allows us to restrain the arguments to mean Value zero on vertices a € V‘m, so that we can employ

inequality (3.5). Therein the jumps actually disappear thanks to the present simplifying assumption (3.14). In
combination with the Cauchy—Schwarz inequality, we obtain

f V) a - w S i f v) a - w
el Vo0 = Ollew < il 19000 = Ol

< C’con s i \4 - w
< t,bPF geHr{lm( V(v = O)lwa (3.19)

.0 (Wa)

= Ucont,bPF min Hvb( - C)”Wa’
CEH#

in the final equality, we have employed that the gradient of a constant on the patch w, vanishes. Collecting
these results finishes the proof. O

Proof of Proposition 3.2. The equality

S0> 0 hM]Z =d > T2 Vo e H'Y(Th) (3.20)

acV, eefy,, ace eelp
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follows immediately from the fact that each face is shared by d vertices. The second claim of Proposition 3.2 then
follows from inequality (3.15b) employed for the discrete gradient Vy and using definitions (2.9a) and (2.9b)
together with property (2.13). We now turn to the proof of the first claim of Proposition 3.2.

Let v € H'(T;,) be arbitrary (not subject to condition (3.14)) and recall that by definition (2.9a), one has
oll3, = minge g1 ()| Vo(v — ONI? + Xeee, b HIM2o]||2. From (3.20), the jump terms immediately take the
local form requested in (2.9b). Denote s := argminge g1 (o) [|Vo(v — Q)| and sz := argminee g ()| V(v — Q)|
The minimization property of s; together with the discrete gradient definition (2.7) and the fact that the jumps
of so are zero give

2
< 2[|Vi (v = s2)[|* +2/6)*

2
. (3.21)

> k(oD

IVo(0—s1)[I? < Vo(v—s2)[* = Hv v=s2) =0 L
e€éy,

e€éy,

Recall that T, regroups the mesh elements sharing the face e. Employing the definition (2.6) of the lifting [.([v]),
the facts that [.([v]) is only supported on 7. and that vj,-n.|. is constant for v, € VO(T,), the Cauchy—Schwarz
inequality, and the inverse inequality (3.7), we easily infer, for each face e € &,

[Ite([v])

_ sup (Ie([vD), vi)T.
v €VO(To); IvirllTe =1

— sup {vr}ne, [v])e

vheVO(Te); Ivallre=1

= sup v} ng, Tv])e.

vheVO(Te); lIvallr. =1
< Cinvh';l/QHHS[[U]] He'

Consequently, since every simplex has d + 1 faces, we can estimate the last term in (3.21) as

S| = D[ D] v @+1) Y > (DI
e€&y KeThllee€k K KeT, e€€k (3,22)
+1) Y (D17, < (d+1D)Ch, D> b T2]2.
e€ly e€ly

Finally, for the bound on ||V},(v — s2)||, we use that ss is the minimizer for the broken gradient V), and proceed
as in the proof of Theorem 3.4. In particular, both (3.17) and (3.18) hold true, whereas in (3.19), we need to
employ inequality (3.5) without assumption (3.14), yielding

1/2
inf [V (¢a(v — ) flw. < Ccont,bPF( mln ||vb(v = Olwa + { Z he_1||Hgﬂv]]||§} ) (3.23)

1
CEH , (wa) # ecy,ace

Consequently,

IV (0 = s2)I* < 2(d+ 1) Comippr D, { min IIVb(v— Ol + D he 1IIHO[[U]IIQ}

Hl
acVy ce ec&y,ace
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This already gives an upper bound with a local minimization structure, and we are left to make reappear the
discrete gradients in place of the broken ones. In order to do so, we proceed similarly to (3.21),

2
Y. min V(v —QllZ, <2 G Oz, +20612 > || D e
acy), CeH (wa) acvy, #( acVyllecéy, (324)
<2 min [[Vo(v—Q)[1Z, +2/61°(d+1)°Ci, Y he 1||HO
acV; CEHy (wa) e€é

where we have used .y, 1> e, l([WDII2, = (d+ DX e, le([v])]|? like in (3.12) and (3.22). Altogether,

ol < GRe 3 {Cegllinw Vo= Q2+ 30 Ime v]1||2}

acVy, #(wa ec&y,ace
where CloC is given by (3.13), and the proof is concluded using the property (2.13) to apply the derived result
to v =u—up. O

