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Abstract

In this paper we propose and investigate some edge element approximations for three Maxwell
systems in three dimensions: the stationary Maxwell equations, the time-harmonic Maxwell equations
and the time-dependent Maxwell equations. These approximations have three novel features. First,
the resulting discrete edge element systems can be solved by some existing preconditioned solvers
with optimal convergence rate independent of finite element meshes, including the stationary Maxwell
equations. Second, they ensure the optimal strong convergence of the Gauss’ laws in some appropriate
norm, in addition to the standard optimal convergence in energy-norm, under the general weak
regularity assumptions that hold for both convex and non-convex polyhedral domains and for the
discontinuous coefficients that may have large jumps across the interfaces between different media.
Finally, no saddle-point discrete systems are needed to solve for the stationary Maxwell equations,
unlike most existing edge element schemes.
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1 Introduction

The Nédélec’s edge element methods are popular and efficient for the discretization of the Maxwell’s
equations, and have been extensively studied numerically and theoretically [3, 10, 16, 21, 29, 30]. But
there is an interesting and important issue about the convergence of edge element methods, which has not
been investigated much in the literature: how well can the Gauss’ laws be satisfied by the edge element
solutions? The Gauss’ laws are important in many applications [5, 14, 27, 28] and should be obeyed by
the finite element solutions at the discrete level. For most existing edge element methods, we know only
that the Gauss’ laws are satisfied in some weak sense or elementwise (e.g., the edge element solutions
of first family with lowest order are divergence-free in each element), but not much is known about if
the discrete Gauss’ laws converge globally or to what accuracy the Gauss’ laws are satisfied globally. In
this work we shall fill in the gap, and propose some efficient edge element approximations which lead
to strong convergence of the divergence of the edge element solution in an appropriately selected norm,
under the general weak regularity assumptions that hold for both convex and non-convex polyhedral
domains and for the discontinuous coefficients that may have large jumps across the interfaces between
different media. Unlike the classical schemes, no saddle-point discrete systems are needed to solve for the
stationary Maxwell equations. This brings in some important advantage in numerical simulations as it is
much more difficult to construct efficient preconditioning-type iterative methods for saddle-point systems
than for relevant positive definite systems [23, 24].

Next we shall describe three different Maxwell systems that will be investigated in this work. Let
Q) C R? be a (polyhedral) domain, that is an open, connected subset of R? with (polyhedral) connected
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Lipschitz boundary 0€2. The domain 2 may not necessarily be convex, nor topologically trivial. We
denote by n the unit outward normal vector to the boundary. Then the three Maxwell systems of our
interest can be stated as follows (formulated with the electric field E as the only unknown, the magnetic
field H appearing only in the initial condition [16, 29]), where e(x) and p(x) are the dielectric constant
and the magnetic permeability respectively:

Stationary Maxwell equations:

curl(p 'curlE) =f in Q, (1.1)
div(eE)=p in Q. (1.2)

According to (1.1), we should have divf = 0 in the stationary case.

Time-harmonic Maxwell equations:

curl (" 'curlE) — k*¢E=f in Q, (1.3)
div(eE)=p in Q (1.4)

where k > 0 is the wave number, and k? is assumed not to be an eigenvalue of the operator curl (u~'curl)
in Hog(curl; ) with e-weighted L? scalar product, and it holds that k?p + divf = 0.

Time-dependent Maxwell equations:

eEy +curl (p tcurlE) =f in (0,7) x 9, (1.5)
div(eE)=p in (0,T) x Q, (1.6)
E(0,x) = E%(x), E;0,x)=Fx) in Q (1.7)

where T' > 0 is the terminal time, p is the charge density, f := —J; and J is the applied current density.
The initial data is FO(x) := ¢71(=J(0,x) + curl Hy(x)). Note that p is allowed to be time-dependent.
But it is assumed that € and p are time independent, hence we have div (eF?) = p;(0,x) and the charge
conservation equation p;; — divf = 0.

Boundary condition and assumptions on ¢ and . We shall complement the above three systems
by the perfect conductor boundary condition

Exn=0 on 09, (1.8)
and assume that
O0<ep<e(x)<ep<oo, 0<p<pux)<uy <oo ae in Q. (1.9)

In this paper, we shall first propose and analyse some edge element approximation for the stationary
Maxwell system (1.1)-(1.2), which allows us to achieve a strong convergence for the Gauss’ law. For
this system, most existing finite element methods use the saddle-point formulations in order to enforce
the divergence law (1.2). As it is well known, saddle-point systems are themselves much more technical
and expensive to solve than their corresponding self-adjoint coercive systems, and their effective precon-
ditioners are also more challenging to construct [23, 24, 25]. In fact the convergence behavior of the
preconditioning iterative methods can be rather complicated for saddle-point systems [4, 32]. This is one
of the important motivations that have led us to consider the possibility to construct some edge element
methods that do not involve any saddle-point systems. Indeed, as we shall see, the new method needs
only to solve a symmetric and positive definite system, which is much easier to solve than the saddle-point
system. In fact, optimal preconditioned solvers are available for these edge element systems, such as the
Hiptmair-Xu preconditioner [22] and non-overlapping domain decomposition preconditioner [23].

Then the edge element method will be extended for both the time-harmonic Maxwell problem (1.3)-
(1.4) and the time-dependent Maxwell system (1.5)-(1.7) to achieve a strong convergence for the Gauss’
law for the edge element solutions. This provides some new understandings to the mathematical theory
of edge element methods.



Generic notation. Throughout the paper, C' is used to denote a generic positive constant which is
independent of the meshsize, the triangulation, (possibly) the time stepsize and the quantities/fields
of interest. We also use the shorthand notation A < B for the inequality A < CB, where A and B
are two scalar quantities, and C' is a generic constant. We often write vector unknowns and fields in
boldface. Finally, we denote by (-,-) the usual inner product of either L?(Q) or L2(Q) := (L?(R2))3,
whereas |||, (respectively |-|,) denotes the norm (resp. semi-norm) of the Sobolev spaces H*(Q2) and
H*(Q) := (H*(Q))? for s € R.

2 Edge and nodal element spaces and their interpolations

In this section we present some finite element spaces and preliminary results for the subsequent analyses.
Let T, be a shape regular triangulation of 2 made up of tetrahedra, Fj, the set of interior faces in Ty,
and hg the diameter of element K. The meshsize h is defined by h := maxy hg. Let X} be the lowest
order edge element space of first family associated with 7, conforming in Hg(curl; Q) (cf. [30]):

Xp :={vn € Ho(curl; Q); vu|x (%) =ax +bx x x, ag,bx € R®, VK € Tp}. (2.1)
Note that the functions in X} are piecewise divergence-free, that is, for any v, € X} we have
div (vplg) =0, VK € T.

However, a piecewise divergence-free function may have a globally large weak divergence, due to the
jumps of its normal component at the interior faces between elements.
Now we introduce the linear H'-conforming finite element space in H}(Q):

Un = {n € Hy(Q); onlx € PI(K), VK € Ty} (22)

A function v € L*(Q) is called discrete e-divergence-free if (ev, Vi) = 0 for all @), € U,. We define X,
to be the edge element space consisting of all discrete e-divergence-free functions:

Xon :=1{vn € Xn; (eva, Voon) =0, Von € Up}.

Next we present a few important results. The first result is on a local trace inequality, whose proof
follows from the trace inequality on the reference element and the scaling argument (cf. [11]). Given an
element K € T, |||, g (resp. ||, ;) denotes the norm (resp. semi-norm) of the Sobolev spaces H*(K)
and H*(K) := (H*(K))? for s € R.

Lemma 2.1. For 1/2 < s <1, we have

—1/2 s—1/2 s
1ol 2 om0y S i Nello e + hie 2 lelyse, VK € Thy @ € HY(K). (2.3)

Let ITj, : L2(Q)) ~ Uy, be the Scott-Zhang interpolation operator [33]. This interpolation is frequently
used in a posteriori error analysis for finite element methods. It will be applied here to estimate a priori
approximation errors for the divergence of eE. We have the following estimates for IT;, which generalize
the classical results for functions with low regularities.