4. GUARANTEED, ROBUST, AND LOCALLY EFFICIENT A POSTERIORI ESTIMATES IN A
UNIFIED FRAMEWORK

We present in this section our a posteriori estimates on the error in a numerical approximation of prob-
lem (1.1). The estimates give guaranteed global error upper bound (global reliability). Crucially, we achieve
all robustness with respect to the jumps and anisotropy of the diffusion tensor X, robustness with respect to
the approximation polynomial degree, and local error lower bound (local efﬁ(:lency) the latter in consequence
of the localization results of Section 3. Our results are presented in an abstract framework, following [31-33].
This enables to cover at once basically any classical numerical method, in particular all types of conforming,
nonconforming, mixed, and discontinuous Galerkin finite elements. The key idea is to build a piecewise polyno-
mial H}(Q)-conforming potential reconstruction and a piecewise polynomial H(div, 2)-conforming equilibrated
flux reconstruction, in extension of the methodology developed in [1,2,5,13,18, 25,26, 34, 36, 37,40, 42, 43, 52]
and the references therein.

4.1. Flux and potential reconstruction

Let P,(7r), p > 0, stand for piecewise polynomials on the mesh 7, of total degree at most p; we will denote
by II,, the L?(2)-orthogonal projection onto P,(73). For vector-valued functions, the Raviart-Thomas—Nédélec
mixed finite element spaces will be used; RTN,(75,) := {v;, € [L*(Q)]%vi|x € RTN,(K)}, p > 0, with the
local spaces RTN,,(K) := [P,(K)]¢ +P,(K)x, K € Ty, see Brezzi and Fortin [15] or Roberts and Thomas [44].

To obtain an H(div, Q)-conforming flux reconstruction, we solve homogeneous local Neumann (Neumann—
Dirichlet close to the boundary) problems over patches of elements 7, via the mixed finite element method:

Definition 4.1 (Equilibrated flux reconstruction). Let u, € H'(T},) satisfy Assumption 2.4. For all vertices
acV,, set

V&= {v;, € RTN,(Ta) N H(div,wa); vy, =0 on Owa},
Q7 = {an € Pp(Ta); (gn, Dwa = 0},

V&= {v, € RTN,(Ta) N H(div,wa); vip-n,, =0 on Owa \ 081},
Qf = Pp(Ta),

t
eV”‘,

€ VXt
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Then prescribe o3 € Vi and 75 € Q% by solving
(627Vh)wa - (’Fia v’vh)wa = 7(¢a§v9uh;vh)wa vvh S Vz, (41&)
(V‘O’Z, Qh)wa = (waf - EVOUh'vwav qh)wa VQh € Qi (41b)

and define, after extension by zero outside of wa,

oy = E o,

acVy

To obtain an HE(Q)-conforming potential reconstruction, we solve homogeneous local Dirichlet problems
over patches of elements 7, via the finite element method:

Definition 4.2 (Potential reconstruction). Let up, € H*(T,). For all vertices a € Vy,, set
Wi = Ppi1(Ta) N Hy (wa)-
Then prescribe sf € W2 by solving
(Vs Vin)wa = (Vo (Yatin), VCh)w, Y € Wi (4.2)

and define, after extension by zero outside of wa,

Sp = E S5

acVy,

The two above constructions yield a piecewise vector-valued polynomial o, € RTN,(75,) N H(div, ) and a
piecewise scalar-valued polynomial s;, € P41 N HJ(Q). It is easy to verify that, crucially,

Voo, =11/, (4.3)
see [13] or [32, Lemma 3.5]. Problems (4.1) and (4.2) actually admit local minimization characterizations, see,

e.g., [32, Remarks 3.7 and 3.10] and [33, Corollaries 3.1 and 3.3]:

Remark 4.3 (Local minimizations). Problems (4.1) and (4.2) can be equivalently rewritten as

o2 :=ar min YXVoup +v Va eV 4.4a
h gvheV%V‘vhzﬂQz(waf—gveuwvwa)”waf otn + Vil " (4.42)

sh=arg Chrrelivll}aﬂVb(wauh — ) |lwa Va € V. (4.4b)
W EW

Remark 4.4 (Discrete and broken gradients). In practice, one could also choose s, := arg min, ewa||Vo(atn—
Ch)llw. instead of (4.4b). The current choice is motivated by the key property (4.7b) below which enables to
prove the (local) efficiencies in Theorem 4.8.