Lemma 2.2. For1/2<s<1 and 0 <t <s, the following estimates hold:
lo —aell, S P llell,, Ve e H* ()

3l — Ml SHE 7 el Ve € HY Q). (24)
feFn

Proof. The first estimate in (2.4) can be established by following the proof given in [33] and extending
it to functions with low regularities. The idea is first to bound [[II,¢l|, ; and ||II,¢||, ;, with respect to
llells 5, which yields

el x < lello,x + Pk lelssi, M@l i S bx” lllo,x + lels sk



where Sg := int(Uk,.x,nk20K;). Using the triangle inequality, one finds

lo —Mnello ke S P l@ls,sic s o —nells ¢ S 1els, 55

Then one concludes by interpolation; see the details in [13].
The second estimate in (2.4) follows from the first one and (2.3). O

Finally, we recall the classical approximation results for the interpolation operator rp onto the edge
element space X}, (cf. [16] or [29, Theorem 5.41]). We define, for r > 0,

H'(curl; Q) :={ueH"(Q); curlue H (Q)},
. . 1/2
equipped with norm ||u||HT(Curl;Q) = (||u||r + ||cur1u||r) . Clearly, Hu”H(curl;SZ) = ||U-||H0(Cur1;9)-
Lemma 2.3. We have the following estimates for 1/2 <r <1:
1. For any K € Ty, ifu € H"(K) and curlu|gx € Dy := {a+ bx,a € R? b € R}, then

lu—rpully g S hi Jull, g + b [leurluafg -
2. Ifu € H (curl; ), then

||ll — rhuHH(curl;Q) 5 h' ||u||H7'(curl;Q) :

3 Some basic results on regularities and error estimates

3.1 Regularities with smooth coefficients and regular decompositions

We first recall some basic results on the a priori regularity of the solution to the Poisson problem with
homogeneous Dirichlet boundary condition. For given f, consider z € HE () satisfying

Az=f in Q (3.1)
Then we have the following shift theorem (cf. [18, 19, 26]).

Lemma 3.1. There exists 01 > 1/2 depending only on the geometry of Q such that for 0 < § <
6D 8 #1/2 it holds

121l 45 S 11 lls- (3-2)

where 2 is called the limit regularity exponent of the Poisson problem with homogeneous Dirichlet
boundary condition.

Remark 3.1. If Q is convex, we have 62, > 1, and as a consequence,
1zl S 11 - (3.3)
On the other hand, if Q) is non-convez, we have 55, < 1.

If we define
VP (Q) = {¢ € Hy(Q); Ay € L* ()},

then it follows from Lemma 3.1 that the continuous embedding ¥ (Q) ¢ H'*°(Q) holds for 0 < 6§ < §2,.,
0 <1.

Similar regularity results hold for the Poisson problem with homogeneous Neumann boundary con-
dition. Let 62, be the corresponding limit regularity exponent for this Neumann problem, then for a

non-convex 2, we have 1/2 < §¥_ < 1, and (3.2) holds for the solution z to (3.1). On the other hand,

max

for a convex (2, we have 62/, > 1 and the estimate (3.3). Thus, if we define
N 1 2 9y
UH(Q) =3¢ e H(Q); AweL(Q)7a—=OonaQ7 Ydr =07,
n Q

then the continuous embedding ¥V (Q) ¢ H'*9(Q) holds for 0 < § < 6N, < 1.



Remark 3.2. For a three-dimensional polyhedral domain Q, it may happen that 62, # 6N ... We shall
often write §,pap = min(62 6N Y in the rest of the paper.

max’ “max

Next we discuss some close relations between spaces ¥ () and ¥V (Q) and the following spaces:
Xn(Q) := Hyp(curl; Q) NH(div;Q) and Xp(2) := H(curl; Q) N Hg(div; Q),

which are endowed with their graph norms (also called the full norms). The following continuous regular-
singular decompositions can be found, e.g., in [17, Theorem 3.5 with constant coefficients].

Lemma 3.2. For any u € Xy () we can split it as
u =, + VP (3.4)
where U,y € Xn(Q) NHY(Q) and vP € VP (Q) satisfy
”urengN(Q) + Hureg”Hl(Q) + ||7/’D||H1(Q) + ||A1/}DHL2(Q) S ”u“XN(Q) : (3.5)
Similarly, for any u € Xp(Q) we can split it as
U=+ Vil (3.6)
where U,y € X () NHY(Q) and YN € UN(Q) satisfy
||uT59||XT(Q) + ||u7”59HH1(Q) + H¢N||H1(Q) + ||A’(/}NHL2(Q) S ”uHXT(Q) . (3.7)
As a consequence of the above lemma, we have the following a priori regularities.

Corollary 3.1. The following continuous embeddings hold
e Xn(Q) C ﬂ0§5<5D 5<1 H°(Q);

max?

o X7(92) C No<sesn,. 51 B (D).
Moreover, both X (Q) and X1 (Q) are compact subsets of L2(Q).
The above results suggest a useful measure of functions in Xy (2).
Corollary 3.2. The seminorm
us (||cur1u||§+ ||divu||§)1/2 (3.8)
is a norm of Xy (), which is equivalent to its full norm.

Proof. We prove by contradiction. Assume there exists a sequence (uy), of functions in X (£2) such that

Hllg”o =1 V¢ and (HCUI'IUgHO + Hle Ugllo) =0.

lim
£— 00
The sequence (uy), is bounded in Xy (Q): thanks to the compact embedding of Xy () into L%(Q),
there exists a subsequence, still denoted by (uy)¢, and u € L2(Q) such that limy_, [[uy — ullp = 0. In
particular, ||ullo = 1. Due to lim/_, ||curlu|lo = 0, one obtains that curlu = 0 (weakly). Similarly,
we have divu = 0 (weakly).

If the domain €2 is topologically trivial, then the curl-free condition curlu = 0 implies the existence of
a scalar potential ¢ € H(Q): u = V¢; see [3, §3.3]. In addition, u x n = 0 on the connected boundary
99 ensures that ¢ is constant on 9€). As a consequence, one can choose ¢ € H}(€). On the other hand,
divu = 0 leads to A¢ = 0, so one concludes that ¢ = 0, hence u = 0. This contradicts the fact that
luflo =1.

If the domain is topologically non-trivial, we shall follow [3, §3.3] again. Assume that there exist I non-
intersecting manifolds, 31, ..., Y7, with boundaries 9%; C 8 such that Q = Q \ Uil=1 ¥, is topologically
trivial. We shall write the continuation operator from L?(2) to L?(Q2) or from L2(2) to L?(Q) by ~, and
the jump across ¥; by [|g, for i = 1,---,I. Noting that u is curl-free, there exists a scalar potential
¢ € H'(Q), with [¢]s, = C; for 1 < i < I such that u = Vo in Q. As we did before, u x n = 0 on the
connected boundary 91 yields ¢ = C on 0f2. Because the boundaries 0%; are all included in 92, the
jumps [¢]s, all vanish. To see this, one can take their trace on the boundary 9 to obtain C; = C—C =0
fori=1,---,1. Therefore we see that u = V(E in ), where <;~S is a scalar potential that belongs to H(Q).
Now we can conclude as we did for the topologically trivial case. O



3.2 Regularities with discontinuous coefficients and regular decompositions

In this section we revisit the results in Section 3.1 for the case with discontinuous coefficients ¢ and pu.
For the aim we incorporate coefficients e and g explicitly into the spaces Xy () and X7 (£2), and define
Xn(Q,e) := {ueHy(curl; Q); div(eu) € L*(Q)}
Xr(Qp) = {ucH(curl; Q); div(uu) € L*(Q), pu-n =0 on 9N} .
Because of the jumps of the coefficient ¢, the fact that div (su) belongs to L?(£2) does not ensure that
divu € L?(Q) any more, and we do not have the embedding X x(Q2,¢) C Xy (9).
Following [17], we assume that e and p are piecewise constant over ), namely there exists a partition

P = {Q; }3-’:1 of  into J polyhedral subdomains such that €; := €|q, and p; := pjq, are constants for
j=1,---,J. Then for r > 0 we define

PH"(Q) := {u € L*(Q); wgq, € H'(Q;),j=1,---,J} and PH'(Q):= (PH"())3,
PH' (curl; Q) := {u e PH"(Q); curlue PH"()}.

First, we consider the regularity of the solution z € HZ () to the Poisson problem
div(eVz)=f in Q (3.9)

with Dirichlet boundary condition and given f.We have the following general a priori estimate for the
solution z; see, e.g., [31].

> 0 such that it holds

12145 S 17151 (3.10)

for 0 <6 < 68,8 #1/2. And the limit regularity exponent 5L, depends only on the geometry of €,

max
the partition P and the values {5j}3]:1-

Lemma 3.3. There exists a constant 55

Depending on the maximal number of adjacent subdomains and the values {¢; }3-]:1, constant 62,

may be arbitrarily small. We will now focus on the domain €2 of special geometries, for which one always
has 62, > 1/2. In this case, we are still able to extend the analyses developed in Section 3.1. To this
end, we assume the domain Q (with its partition P) has a geometry of one of the following two types

(see, e.g., [31] and [17]):
(G1) Domain € is convex, and the maximal number of adjacent subdomains is equal to two;

(G2) There exists some j such that 9Q C 99, and the maximal number of adjacent subdomains is equal
to two.

Remark 3.3. The second type (G2) above includes the important case of isolated inclusions of media in
the domain §, which has wide applications, e.g., in inverse problems [1, 2].

Now we define
TP(Q,e) == {y € H}(Q); div(eVy) € L*(Q)},

and we know the continuous embedding ¥ (Q, ) ¢ PH'™(Q) for 0 < § < 62

max*

Similar results hold also for the problem with Neumann boundary condition. We define

TN (Q, p) = {¢ € HY(Q); div (uVe) € L*(), Maj =0 on 99, / Ydr = 0} ,
8n Q

then the continuous embedding ¥V (Q, ) € PH'™(Q) holds for 0 < § < 6%, where 6N, > 0 is the

max’ max
limit regularity exponent for the Poisson problem with operator div (#V-) and homogeneous Neumann
boundary condition. For the domain ©Q with geometry of type (G1) or (G2), it is always true that
SN > 1/2 (cf. [31, 17)).
Now we recall some continuous regular-singular splittings of functions in Xy (€, ¢) and X7 (2, u) (cf.

[17, Theorem 3.5]).



Lemma 3.4. For any u € Xy (,¢), we can decompose it as
u =, + Vo (3.11)
where W,y € Xn(Q,6) NPHY(Q) and ¢P € WP (Q,¢) satisfy
resllseneny + reallongscoy + 192y & 459 GT6P oy S ey (3:12)
Similarly, for any u € Xr(Q, u), we can decompose it as
u=u,.,+ Vil (3.13)
where yeq € Xr(Q, 1) NPHY(Q) and N € UN(Q, p) satisfy
regllx (g2, + 1regllprr oy + [0 1 1 ) + 1div (V)| 2 ) < Tallx, 0 - (3.14)
As a consequence of the above lemma, we have the following continuous embeddings.
Corollary 3.3. It holds that
o Xn () CNycsesn, s<1 PH(Q);

o Xr(Q 1) C Mocsesy, 51 PH(Q).
In particular, both X (Q,¢) and X7 (2, 1) are compact subsets of L2(Q).
As in Corollary 3.2, using the result in Corollary 3.3 we can show the following result.

Corollary 3.4. The seminorm
) . 0\ 1/2
us (||cur1u||0 + ||div (Eu)||0) (3.15)

is a norm of Xn(Q, ), which is equivalent to its full norm.

3.3 Some classical error estimates

For simplicity, we assume from now on that the charge p belongs to L?(Q2). For our subsequent edge
element approximation of the Gauss’ law, we introduce a discrete function yp € U, such that

(eVxn, Von) = —(p,¢n), Von € Up. (3.16)

This is the piecewise linear finite element discretization of the Poisson problem with Dirichlet boundary
condition: Find x € H}(Q2) such that:

(eVX, Vo) = —(p,p), Vo € Hy(Q). (3.17)

The following lemma states the a priori estimate of the solution x to (3.17) and the error estimate of
the finite element solution x; to (3.16) (cf. [8]).

Lemma 3.5. Suppose that e € W1>°(Q) and that 0 < § < 62§ < 1. Then it hold that

||X||1+5 < ||P||571 if further, § #1/2;  |Ix — Xh||1 S he |X|1+6 : (3.18)

Proof. By taking ¢ = x in (3.17), we know that x|, < |loll_;-
On the other hand, because of the regularity assumption on the permitivity &, one can write

diveVy = Ve-Vx +eAx in L*(Q).
Hence Ay = e~ (p — Ve - V), so it follows from (3.2)-(3.3) that

Ixllhies S e o= Ve-VX),_,

S e gy (1251 + el oy )

S lellsy -
This gives the first estimate in (3.18). The second estimate can be derived from the interpolation prop-
erties of IT;, and Céa’s Lemma [8]. O



3.4 Interpolation properties of electric-like fields
Given j € L2(Q) and g € L%(2), we introduce z € Hy(curl; Q) to be the weak solution to
curl (u 'curlz) =j in Q, (3.19)
divz=g¢ inQ. (3.20)

Noting that z belongs to Xy (), we have |z||, < |lcurlz||, + ||g||, by using the equivalence of norms
(see the definition (3.8)). Using this estimate, it follows from (3.19) that

2 - .
leurlzlly < |4l L= o) (1™ curlz, curlz) < | o g l3llo (lcurlzlly + [lgll,)-

This enables us to derive that ||curlz||, < |j|lo+|lgll, by using the Young’s inequality. Hence we conclude
that the solution to (3.19)-(3.20) satisfies

l|lz]|, + [[curlz]|, + ||divz], < [lilly + 9]l - (3.21)

Lemma 3.6. Suppose u=! € W1>(Q), then the solution z of (3.19)-(3.20) has the following error
estimates for 1/2 < §' < gz, 0’ < 1:

12l 15" (curt; ) S Willo +llglle  and 1z = razllgieur o) S R lillo + llgllo)- (3.22)

Proof. Recall that Xy (Q) is continuously embedded into H? (Q) (cf. Corollary 3.1). So we know from
(3.21) that

Izlls < lillo + llgllo -
Now considering w = curl z, we have clearly w € Hy(div; Q) with divw = 0. In addition,

1

j=curl (u'w) =Vt xw+p?

curlw,

hence curlw = p(j — Vu=! x w) € L?(Q). So we know that w belongs to X7 (), and derive by direct
estimates and using (3.21) that

[wllp + leurlwllo + [[div wllo < [lillo + [lgllo -
Recall that X(Q) is also continuously embedded into HY (Q) (cf. Corollary 3.1), so we have
[eurlzl|s = [lwlls < lillo + llgllo -

Now the error estimate (3.22) follows directly from Lemma 2.3 with r = ¢’. O

3.5 Some properties on discrete s-divergence-free functions

The following lemma says that a discrete e-divergence-free function can be well approximated by a
continuous e-divergence-free function. The results for € = 1 are well-known (cf. [29, Lemma 7.6]).

Lemma 3.7. Suppose ¢ € W1>°(Q). For any wy, € X5y there exists a function wh € Hy(curl; Q)
satisfying

curlw” = curlwy,, div(ew”)=0 in Q. (3.23)
Moreover, the following estimates hold for 1/2 < § < 62 .6 <1:
HwhH5 S [leurlwy ||, Hwh - whHO <h HWhH(s + h|lcurlwy ||, . (3.24)

Proof. As div (ewy,) € H~1(Q), there exists ¢ € H}(Q) such that div (eVy) = div (ewy,). Let wh =
wj, — V4, then w” belongs to Xy (,¢) and fulfills (3.23).

Next, for any w € Xy (9, ) we can write edivw+Ve-w = div (ew). Hence divw = e~ !(div (ew)—Ve-
w) € L?(Q) because of the regularity of . This implies the embedding Xy (£,e) C Xy (£2). Therefore,
the first estimate in (3.24) follows from Corollary 3.1 and the equivalence of norms in Xy (9,e) (cf.
Corollary 3.4).



On the other hand, we have by following the proof of Lemma 7.6 in [29] that

(e (wh —wp,), wh — wp) = (e (wh — wp,), wh — rhwh),

which implies ||w" — Wh”o < wh - I‘hWh||0~ Then the second estimate (3.24) follows from Lemma 2.3
(with r = 0) and (3.23). This completes the proof of Lemma 3.7. O

The next lemma shows that the divergence of a discrete e-divergence-free edge element function is
small in H~*(Q)-norm for 1/2 < s < 1.
Lemma 3.8. Suppose ¢ € WH(Q) and {Tp} is quasi-uniform. Then for any wj, € X5 ps the following
estimate holds for 1/2 < s<1and1/2<§ < 65,.,0 < 1:
Jdiv (ewn)[_, S A"+ fleurlwy |,
Proof. By the definition of (weak) divergence and integration by parts on each element we have for any
© € C () and @y, € Uy, that

(v (cwn). ) = ~(ewn, V) = ~(ewn Ve —n) == 3 [ cwn - V(o)
KeTy,
= div (ew ) — wp (e — ¢n)
K; / (ewn) (¥ — on / EWp, %) <ph>

K; /Vs wi, (0 — o) — / €Wh'ﬂ(<P—<Ph))
/Vawhso en) Z/EWhnso @n)

KeTy, feFn

S max ey ) [Wallo lle = enllo

(S e miiteg )( he il )

fe€Fn fE€Fn

where [ewy, - n]] denotes the jump of the normal component of ew; across the face f shared by two
elements K; and Ks:

[ewn - 0] = (ewn)|k, - m1 + (ewWn)|k, - 12, (3.25)
where n; is the unit outward normal to 0K; for j = 1,2. Choosing ¢p = Il to be the Scott-Zhang
interpolant of ¢ and applying (2.4), we further derive

1/2
(v (ewn), )] < B [Iwal, llell, + ( S ewn- n]]llizm) B gl

fE€Fn
which implies that
1/2
v w0 willy + 20723 ewn nllegy ) (3.26)
JEFn
Let w” be the function from Lemma 3.7, then
[Whll, < HW}LHO + Hwh — whHO < |leurlwy||, - (3.27)

On the other hand, we obtain from the local trace inequality (2.3) with s = § that

> lewn - nllGagy = > [lle(wa—w") -l

fEFN feF
S Z (h;(1 Hwh - WhH(Q),K + higil ’Wh - Wh’?,K)
KeTy,
< Z (ffl |wn — WhHéK +hE ‘Wh|§,K +hg ! |Wh|§,K)
KeTy,



where we used the fact that {7} is quasi-uniform for the last inequality As wy, is piecewise divergence-
free, it is easy to verify the local estimate [Wp|; o < [Wal; g S [lcurlwy|[g ; on each element K, so we
can derive from Lemma 3.7 (recall that 26 — 1 < 1) that

> lewn 072 S hP 7" [lcurlwy . (3.28)
JEFR
Now the desired estimate of the lemma follows from (3.26) by using (3.27) and (3.28). O

Let x and xp be the solutions to (3.17) and (3.16), respectively. Then we know div (eVx) = p, and
Vx — Vxp is discrete e-divergence-free since

(E(VX — Vxh), V(ph) =0 V(ph e Uy,.
The following lemma says that div (¢Vxy,) is a good approximation to the charge density p.

Lemma 3.9. Suppose e € W1>°(Q), p € L?(Q) and {Ts} is quasi-uniform. Let x;, € Uy, be the solution
o0 (3.16), then the following estimate holds for 1/2 < s <1 and 1/2 <& <D 6 <1:

o - div eV xn)l_y S B ply (3.29)
Proof. By the definition (3.16) we can write for any ¢ € C§°(Q2) and ¢p, € Uy, that
(p = div(eVxn), ) = (p,) + (eVXn, V@) = (p,0 = ¢n) + (eVXn, V(e — ¢n))
=(po—en)+ > / eVxn - V(e — on)

KeTy,

= (p, — ¢n) Z /dlv (eVxn)(p — wh)+/ 5VXh'11(S0*<Ph))
KeTn oK

=(po—on)— > / Ve Vxu(e —on)+ Y / eV xn -] (¢ — @)
KeTy, feF

Let ¢p, = I}, be the Scott-Zhang interpolant of ¢. Then it follows from the first (with ¢ = 1 — 4) and
second estimates of (2.4) that

o — div £ xn). 20 Sh5 s el + b mase el oy [ 9l el
, 1/2
n h“/?( S V- n]]||L2(f)> el (3.30)
feFn

It is clear that (eVxpn, Vxn) = —(ps xn) < |lpll_; [Ixn|l;- Therefore, it follows from the Poincaré’s inequal-
ity that [|[Vxally < llell ;-
On the other hand, we obtain from the local trace inequality (2.3) with s = § and Lemma 3.5

2
> eV nllzas = D eV 0 —x) - nlll7a
fe}-h fe}—h

_ 2 — 2
< (IO X e+ 03 )
KeTh
SAP  ollsy
Using this we derive from (3.30) that
[{p — diveVxn, @) S BT plls_y llelly . Ve € C5o(Q),

which implies (3.29). O
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4 Stationary problem with smooth coefficients

In this section we consider the stationary system (1.1)-(1.2) and its edge element approximation. In
order to ensure that the edge element solution satisfies the divergence law (1.2), nearly all the existing
edge element schemes for the system (1.1)-(1.2) need to solve a discrete saddle-point system. As it is
well known, saddle-point systems are themselves much more technical and expensive to solve than their
corresponding self-adjoint coercive systems, and their effective preconditioners are also more challenging
to construct [23, 24, 25]. We shall propose a new edge element method that needs only to solve a symmetric
and positive definite system, for which optimal preconditioned solvers are available (see Remark 4.1),
and at the same time the method ensures the optimal strong convergence of the Gauss’ laws in some
appropriate norm.

As we shall see, the treatments are fairly different depending on whether charges are present or not.

4.1 Charge-free case

We first take care of the charge-free case, i.e. p =0 in (1.2), so we have divf = 0 and div (¢E) = 0. Our
idea to enforce this divergence law is simple: since E is e-divergence-free, it is natural to require that
its approximation Ej is discrete e-divergence-free. We achieve this goal by adding a small perturbation
~v(h)(eE) to equation (1.1). To be more precise, we define the bilinear form ap:

an(u,v) = (p 'eurlu, curlv) + v(h)(cu,v), Yu,v € Hoy(curl; Q), (4.1)

where y(h) > 0 depends only on h. The parameter y(h) just needs to be chosen appropriately small in
terms of h so that the newly added perturbation term does not affect our desired convergence order for
the edge element solution Ej;. As we shall see (cf. Theorems 4.1 and 4.2), we should take y(h) in the
range 0 < y(h) < h2.

With the bilinear form ap, in (4.1), we can formulate our discrete scheme to the system (1.1)-(1.2)
and (1.8) as follows: Find E;, € X}, such that

ah(Eh,vh) = (f,Vh), Vv € Xp. (42)

This formulation indeed ensures that Ej, is discrete e-divergence-free, i.e., E, € Xg) »- One can see this
by taking vy = Vo, for any ¢ € U, in (4.2) and noting that divf = 0.
On the other hand, for the continuous solution E to (1.1)-(1.2), we can easily see that

an(E,v) = (£,v) +v(h)(eE,v), Vv € Hy(curl; Q). (4.3)

The error estimates regarding the edge element solution to (4.2) is given in Section 4.3.

4.2 Non-charge-free case

The treatment of the divergence law in Section 4.1 does not work when the charge is present, namely
divf # 0 and div(¢E) # 0. In order to enforce this divergence law, we propose the edge element
approximation of the stationary problem (1.1)-(1.2) as follows: Find E; € X}, such that

ah(Eh,vh) = (f,Vh) + y(h)(eVXh,vh), Vv, € Xp, (44)

where the bilinear form ay, is the same as in (4.1) and yj € U}, is the solution to (3.16).
By taking vj, = Vi, for any ¢, € Uy, in (4.4), we see that

(€(Eh — VX},,),V(,O}L) =0 Vgﬁh e Up, (4.5)

that is, E, — Vx, € X3, i.e. Ep — Vxy is discrete e-divergence-free. As we will show, div (eEy) —
div (eVxp,) is small in some sense. We remark that a piecewise non-divergence-free function may have a
good approximation by a piecewise divergence-free function in some appropriate norm (cf. Lemma 3.9).

We shall first develop the error estimates of the edge element schemes (4.2) and (4.4) for smooth
coefficients € and p, namely e, u=1 € W1°°(Q), in Subsections 4.3-4.4. Then we will handle the discon-
tinuous coefficients € and p in Section 5, which will require more specific and delicate regularity results.
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For the purposes, it is natural to consider the following w-weighted L?-norm for a given positive function
w € L*>(Q) and the mesh-dependent energy norm:

ully,, = le/zuHo YVu e L*(Q), (4.6)
1/2
v, =an(v,v)"/?* = { lcurlv][s -1 +y(h) V][5 } . (4.7)

Remark 4.1. There are optimal preconditioned iterative solvers available for the edge element system
(4.2) and (4.4), e.g., the Hiptmair-Xu preconditioner [22] and non-overlapping domain decomposition
preconditioner [23]. In particular, if the discrete system is preconditioned by the preconditioner in [22],
the resulting preconditioned system is well-conditioned, and more importantly, the condition number is
independent of the parameter y(h); see section 8 for some numerical examples.

4.3 Error estimates for the charge-free case

In this section we consider the charge-free case, namely div (¢E) = 0. In this case we proposed the edge
element scheme (4.2) with the solution Ej, and will now derive the estimates for the error E — Ej, in the
H(curl )-norm and for div (¢Ey) in the H *-norm for 1/2 < s < 1.

We start with the error estimate of e := E — E, in the discrete energy norm.