In practice, the approximate solution uy, is a piecewise p-degree polynomial, see Assumption 4.6 below. This
fixes the degree p in Definitions 4.1 and 4.2.

4.2. Guaranteed error control

We present here our a posteriori error estimate on the intrinsic error |||u — uy||| given by (2.11), still merely
under Assumption 2.4, in the very abstract setting u, € H*(Tj). Define the data oscillation estimators

h
Mose. = ||/ =Ty fllc, K €Th.
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It follows as in [32] and the references therein that:

Theorem 4.5 (A posteriori estimate in a unified framework). Let u be the weak solution of problem (1.1) given
by (1.2). Let up, € H'(Ty) satisfying Assumption 2.4 be arbitrary. Consider the equilibrated fluz reconstruction
of Definition 4.1 and the potential reconstruction of Definition 4.2. Then the error u —uy measured in intrinsic
norm (2.11) can be estimated by

= unll? < 3 (Vs + onllic + oo ) + 3 V000 — sl + 32 b IOl (45)
KeTn KeTn e€&y

Proof. We present the proof for self-containedness. From (2.11), we need to bound ||u — uy||? and |ju — uh\@
separately. Using the definition of the dual norm (2.1a), the definition of the weak solution (1.2), and the
consistency property (2.8), we derive

—up . = BV (u—up), Vip) = L) — (BVour, Vo)) (4.6
lo—unlle =, e (BVelw—un), Vo) = max ~{{fi¢) = (EVoun, Ve)}.  (46)

Next, we add and subtract II,f and employ the crucial divergence property (4.3) of our equilibrated flux
reconstruction o, as well as the Green theorem (V-op,, )+ (o, Vi) = 0, since o, € H(div, Q) and ¢ € H}(Q).
This leads to

u—upll. = max =1L, f, o) — (XVup + o,V
fu—unlle = max (=T ) o)}

max f—=1,f, ¢ —Top)x — (EVeun + on, V)i }.
PEHY(); kule;rh{( r J

From here, the elementwise Poincaré inequality || — Hop||x < 25| Ve|/k, cf. (3.4) (note that simplices are
convex yielding the constant 1/m), and the Cauchy—Schwarz inequality lead to the first term of (4.5). The
second and third terms of (4.5) follow immediately from the definition (2.9a) applied to [[u — up||%. Indeed,
using (2.13), it is enough to note that the potential reconstruction s;, € HE (), so that we can use it to bound

the first term on the second line of (2.13). d

4.3. Robust (local) efficiency

We now prove the converse statement to Theorem 4.5, and this locally in the neighborhood of each mesh
element. Results of Section 3 are of course crucial here, stating that the intrinsic norm (2.11) in which we
measure the error indeed admits a local structure. For this local efficiency result, we need to suppose that the
approximate solution uy is a piecewise polynomial of the degree p, which fixes the polynomial degree used in
Definition 4.1 and 4.2:

Assumption 4.6 (Piecewise polynomial approximation). The approzimate solution uy, is a piecewise polynomial
of degree p > 1, up € Pp(Th).

Moreover, we henceforth also assume that the diffusion tensor X is piecewise constant (possible generalizations
are described below in Remark 4.10):

Assumption 4.7 (Piecewise constant diffusion). The diffusion tensor X is piecewise constant with respect to
the computational mesh T,.

The crucial ingredient for local efficiency under Assumptions 4.6 and 4.7 are the following two stability results
for the problems (4.1) and (4.2), shown respectively in [12, Theorem 7] and in [32, Corollary 3.16] in two space
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dimensions and extended to three space dimensions in [33, Corollaries 3.1 and 3.3] (recall that the space H}(wa)
is given by (3.1)):

12XV oun + o7 [|lwa < Cs {=(aZVoun, Vo)u, + [p(¢af) = EVoun-Viha, @)u,
(4.7a)

)llvb(wauh ~ Ollwa- (4.7b)

+ max
PEHL (wa); IVpllwa =1

min |V Up, — < min
cheW;':H b(Yatn — Ch)llwa < et

Here Cy is a constant that only depends on the mesh shape regularity 7+ and on the space dimension d.
A computable upper bound on Cg; is given in [32, Lemma 3.23]. Note that (4.7b) is stated for the broken
gradient (2.5).

Define a local efficiency data oscillation term

h
ﬁong = 7K||¢af - Hp('(/}af)HK7 K e 7717 (48)

together with flgsc := {ZKeTh (ﬁOSC’K)Q}I/? Recall that the dual norm of the residual ||u — up||« is defined
by (2.1a) and it localizes following Proposition 3.1; the distance to the energy space ||u—up|| is given by (2.9a)
and it localizes following Proposition 3.2; the broken gradient is given by (2.5) and the discrete gradient by (2.7);
the constants Ceont pF, Ceont,bpF, and Cloc are respectively given by (3.2), (3.5), and (3.13). We then have:

Theorem 4.8 (Local and global efficiency and robustness for Theorem 4.5). Let u be the weak solution given
by (1.2), let up, satisfy Assumptions 2.4 and 4.6, and let Assumption 4.7 on the diffusion tensor be satisfied.
Then, for oy given by Definition 4.1,

1/2
||ZVGU}L + o'hHK S Cstccont,PF Z ||’U, - uh”*,wa + Cst Z { Z ﬁgsC,K’} VK ¢ 77“ (493)

aceVgk acVkg \K'e€Ta
||§v0uh + Uh” < (d + 1)Cstccont,PF||u - uhH* + (d + I)Cstﬁosc- (49b)

Similarly, for sy given by Definition 4.2, when ([up],1). =0 for all faces e € &y,

Hvl)(uh - Sh)”K < C(stC(cont,‘bPF Z HU - uh”:/‘iﬁ,v.za VK € ﬁ; (4103)
acVg
HV[,(U}L - Sh)” § (d + ]-)Cstccont,bPFHu - uh”# (410b)
and in general
||Vg(uh — 5h>||K < Csi Cloc Z Z ||u - uh||#’wa, VK € T, (4.118,)
acVk a'€wa
||V9(uh - Sh)” S (d + 1)1/QCStClOCHu - uh||#. (411b)
There always holds
he VP TR[uplfle = b V200w — wnllle Ve € En. (4.12)

Proof. Assertion (4.9a) follows as in [12, Theorem 1], ¢f. also [32, Theorem 3.17], whereas inequality (4.9b) can

be shown as in [32, Lemma 3.22]. As (4.12) is straightforward, we only prove inequalities (4.10) and (4.11).
Let first (Jun],1)e = 0 for all e € &, so that in particular Viyup = Vguy in Q. Fix an element K € 7.

Using Definition 4.2 of si that yields (4.4b), the potential reconstruction decomposition sp|x = > cy,. Shlr,
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the partition of unity by the hat functions ZaGVK Yalk = 1|k, the triangle inequality, and enlarging the
integration set, we infer

IV (un = sn)lx = || D (Vo(aun — i)k D Vo (@aun = 53) .- (4.13)

acVk HK aceVk

Now, the stability (4.7b), inequalities (3.18)—(3.19) with v = uy,, the local norm definition (2.9b), and the fact
that ([up],1)e =0 for all e € &, imply [|up||# w. = ||t — up||#,w., Proceeding as in (2.13). Thus

||Vb(wauh - sz)Hwa < Cg Ceglli? )Hvb(wauh - C)Hwa < Cstccont,bPF”U - uh“#,wa~ (414)

0

Thus (4.10a) follows. The global efficiency (4.10b) is then a consequence of the estimate of the form (3.17)
together with (4.13), (4.14), (3.15b), and the norm definitions (2.9)

V(o = sn)* < (@+1) 3 IV (Waun = sRIE, < @+ DOE Y min |91 (ars — I,
acVy, acVy, 0lWa

< (d —+ 1)Cszt0020nt,bPF Z ||U - uh”;:,uJa = (d + 1) C:?tccont bPF ce %IIIEQ)Hvb((u - Uh) - C)”z
acVy

(4.15)

In order to show (4.11a), remark first that, using the discrete gradient definition (2.7), the triangle inequality,
and (4.13),