Lemma 4.1. Let E and Ej, be the solutions to (1.1)~(1.2) and (4.2), respectively. Assume that p = 0,
and y(h) is a parameter such that 0 < y(h) < 1. Then it holds that

IE = Enll,, S

ap ~

_ 1/2
uf ([ = vall, +(0)" [l

v
Proof. Tt follows from (4.2) and (4.3) that

an(E —Ep,vi) =v(h)(eE,vi), Vv € Xp. (4.8)
Then for any vj, € X}, we derive by the Cauchy-Schwarz and Young inequalities that

lell2. = an(e,e) = an(e,E — v4) + an(e, v, — Ep) = an(e, E — v,) + 7(h)(cE, v;, — Ej)
< [lellq, B = vall,, + () 1Bl Ve — BEallo,
< llell, 1B = Vil + () 1Bl (el + B = val,.. )

lell,, 1B = vall,, +7v() 2Bl el +() 1Bl B = vallo,.

1 2 2 3 2 1 2
S eI, + 1B — a2, + S7() [BIE . + S(h) B~ vil3.

IN

IN

O

Remark 4.2. Provided y(h) is bounded, it follows from the approximation property of edge element
functions that

lim ( inf ||v—wval, ) =0 VveH(curl; Q).
h—0 \vpheXy h

Therefore, if v(h) is chosen such that limp,_0~y(h) = 0 then we know from Lemma 4.1 that

]112% [curl (E —E)||, = 0.

Although the discrete energy-norm contains a weighted L?-norm (cf. (4.7)), Lemma 4.1 does not imply
the convergence in L?-norm. We are now going to establish the L2-norm error estimate by making use
of the well-known Helmholtz decomposition and the adjoint technique.

By the Helmholtz decomposition, we can decompose e as e = E — E;, = ey + V¢ with eg € L?(Q2) and
¢ € H} () such that

curley = curle, divey =0, A¢=dive,

12



and ||e0||(2) + HV{HS = He||(2). Using this decomposition we can deduce
He”(Q),g = (5e7e0 + vf) = (56,80) - <d1V (ae),§>
S llello.c lleallo - + lldiv (ee)ll _y [VE]lg
which implies
llello,c < lleollo,c + [Idiv (se)] ;- (4.9)
In order to estimate |leof,., we introduce z € Ho(curl; €2) to be the weak solution to the adjoint
problem (3.19)-(3.20) with j = ey and g = 0. It follows from Lemma 3.6 that, if u=1 € W>°(£), one
has z € H® (curl; Q) for 1/2 < ¢’ < dmaz,d’ < 1, with the bound 2]l 15 (curt; ) < ll€0llo-
Using (4.8) we can write
He0||g = (p 'curleg,curlz) = (u 'curle,curlz) = ay(e,z) — y(h)(ce, z)
=ap(e,z —rpz) +vy(h)(eE,rpz) — v(h)(ce, z). (4.10)
Then it follows from Lemma 2.3 that
2
leollo <llelly, 1z —rnzll,, +v(h) [[Ellg . lrnzllo +v(R) llello =l
(W el + () [l ) Vellyas euns sy + ()2 el 12l

S (0 llell, + () IEll,. ) leolly + (k) el

ap eO”O 9

which implies ,
leolly S (h° +~v(1)"?) llell,, +(R) [El,- (4.11)

Now combining (4.9) with (4.11) leads to the following L?-norm error estimate for the edge element
scheme (4.2).

Lemma 4.2. Assume that div (¢E) = 0 and that =t € WH°(Q). Then the following estimate holds for
1/2 < ¢ < dmax,d < 1:

IE —Enlly S (2 +7(1)"/?) |E - By

+(R) [[Ellg + [[div (eEn)|[_, -

Finally, the estimate for div (¢Ej) follows directly from Lemma 3.8 since Ey, is discrete e-divergence-
free. To see this, we suppose ¢ € Wh(Q) and {7,} is quasi-uniform. Then for 1/2 < s < 1 and
1/2 <6 <D .6 <1, we have

max)

an

[div (cEn)|[_, S

~

R lcurl By |, - (4.12)
Here ||curl E||, can be further estimated as follows: From (4.2) and (4.3),
(u"tcurl Ey, curl Ey,) + v(h)(¢En, Ep) = (1 'curl E, curl E)

< [lcurl By, [[curl Eplly , 1,

hence
|curlEx < [[curlEpllg -1 < |Enll,, < [curlE],. (4.13)

ap N
Summarizing the above results, we have the following theorem on the convergence of the edge element
solution to (4.2), provided ~y(h) is suitably chosen.

Theorem 4.1. Suppose ¢ € W1>°(Q),f € L?(Q), and {T} is quasi-uniform, and E and Ej, are the
solutions to the system (1.1)~(1.2) (with p =0) and the edge element scheme (4.2), respectively. Then it

holds for 1/2 < s <1 and 1/2 < <62 ,.,8 <1 that
[div (eEp)||_, S p*H7 |curl B, . (4.14)

If in addition we have p=t € WH(Q), and v(h) is a parameter such that 0 < v(h) < h?, then it holds
for1/2 < 8 < dmaz, 0’ <1 that

||E - Eh“H(curl;Q) S hé ||E||H‘§/(curl;Q) : (415)

Proof. €4.14) is a direct consequence of (4.12) and (4.13). On the other hand, from Lemma 3.6, we have
E € H® (curl;Q). Then (4.15) follows from Lemmas 2.3, 4.1-4.2, (4.14) with s = 1 and § = ¢, and the
fact that y(h)'/? < h. The proof of the theorem is completed. O

[
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4.4 Error estimates for the case with charge

In this section we establish the error estimates of the edge element scheme (4.4) for the case when charge
is present, namely p = div (¢E) # 0. Most analyses are similar to those for the e-divergence-free case in
Section 4.3, so we shall illustrate only those major differences.

We first estimate the error e := E — Ej, in the discrete energy norm. It follows from (4.3)-(4.4) that

ah(EfEh,Vh) :’}/(h)(EE*vah,Vh), Vv, € Xp. (416)

The following lemma can be proved in a similar manner to the proof of Lemma 4.1, along with the
estimate that [[Vxallo. < [[Vxllo. < lloll—y (cf (3.16)-(3.17)).

Lemma 4.3. Assume that p # 0, and y(h) is a parameter such that 0 < y(h) S 1. Then the following
estimate holds for the solutions E and Ej respectively to the system (1.1)—(1.2) and the edge element
scheme (4.4):

1B = Enll,, < inf [B=val,, + Y(W)Y2(IElo +lloll - )-

Next, we turn to the L?-norm error estimate. As done in Section 4.3, it is easy to check that (4.9)
remains the same while (4.10) becomes

||eO||(2) = ap(e, z) - V(h‘) (e, z)
= an(e,7— 147) + 1 (h) (2B — eV x,1az) — () c0,2).

Then the estimate (4.11) in Section 4.3 changes now to

leollo < (% +~v(R)'?) [lell,, + (R (1Bl + lloll ;) (4.17)
for 1/2 < ¢ < dpmax,d < 1. Hence we obtain the following counterpart of Lemma 4.2.

Lemma 4.4. Suppose u~t € WH(Q) and {T;,} is quasi-uniform. Then it holds for 1/2 < &' < dmaz,
0" <1 that

IE —Enlly S (B +9(0)2) |E = Enll,, +v(R)(IEllo+lIpll_;) + lldiv (€E — eEp)|_; -
It remains to estimate the error of the divergence div (¢Ep). It is clear that
div (¢E) — div (eEp) = p — diveE, = p — div (eVxy) + div (eVxp) — div (eEp). (4.18)

Since Ep, =V, € X§ ), is discrete e-divergence-free (see Subsection 4.2), we can use Lemma 3.8. Suppose
e € WhH*(Q) and {7} is quasi-uniform, then it holds for 1/2 < s <1and 1/2 < § < 62,6 <1 that

|div (eEp) — div (V)| _, S A7 |lcurl Ep |, (4.19)
where we have used the fact that curl Vy, = 0. By combining (4.18), (4.19) and Lemma 3.9,
Idiv (<E) — div (zBy)]|_, S A" (leur Enlly + ol,_, )- (4:20)
To further estimate ||curl E||,, we obtain from (4.4) and (4.3) that
(ucurl By, curl Ey) + v(h)(¢Ep, Ey) = (u 'curl E, curl Ey) + (k) (eVxn, Er)
< (leurlBlg , -+ + ()" [Fxnlly. ) 1Bl

which implies
leurl By g < [1Ball,, S leurl Bl +3(0)" o] _, (4.21)

ap ~

Now following the proof of Theorem 4.1 we come to the conclusion of the next theorem by using
Lemmas 4.3-4.4, the estimates (4.20)—(4.21), and the fact that ||p|/5;_; = [|div (€E)||5_; S ||Els -
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Theorem 4.2. Suppose ¢ € W1>°(Q), f € L?(Q),p € L?(Q) and {Tp,} is quasi-uniform. Let E and Ej,
be the solutions to the system (1.1)—(1.2), and the edge element scheme (4.4) respectively, then it holds
for1/2<s<1land1/2<d< 6P 5<1 that

Jdiv () — div (<Bp)||_, £ 7" (leurl Bl + p],_, ). (1.22)

If in addition we have p=1 € Wh*°(Q), and choose y(h) such that 0 < «(h) < h%, then the following
error estimates are satisfied for 1/2 < ' < dmaz,d < 1:

|E— Eh”H(curl;Q) S h’ ||E||H5/(curl;Q) : (4.23)

Remark 4.3. Two important remarks about the major results of this paper are in order.

(a) All the error estimates in Theorems 4.1 and 4.2, as well as in the subsequent Theorems5.1 and
7.1, are uniform with respect to the parameter v(h) in the range 0 < y(h) < h2.

(b) The analysis of this paper focuses only on the lowest order edge elements. It is interesting to see if
the analysis can be generalized to higher order edge elements, which are expected for solving problems in
smooth domains with smooth data. For such a generalization, it is natural to require parameter y(h) to
be selected in the range 0 < y(h) < h® with « > 2. But a major technical issue for such a generalization
relies on if a discrete e-divergence-free function can be approximated by a continuous e-divergence-free
function with a desired higher order accuracy (cf. Lemma 3.7).

4.5 Relation with the standard saddle-point system

As it was mentioned at the beginning of Section 4, one usually solves the stationary problem (1.1)-(1.2)
with the help of the saddle-point system: Find (E;, pz) € X, x Uy, such that

(u~tcurl EL,curlvh) + (Evh,VpL) = (f,vp), Vvp€e X,

4.24
(EELVCM) = _(pa Qh)7 th S Uh 5 ( )

where the divergence law (1.2) is enforced explicitly through the second variational equation above. In
this subsection we shall discuss some interesting relationship between the solution EZ to the standard
saddle-point system (4.24) and the solution Ej, to the newly proposed edge element scheme (4.4).

The saddle-point system (4.24) is well-posed, and using the Babuska-Brezzi theory [20, 9], one finds
that the convergence of its solution in H(curl )-norm is the same as (4.23) (cf.[15]). In other words,
under the same assumptions as those in Theorem 4.2, it holds for 1/2 < ¢’ < e and §' < 1 that

o Bl a2
Also, we can see that sz = 0 by taking v;, = VpL in the first equation of (4.24) and then integrating
by parts, hence the Lagrange multiplier pL in (4.24) is actually identical to zero.

Clearly, convergence of Ej — EL to zero in H(curl)-norm is an obvious consequence of (4.23) and
(4.25). Next we study the convergence of Ej, — E}Ll in the divergence form. By the definitions of E; and
EE, we can easily check that

(u tcurl (Ej, — E}:),curl vi) =v(h)(e(Vxn —En), vn), Vvi € Xp, (4.26)

where x, € Uy, is the solution to (3.16). We know from (3.16), (4.5) and (4.24) that the difference Ey, fEL
is discrete e-divergence-free, namely Ej;, — E;(L € X§ - Using this fact and taking vy, = Ej, — EIL in (4.26),
we obtain

|~ 2curl (B, — E})|? = —v(h)(¢Ep, Ey — E). (4.27)

But we know readily from (4.23) that [|Exllo < [|Ellg5 (cur1 ) » and from (4.23) and (4.25) that

IEx —Efllo < [Ex —Ello + |E —E] o £ 2 |Ell g5 (curt ) -
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Combining these two estimates with (4.27) gives
| curt (@~ ED|| 87200002 1Bl curn o (4.28)

for 1/2 < ¢ < Omax and & < 1. On the other hand, it follows from (4.28) and Lemma 3.8 that for
1/2<6<d6P §<land1/2<s<1,

max’

This proves the convergence of Ej — EL to zero in both H(curl)-norm and the e-divergence form. As
a by-product, the combination of the last estimate above with (4.22) leads to an error estimate of the
divergence of the edge element solution EIL to the standard saddle-point system (4.24).

div (By) — div (<B])|| <52 (0) 2 Bl g unt - (4:29)

Finally, we consider the convergence of Ej to EIL when the mesh size h is fixed but v := y(h) tends to
zero. We first know from (4.28) and (4.29) that both chrl Ej; — curl E;r, . and Hdiv (eEp) — div (EE}:) H

converges to zero in the rate v'/2. We end this section with the convergence of the L?-norm ||Ej — EILHO,

by using a continuous embedding result that generalizes the one of Corollary 3.1. To do so, we introduce
Xn,—s(Q,€) :={u € Hy(curl; Q); div(eu) € H*(Q)}

for 1/2 < s < 1. By the definition of the sedge elements, one has E;, — E;[L € Xn,—s(Q,¢) for all
1/2 < s < 1. Adapting the proof of Lemma 3.1 in [7], one finds that

Corollary 4.1. Suppose ¢ € WH*(Q). For 1/2 < s < 1, it holds that

Xy -s(@e)c () HY(Q.

0<6<1—s

In particular, X _s(£2, &) are compact subsets of L2(£2), and we can show the following result in the
same argument as in the proof of Corollary 3.2.

Corollary 4.2. For1/2 < s <1, the seminorm

1/2
us (chrlung + |div (5u)|\2s)

is a norm of Xy, _s(2, &), which is equivalent to its full norm.

Using this Corollary and (4.28)-(4.29), we know that ||E; — ELHO converges to zero also in the rate
~1/2 when h is fixed but 7 tends to zero.

5 Stationary problem with discontinuous coefficients

In this section we extend the convergence analyses in Sections 4.3-4.4 on the edge element approximations
(4.2) and (4.4) for the stationary problem (1.1)-(1.2) to the case with discontinuous coefficients ¢ and pu.

We assume that the triangulations {73} are consistent with respect to the partition P = {€; }3’:1 of
) based on the distribution of coefficients & and p (see Section 3.1), namely, for each K € Ty, there exists
a single index j such that int(K)NQ; # 0. Then for functions in the space H(curl; Q) NPH" (curl; Q),
we have similar interpolation error estimates to the ones in Lemma 2.3 by extending the analyses in [16]
or [29, Theorem 5.41].

Lemma 5.1. For any u € H(curl; Q) NPH" (curl; Q) with 1/2 < r <1 it holds that

||ll - rhuHH(curl;Q) S h" Hu”PHT(curl;Q) .
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It is crucial for us to observe from Section 3.1 that for a geometry of type (G1l) or (G2), the e-
divergence of functions in Xy (£,¢) is “sufficiently regular” to suit our convergence analysis. Indeed,
for a u € Xy (Q,¢), we know eu € H?(Q) for all n € [0,1/2), hence div (eu) belongs to H*(Q2) for
1/2<s<1.

Now by simply replacing the appropriate norms by their broken counterparts for piecewise smooth
functions, we can basically follow the analyses in Section 4, especially the proof of Theorem 4.2, to derive
the error estimates of the solution to the edge element scheme (4.4) for the stationary problem (1.1)-(1.2)
with discontinuous coefficients.

Theorem 5.1. Suppose € and u are piecewise constant over the domain Q with geometry of type (G1)
or (G2), £ € L%(Q),p € L*(Q) and {Tp,} is quasi-uniform. Let E and Eyj, be the solutions to the system
(1.1)~(1.2) and the edge element scheme (4.4) respectively. Then the following error estimate holds for
1/2<s<land1/2<8§<68 ., 86<1 that

[div () — div (<Bn)||_, £ 5" (eurl Bl + pl,_, ). (5.1)

If v(h) is chosen such that 0 < v(h) < h2, then it holds for 1/2 < §' < Spmaz, & < 1 that

HE - Eh“H(curl;Q) 5 h5 ||E||PH5/(cur1 Q) (52)

Remark 5.1. The same convergence orders still hold true as in (5.1) and (5.2) under the conditions

X € PH'(Q) and E € PH‘S,(curl;Q), where x is the solution to (3.17) (see the proof of Lemma 3.9).
In other words, one may use these conditions on x and E to replace the assumption on the geometry of
the domain and its partition.