V}, uh—sh -0 Z [ uh]]

eclk

< SV Wt — 53w + 16]

K acVk

S ()

ecfk

Vo (un — sn)||lx =

K

First, as in (3.22), employing definition (2.9b),

Z[ [[uh

ecfk

inv

1/2
1
1/2 —1770 2 =

< (d+1) cmv{zhe ||HEM|6} < (d+1)

ecfk

acVk

Next, the finite element stability (4.7b) together with (3.18) and (3.23) give

[V (Yatun = s5)llwe < Cse min - ||V (Yaun — () lw, < Cbt inf  ||Vi,(¢a(un — ¢))llwa
CEH (wa) €H,

0 (Wa #(Wa)
1/2
—1)|770 2
< Csthont,bPF< min ||Vb(uh = Ollwa + { > [[uh]]He} )
CGH#( ecé&,ace
Using once more the discrete gradient definition (2.7) and proceeding as in (3.24),
2
min  ||[Vi(up — Q|2 <2 min  ||Ve(un — )||>. + 2|0 le(Jun
CGH#(%)H ( Mia CEH#(%)H ( NZ, + 216 eeghze:eﬁ e([un]) )
<2 min |[Vo(up — Q2 +20P(d+1)Ch, > h T ua]|?
CGH (wa) e€ly,eCwa

< (24 320P@+ DCR) Y lu—wilh,

a'€w,
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where we have used estimate of the form (3.22) for such faces e € &, that lie in the closure of the patch
subdomain w,, whence

i [V~ Ol < (24 5202+ 1DC2) S Ju—
min Y\ UR — wa - inv U — Up sWat *
C€H, (wa) b d a’'€wa "

Altogether,

1 1/2
I¥o(un = sn)llxc < CutCoontorr (24 220+ 1)CE) T 3 Y llu—wnllpon

acVk a’'€Ewa

+ Cstccont,bPF Z ||u - uh”##da

acVk

1
+ g|9|(d + 1)1/2Cinv Z [ — unll#was

acVk

which proves (4.11a), using that Cs; > 1 and definition (3.13) of the constant Ciqc.
Finally, for the global bound (4.11b), we first use, as in (3.21)—(3.22),

IVo(un — si)l* < 2| Vi (un — s)lI* + 2161 (d + 1)Chy D he T un] 2.
ecéy,

One next employs the first line of (4.15). From there, the conclusion follows as in the proof of Proposition 3.2. [

Remark 4.9 (Efficiency in the L? flux norm for Theorem 4.8). The Cauchy-Schwarz inequality gives ||v| 4w, <
1EVov||w, and ||v|« < |ZVov|| for allv € HY(Ta) from (2.1), so that, immediately,

1/2
||Zv9uh +0'hHK S cvstc'cont,PF Z ||§V9(’U/—Uh)”wa +Cst Z { Z ﬁgsc,K’} VK € 7717

acVg acVkg \K’'eTa
||§V@Uh + o'hH S (d + 1)Cstccont,PF||§v0(u - uh)H + (d + 1)Cst77losc-

Applications to conforming, nonconforming, mixed, and discontinuous Galerkin approximations are straight-
forward following [32, Section 4].

Remark 4.10 (More general diffusion tensors X). For Theorem 4.8, the requirement of piecewise constant
diffusion tensor X from Assumption 4.6 is unavoidable. It is namely crucial for inequality (4.7a) to hold. If
X is piecewise polynomial of degree p' and wy is piecewise polynomial of degree p, then RTN, 1, (Ta) spaces
would need to be chosen in Definition 4.1 to maintain the present form of the results; otherwise a supplementary
oscillation term of the datum X of the form of (4.8) would appear in Theorem 4.8.