6 Time-harmonic Maxwell system

In this section we shall extend the convergence results in the previous Sections 4-5 for the stationary
system (1.1)—(1.2) to the time-harmonic Maxwell system (1.3)-(1.4). All the notations below will be kept
to be the same as in the previous sections. Then we can readily have the following weak formulation for
(1.3)-(1.4) and its edge element approximation:

Find E € Hy(curl; Q) such that

(u tcurl E,curlv) — k*(¢E,v) = (f,v) Vv € Hy(curl; Q); (6.1)
Find E;, € X} such that
(n 'curl By, curlvy,) — k*(eEp, vi) = (F,vi) Vvi € Xp. (6.2)

The first estimate below in H(curl )-norm is standard (cf. [29, Theorem 7.1] [12]). Then following the
convergence analysis in Sections 4-5, we can further achieve more specific error estimates as stated in the
following lemma.

Lemma 6.1. There is a threshold value hg > 0 such that it holds for 0 < h < hg that
||E - Eh“H(curl;Q) /S Vhilelgl(h ”E - vh”H(curl;Q) :
Suppose that £ € L2(Q), p € L*(Q), and
e cither e, =t € WH>o(Q);
e or e, are piecewise constant over the domain 0 with geometry of type (G1) or (G2).

Then one has the following error estimate for 1/2 < ¢’ < dmaz,d’ < 1:

5/
IE = Enllieurt; o) S P 1Elpms cur0) -

Next we establish the error estimate for the divergence of cEy,.
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Theorem 6.1. Suppose {Tp} is quasi-uniform. Then under the same assumptions as in Lemma 6.1, it
holds for 0 < h < hg, 1/2<s<1and1/2< 6§ <62,,,5 <1 that

max’

|div (eE) — div (¢Ep) < h”‘s*l( |lcurl E|, + ||pll5_, )

[

Proof. For any ¢y, € Uy, it follows from (6.1)-(6.2) that
(E, Vp) = (En, Vion), (6.3)

that is, E — Ej, is discrete e-divergence-free. On the other hand, we know from (1.4), the relation (6.3)
and the definition of xj in (3.16) that E — Vyy, is also discrete e-divergence-free, so is Vi, — Ej;. Noting
that Vx, — Ej € ngh and curl Vy; = 0, we obtain from Lemma 3.8 that for 1/2 < s <1,

[div (€Vx1) — div (Bn)|_, € 5™ [leur] (Vxi — Br)llg = b~ [leurl By,

[
Furthermore, we can derive from Lemma 3.9 that

|div (eE) — div (eVxs) < hetot olls_ -

[

The above two estimates imply
Idiv (¢E) — div (¢Ep)||_, S "7 ([lcurlEy [l + [Iplls_y )-

Now the desired estimate follows from the estimate |[curlEp ||, S [|Ellg(cur; o), Which is a direct conse-
quence of Lemma 6.1 with v, = 0 for 0 < h < hg. O

7 Time-dependent Maxwell system

In this section we consider a fully discrete edge element approximation to the time-dependent Maxwell
system (1.5)—(1.7) and its error estimates. Let us first introduce our fully discrete edge element approxi-
mation. To do so, we divide the time interval (0,7") into M equally spaced subintervals using the nodal
points 0 =t < t! < ... <t™ =T with " = n7 and 7 = T/M. From now on, for any function u(t,x)
we may write u(t",x) as u™. Then for a given sequence {u"}* ; in L?(Q2) or L2(2), we define its first
and second order backward differences by
u® — unfl a um — (9 unfl
ohut = ——— | 3$un e e S
T T

As in [16], we consider the following edge element approximation of the time-dependent problem (1.5)—
(1.7): Find EJ* € X, for m =1,2,--- , M such that

(e02E",vy,) + (u tcurl E, curlvy,) = (f™,vy), Vv, € X, (7.1)

We recall that the initial values EY € X), and E;l € X, are usually given by the natural edge element
interpolations of the exact initial values E and F° in most existing methods. But these approximations
will not ensure a strong convergence of the divergence law in appropriate norm, as we did in the previous
sections for the stationary system (1.1)—(1.2) and the time-harmonic system (1.3)-(1.4). Instead, we
define the initial value EY € X}, by

an(EY,v) = (p teurl E? curlvy,) + v(h)(eVXy, Vi), Yvi € Xp, (7.2)
and the initial value E;l € Xp by E?L — E;l = TF%, where F% € X}, solves the discrete system:

an(FY,vy) = (u teurl FO curlvy,) + v (h)(eVO),vy), Yvi € Xp,. (7.3)
Here the bilinear form ay, is defined by (4.1) and X9, 69 € Uy, are defined respectively by

(eVxn, Vo) = =0 0n), (VO Vor) = —(p),0n), Veon € Un. (7.4)
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Remark 7.1. Instead of the first order backward difference in time used in the fully discrete scheme (7.1)—
(7.4), one can also use some second order difference approximations in time, e.g., the Crank-Nicolson
scheme [16].

We first present an analogue of Lemma 3.8, providing an estimate of the divergence of an edge element
function in H~*(Q)-norm for 1/2 < s < 1.

Lemma 7.1. Suppose € and p satisfy the same assumptions as in Lemma 6.1 and {Tp} is quasi-uniform.
Assume that wy, € X, satisfies

(ewn, Von) = —(r,on), Yon € Up,

where r € H=5(Q) for some 1/2 < s <1 and (-,-) denotes the dual pairing between H*(Q) and HE(S).
Then for 1/2 <6 <62 .6 <1:

Idiv (ewn)ll_, < A7 [leurlwa o + (Il -

Proof. By following the proof of Lemma 3.8 we may show that

VII
div (ewp,)||_, S h¥07 Y |curlwy ||, +  sup [ewn, ViLnp)|
s S 0
0 o€ HE (Q) el
[{r, )|

S A leurlwy ||, + sup
0£pEHS(Q) H<P||s

Then the desired estimate follows by noting that |(r,II,p)| < ||7||_, [Trell, S 7]l _sll¢lls. This com-
pletes the proof of the lemma. O

Now we are ready to establish the error estimates for the fully discrete scheme (7.1)-(7.3).

Theorem 7.1. Suppose {Tp} is quasi-uniform. Let E and Ej, be the solutions to the Mazwell system
(1.5)~(1.7) and its edge element scheme (7.1)—~(7.4) respectively, where v(h) is chosen such that 0 <
v(h) < h2, and let x be the solution to (3.17). Assume the following reqularities hold for B and x for
some 1/2 < § < 1:

E € H2(0,T; Ho(curl; Q) N PH’ (curl;; Q) ) N H3(0,T; L3(Q) ) ;
x € L2(0, T; PH'*°(Q)), x°,x? € PH(Q);
pe W30, T; H-1(Q)) N L>(0,T; L2()), p°, 00 € L2(Q).

Then we have the following error estimates

(max (0B B2 + [lewrl (B — B™)3) S (72 + 7202070 4 2 (75)

In addition, the following error estimates hold for 1/2 < s <1 and 0 < m < M that

Jaiv (cE™) — div BRI, S (b, + [ ol
0

s+o6— m i 112 1/2
0 (E g et )+ llewr B 0]y 120+ o™l + (2 I€705) ) (76)
j=1

Proof. Note that div (éEY) = p° and div (eFY) = p?. So we may directly apply Theorem 4.2 or 5.1
respectively to the edge element scheme (7.2) for approximating E° and the edge element scheme (7.3)
for approximating F° to obtain

HEO - E(})LHH(curl;Q) S hé(HEOHPH‘S(curl;Q) + HXO‘|PH1+5(Q))’ (77)

||FO B F?LHH(curl;Q) ’S h(s(HEgHPH‘;(curl;Q) + ’|X2HPH1+5(Q))' (78)
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Moreover, we have the following error estimates for the divergence for 1/2 < s < 1:

[|div (eE?) — div (¢Ej,
[|div (eF°) — div (¢FY),

S ([leurT B + 1l ) (7.9)
B (leurt B + o5y ) (7.10)

M-, =
IS

Now the H(curl) error estimate (7.5) can be derived by following the arguments in [16] using (7.7).
It remains to establish the error estimate (7.6). For this we define x}* € Up, for m =0,1,2,--- by

(eVXL', Vor) = —(p",n), Yeon € Un,

and define x;, ' := x) — 7Y, where 6 is given by (7.4). We shall write p~* := p* — 7p.