Remark 4.11 (Polynomial degree and cost of the reconstructions). The reconstruction of Definition 4.1 relies
on solution of local problems with RTN,(T,)-spaces, whereas that of Definition 4.2 on solution of local problems
with Ppi1(Ta) spaces. Although these constructions are local, the associated computational burden may not be
completely negligible. There exist various ways how to decrease it. First, the proofs in [12] and [33] actually show
that the solves of local problems on each patch Ty by finite elements can be replaced by an explicit run through
Ta and a local construction inside each mesh element. This explicit construction remarkably maintains the
polynomial-degree robustness. Equilibrated reconstruction in RTN,_1(Ta) for up € P, has also been suggested
in [12] and analyzed in [31, Section 6.2]; one does not know here, however, whether it leads to polynomial-degree
robustness. A recent survey of cheaper (but possibly not polynomial-degree robust) a posteriori estimators via
reconstructions can be found in [5].
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5. NUMERICAL EXPERIMENTS

We report here the results of two numerical experiments, while relying on the conforming piecewise affine
finite element approximation: find uy, € Vj, := P1(7,) N H}(Q) such that

(ZVup, Vo) = (f, vp) Yo, € Vj,. (5.1)

The experiments were implemented by Jan Blechta (Charles University, Prague) using the dolfin-tape [7]
package built on top of the FEniCS Project [3].

We start by noting that that since u, € H}(Q), ||[u—wusl|| = ||u—un| «, and the nonconformity error |ju—up||«
is zero. We will focus on our a posteriori error estimates of Theorem 4.5, while tracing the error ||u — up||«
defined by (2.1a) and the estimate of (4.5) that simplifies to

1/2
lu = upll. <= { > (I=Vun + onllx +nosc,K>2} ; (5.2)
KeTy

indeed, sp, = up, and Ju,] = 0 for all e € &, here, ¢f. (4.11). The efficiency of our estimates, proven by (4.9b) of
Theorem 4.8, is in practice best appreciated by the effectivity index

__n
l[u — unl|«

Eff : (5.3)

Note in this respect that ||u—up||« cannot easily be computed even if u is known, as this will be the case below.
Indeed, from (2.1a) and (1.2), see (4.6), ||u — up|l« = ||[Ve|, where 2 is the Riesz representer of the residual,
2 € H}(Q) such that

(Ve,Vo) = (f,v) — (EVoup, Vo) Yo € HJ(Q). (5.4)
In what follows, we compute ||u—uy, ||« approximately, while approximating (5.4). We again employ a posteriori
error estimates to ensure that |[u—up||. is computed with relative accuracy 1072, see the details in [8, Section 5].
We will also display the canonical H{ (€2)-norm of the error ||V (u — uy)||.

Two test cases, one with a regular solution and one with a singular solution, are considered. Only uniform
mesh refinement is used in the first case, whereas mesh adaptivity is employed in the second one. Here all
elements where the estimator exceeds 50% of the maximal estimator value on the given mesh are refined by the
so-called newest-vertex bisection refinement algorithm.

5.1. A regular weak solution

We first consider the test case from [39, Section 5.1] with a regular solution. We set € := (—1,1) x (—1,1)
with Q4 := (0,1) x (=1,1) and Q_ := (—=1,0) x (=1,1) and let X|q, = 041, X|og_ = o_I with o, =1 and
o_ < 0. The exact solution is given by

u(z,y) =o_z(x+1)(z-1)(y+1)(y—1) for (z,y) € Qy,
u(z,y) =z(z+1)(z -1y +1)(y—1) for (z,y) € Q_,

and the (inhomogeneous) source term f is prescribed accordingly. Note that this solution indeed leads to the
homogeneous Dirichlet boundary condition. Together with its finite element approximation and the correspond-
ing initial mesh for the setting o_ = —1/3, it is presented in Figure 1. Higher values of the approximate solution
can be noted in particular in the left subdomain Q_. Specifying the operator T as is in [39], see also Remark 5.1
below, one can see that the problem is well-posed when o_ # —1.

The ||u— up||« and ||V (u—up)|| errors and the estimate n of (5.2) are traced in the left parts of Figures 24,
for three different choices of the parameter o_. The corresponding effectivity indices given by (5.3) are plotted
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FIGURE 1. Exact (left) and approximate (right) solution with the corresponding initial mesh,
the regular case with o_ = —1/3
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FIGURE 3. Estimates and errors for uniform mesh refinement (left) and the corresponding
effectivity indices (right), the regular case with o_ = —1/3

in the right parts of these figures. We observe a systematic first-order decrease of both errors, as predicted by
the a priori error analysis, cf. [20]. The overall estimator n of (5.2), as well as its principal component given by

{ZKE’T;L IZVup, + O'h||%(}1/2, also decrease with first order, in agreement with Theorems 4.5 and 4.8. On the

other hand, the data oscillation estimator {3 KeTs, 17(2)507 K}1/2 decreases with a slope of two and its influence
rapidly diminishes.