Using the fact that divf = p and the definitions (7.1)-(7.3) we can directly verify that
(O2(ER — eVXi), Veon) = (92p™ — pit on) . Veon €Uy (7.11)

form=1,2,---, M, which implies that

3
S

(0 (Ef" —eVXi), Vi) =7 ) (02(E}, — eVx3,), Veon) + (9- (B, — eVX}), Vion)
i

Il
-

I
'Fﬁs

<afpj — Pl s0h> + (eF), — V6), V),

j=1
hence
_ — _ 0 _ 0
(eER —eVXi', Vion) =7 Z (eE), — VX)), Veon) + (eEj — eVx, Vion)
i=1
=72 Z Z <63p7 —pl., goh> +m7(eF) — eV, Vn) + (eE) — eVx), Vion).
i=1 j=1
That is,
(eE}" — eV — (eE) — VX)) — mr(eF), — Vo)), V) = 72 ZZ <32p —pl, <ph>
i=1 j=1

Then we can apply Lemma 7.1 for 1/2 < s < 1 to obtain

[div (eER") — div (eVxi")Il
< ||div 5E2) —div (5VX2)||—5 +mT Hdiv (sF%) —div (5V92)||_5

+ potot chrl (E" —E) — mTF?L)HO +T

2o — ”{tHﬂ' (7.12)

i=1 j=1

We are now going to estimate the four terms on the right hand side of (7.12). Similarly to (4.19) and
(4.21), we can derive from (7.2)-(7.4) that

|div (¢E}) — div (VX)) _, < AP ||curl E

3 SEE T ([lewr B + (0], ) (7:13)
[|div (F)) — div (V)| _, < AT |curl FY)

< psto— 1(chrlFOHO + Hng_l ) (7.14)

lo =

Iy =

Next we estimate |[curl E}||,. Taking v;, = 70;E}" in (7.1) we come to

(e(0-Ep — 0. E* 1), 0.E) + (u 'curl B, curl (E]" — E}" 1)) = 7(f™, 0, E}")

20



form=1,2,--- , M. This implies readily that
mi2 m 2 m m m —
10 B lo.. + leurlER |5 v <7 £l o1 [0-E o + 10-Ef'[lo. [|0-E 1],
+ [curlER' (| - chrlEhm_lHOJF1
T(14+7)
<7 0. Ep
1 1 + T

+ 21+7) HaTEhm”ge H(’? E,"” 1”05

2
17 lp e

o L feun B2, L ety o
Therefore,
[0-BR 15 + leur B 5 ,- <( 4 m) (0B o+ feurl B[00 ) + 7+ 7) [£7 5 o

Using the above estimate recursively we obtain

0B 5 . + lleurl B[S -1 < |- E0||05+ |curl Ef, Hw_l +TZ|yf ||08_1

2 12
< 2l + chrlE2||o+TZ||fjllo-

On the other hand, it follows from (7.3), (7.4) and (7.14), and the argument for the L?-error estimates
(cf. Lemmas 4.4-(4.21) for small k) that

F5llo < 1l + [IFR =0l < [ {l¥] -y + [|div (F° —eFp)]|

HH(curl ;)
S ¥ xceurtiay + 212y + [[div (eF® —eVER)||, + [|div (V65 — eFy)]|
5 ||FOHH(curl;Q) + ||p?||71 .
Hence we obtain from the previous two estimates
fenrl B 2 [0 o+ leus B2 4 ) 4 2, + oo )2 )

J=1

Finally we come to estimate

—pl H . Using the Taylor expansion with integral remainder, we can
—S8

o
/, Hpmu_s, j>1,
)
Il + [ ol
s 0

o
~T<||pgt”_s+/0 ||Pm||_s). (7.16)

easily deduce that

ozt =t = | =22 -

Therefore

j J
70— Py B
i=1 j=1

By combining (7.12)—(7.16), we have

t’”l
Jaiv (B = div (<l S (el + [ o)
m

B , 1/2
i (IR 7 I O wi L ) ey
j=1
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On the other hand, we know from Lemma 3.9 that

v (€B™) — div (V) |y < B o™ s (7.18)

[

Now the desired error estimate (7.6) for the divergence is a direct consequence of (7.17)-(7.18). O

8 Numerical examples

In this section we present a numerical example to confirm the optimal convergence rate of the edge
element scheme (4.4) for solving the stationary Maxwell system (1.1)-(1.2). We take the domain ) =
(0,1) x (0,1) x (0,1), and the coefficients € = 1 and u = 1. Functions f and p are chosen such that the
exact solution E to the system (1.1)-(1.2) is given by

.Z‘ll‘gxg(l — Ig)(l — Ig)
E = $1$2$3(1 - 1'3)(1 - .Tl) . (81)
(Ell'gxg(]. — xl)(l — .’Ez)

As the domain € is convex, we have the regularity exponents 6 = ¢’ = 1 in Theorem 4.2. So we have the
following error estimates for 1/2 < s < 1:

|E — By, = [lcurl (E — By)||, = O(h), ||divE — divE,||_, = O(h*). (8.2)

We start with a uniform initial triangulation 7y of 2, consisting of 192 tetrahedra. Then we refine Ty
successively and obtain the triangulation 7; at the jth refinement with mesh size h;. The refinements
are done in such a uniform way that each tetrahedron in 7;_; is divided into eight sub-tetrahedra to
generate the mesh 7;. Clearly we have h; = 277hg. We set y(h;) = h? unless otherwise specified. We
use the software COMSOL Multiphysics for our experiments and write our codes in MATLAB.

In our experiments, we solve:

e the system (3.16) for the solution xj, (required in the edge element approximation (4.4)) by the
preconditioned CG method with the multigrid preconditioner ;

e the edge element system (4.4) by the preconditioned bi-CG stabilized method (cf.[34]) with the
Hiptmair-Xu preconditioner (cf. [22]).

We first check the L?-norm and curl-norm error estimates in (8.2). The errors HE — Ep, Ho (dashed)
and chrl (E — Ehj)Ho (solid) are plotted in Figure 1 against 1/h; in log-log scale for j = 0,1,---5.
Clearly this numerical example has verified very well the predicted error estimates:

HE - Etho ~h;, |curl(E- Eha‘)Ho ~ h;.

Secondly we test the convergence rate of |[divE —divE,|_, for 1/2 < s < 1. Although divE,
vanishes in every K € Ty, the “global” (weak) divergence of E;, does not. Theoretically, we know directly
from the proofs of Lemma 3.8 and Theorem 4.2 the following error estimate

1/2
Jaiv E — divEnl_, £ ol + 172 5 IEw iy ) 3)
fEFR

for p € L?*(Q) and 1/2 < s < 1, where [Ey, - n]] are the jumps over element faces f € F, as defined
in (3.25). We emphasize that the estimate (8.3) holds without assuming that the triangulations are
quasi-uniform, since only (3.26)—(3.27) are needed. If we introduce the estimator

m=(% ||[[Eh~n1]||12(f))1/2,

fEFn

then it suffices to check that 7, = O(h'/?) in order to verify the convergence rate of the divergence given
by (8.3). Indeed this can be very well confirmed; see Figure 2.
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Figure 1: ||E — Ey, ||, (dashed) and ||curl (E — Ej, )|, (solid) versus the numbers of degrees of freedom
in log-log scale. The dotted lines with dot markers gives the reference line with slope —1. The markers
correspond to 5 =0,1,--- 5.

Next, we demonstrate the performance of the Hiptmair-Xu preconditioner for the edge element scheme
(4.4). Table 1 shows the number of iterations of the preconditioned bi-CG stabilized method for solving
(4.4). In our experiments, the tolerance is set to be 1078 for the relative [>-norm of the residual. We
recall that the condition number of the preconditioned system of (4.4) by the Hiptmair-Xu preconditioner
is independent of the parameter «(h) and the multilevel j (cf. [22]). Clearly this is very well confirmed in
Table 1. In fact, the preconditioned bi-CG stabilized method converges optimally, namely one iteration
of the method can reduce the norm of the error of the approximate solution by a factor that is bounded
away from 1 and independent of N, the size of the linear system, resulting in a total computational
complexity of order O(N).

j 1 2 3 4 5
N | 1,516 | 13,208 | 110,128 | 899,168 | 7,266,496
~(h;) | 1/16 | 1/64 | 1/256 | 1/1024 | 174096
Tter | 45 | 6.25 8.5 10 9

Table 1: Number of refinements, number of degrees of freedom of the linear system, the parameter
v(h;) = h?, and number of iterations of the multigrid preconditioned bi-stabilized method.

Finally, we test the possible influence of round-off errors when «(h) is very small. Theoretically, the
parameter y(h) can be chosen arbitrarily small (but positive) without affecting the convergence orders
and the performance of the preconditioned iterative methods, but numerically, the actual effect of the
perturbation terms involving v(h) may be affected by the round-off errors if v(h) is too small. We fix
j = 3 and set the tolerance to be 1071%. Table 2 shows that the errors in H(curl)-norm and the number
of iterations of the multigrid preconditioned bi-stabilized method behave well for v(h3) up to 10~8, while
the errors in L?-norm and the estimator 7, remain steady for v(hs) up to 107".
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