The effectivity indices in all the three settings are very close to the optimal value of one, including the last
challenging case o_ = —0.99 which is very close to the well-posedness limit. This clearly demonstrates the
robustness of our estimates with respect to the jump and sign-change in the diffusion tensor X, if the error
is measured in the intrinsic norm ||u — up||«. It can be noted from Figures 2-4 that such a robustness does

not hold for the canonical norm ||V (u — uy)||. Similarly, the upper bound |2V (v — up)|| and the lower bound
(EV(u—up),V(T(u—un)))
V(T (u—un))ll
in particular the numerical study in [22, Section 6]. Finally, Figure 5 illustrates that the distribution of the
error is predicted very correctly by our estimators (plotting by a piecewise affine function is done as explained
in [8, Section 5]).
We finish this section by a remark relative to the specific case o_ = —1/3:

on the intrinsic error ||u — up||« given by (2.2) seem rather 3- and T-dependent, see

Remark 5.1 (Equivalence of the intrinsic norm with its upper and lower bounds). Consider the intrinsic norm

lu — upll« given by (2.1a) together with its upper | XV (u — up)|| and lower bounds (gv(ﬁg?ﬁffﬂ%ﬁu"))) that

follow from (2.2). Interestingly enough, they all coincide in the case o = —1/3. To explain this behavior, note
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FIGURE 6. Approximate solution uy (left) the pointwise error u—uy, (right) on the correspond-
ing initial mesh, the singular case with o_ = —3.1

first that || EV (u — up)|| and ||u — up||« will coincide whenever XV (u — uy) is a gradient of some scalar field
Jrom Hg (). This will happen when curl of £V (u —up) =0 on all K € T, and [Rz XV (u— uy)n] =0 on all
e € &,. These conditions are actually satisfied in this test case for all values of o_. To account for the other
equality, one then notices that, when o_ € (—1,0), the operator T may be defined as

_ [ us(z,y) for (z,y) €
Tu(z,y) = { —Z,(x,y) +2uy (—z,y)  for (x,y) € QJ:

for this test case, with uy = ulo, and u_ := ulg_. The chosen exact solution being such that uy(x,y) =
—o_u_(—x,y) for (z,y) € Q, the formula for Tu in Q_ simplifies to (Tu)|q_ = (=1 —20_)u_. With the help
of these expressions, one may compute exactly

Rlo )= (ZVu,V(Tw) (1420 +]o-])
VTRVl (14 202+ |o_|2) Y2 V2

For o_ € (—1/3,0), it holds that R(c_) € (1/+/2,1) and moreover R(—1/3) = 1, whereas lim,__,_1 R(o_) = 0.
To obtain the same result for the ratio |\(Vg(g((s:ﬂl)))mg(vu(;igi))||7 one needs to work with symmetric meshes
with respect to the line {x = 0}, that is, globally T-conform meshes in the sense of [20]. In this case, one
has TV}, = V}, so that the properties of T at the continuous level carry over to the discrete level, whereas

uplay (z,y) = —o_upla_(—z,y) for (x,y) € Q, by direct inspection of the formulation (5.1).

5.2. A singular weak solution

We next consider the test case from [39, Section 5.2] with a singular solution. We set Q := (—1,1) x (—1,1)
with Q4 := (0,1) x (0,1) and Q_ := Q\ Q4 and let again X|o, =04, X|o. =0o_I with oy =1 and o_ <0.
The exact solution is according to Bonnet-BenDhia et al. [11] given by

u(z,y) = r*(c1 sin(A\) + co sin(A(7/2 — 0))) for (z,y) € O,

A . . (5.5)
u(z,y) = r*(dy sin(A(0 — 7/2)) 4+ da sin(A(27 — 0)) for (z,y) € Q_.
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FIGURE 7. Estimates and errors for uniform and adaptive mesh refinement (left) and the
corresponding effectivity indices (right), the singular case with o_ = —5

Here (r,0) are the polar coordinates centered at the origin and A = 2/marccos((1 — o_)/(2]1 + o_])). We
consider two test settings with o = —5 and o0_ = —3.1 leading respectively to ¢c; = 1, ¢co = —1, d; = —0.8,
do = —0.8, A = 0.4601069123 and ¢; = 1, co = —1, d; = —0.3556451613, ds = 0.3556451613, \ =~ 0.1391989493.
Classically, u € H'**(Q) only, with a singularity at the origin. The finite element approximation on the
coarsest mesh for the case o_ = —3.1 is presented in the left part of Figure 6. The steep gradient around the
origin of the exact solution is largely missed by the approximation, as it can be seen from the right part of
Figure 6. The inhomogeneous Dirichlet boundary condition is prescribed according to (5.5). It is naturally
treated in the reconstruction of Definition 4.1, see [28, Definition 3.5], but we neglect here the additional
quadrature estimator that theoretically appears in the upper and lower bounds, see [28, Theorems 3.3 and 3.12]
and [33, Corollary 3.8]. The source term f corresponding to (5.5) is equal to 0; consequently, the data oscillation
estimators 7osc, i in (5.2) vanish. The operator T is specified in [39]; the problem is in particular well-posed
when o_ < =3 or —1/3 <o_ < 0.

The intrinsic error norm ||u — up||« together with the canonical error norm ||V(u — uy)|| and the estimator
7 given by (5.2) are presented in the left parts of Figures 7-8. The corresponding effectivity indices are then
given in the right parts of these figures. They are remarkably close to the optimal value of one in all the
settings, illustrating numerically the robustness that has been proven in Section 4. The convergence orders of
both errors and of the estimate for uniform mesh refinement correspond to the a priori analysis, being 0.46 and
0.12 respectively in the two settings. For adaptive mesh refinement (after a preliminary phase for the strongly
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singular setting), the convergence orders are optimal and close to 1. Finally, the predicted spatial distribution
of the error still seems to be very accurate even in the close-to-the-limit singular case o_ = —3.1, see Figure 9.

6. CONCLUSIONS AND OUTLOOK

We have shown in this work that globally defined dual norms as well as globally defined distance norms to
the energy space admit an equivalent localization. Direct proofs with clearly identified constants are given. In
the setting of the transmission problem with sign-changing coefficients (1.1), this suggests that the intrinsic
global norm (2.11) is suitable for a posteriori error analysis. Indeed, relying on the concept of flux and potential
reconstructions, we have obtained a guaranteed upper bound, as well as local lower bounds up to a generic
constant independent of the jump or sign change in the diffusion coefficient and the approximation polynomial
degree. This robustness is moreover obtained in a unified framework covering basically all classical numerical
methods. Numerical experiments, in the conforming finite element setting, confirm these results. Possible future
developments include control of the error from a not completely converged linear solver (and corresponding
stopping criteria), extension to nonlinear problems, or proposition of an adaptive operator T for self-adapting
the method.

APPENDIX A. LOCALIZATION OF THE FLUX DISTANCE TO THE ENERGY SPACE

In extension of the discussion in Section 2.7, we can observe that

[ = unl« < min IZVoun + o]
ocH(div,Q); V-o=f

by the Green theorem, so that ||u — up]« is linked to the nonconformity in the approximate flur —XVouyp. We
now present for this term a localization result like those of Section 3.2. Let H,(div,ws,) stand for H(div,w,)
functions with zero normal trace in the appropriate sense on dw, for a € V}L“t and for H(div, w,) functions with
zero normal trace in the appropriate sense on dw, \ 99 for a € Vi*'. One can show similarly as in Section 3.2,

with the constant Ceont,pr of inequality (3.2) that:

Theorem A.1 (Localization of the flux nonconformity evaluation). Let u, € H'(Ty) satisfying Assumption 2./
be arbitrary. Then

min SVour +o|> < (d+1 min SVoun + o?|? ,
a'EH(div,Q);Vﬂ':in o=h || - ( )ag o‘aEH*(div,wa);V~o‘a:¢af—§V9u;,~V¢ana7 o%h ||wa
h
i bV, a2 < (d+1)C? i bV, 2,
Z O'BEH*(dimwa);V-I;'lalgwaf—EVguMVd)anai otn + 07l < (@4 1)Conpr aeH(dig}slzr)l;v-a:f”* oun + |l

aceVy,
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