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SOLVING ELECTROMAGNETIC EIGENVALUE
PROBLEMS IN POLYHEDRAL DOMAINS WITH
NODAL FINITE ELEMENTS
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Abstract A few years ago, Costabel and Dauge proposed a variational setting, which
allows one to solve numerically the time-harmonic Maxwell equations in 3D polyhedral
geometries, with the help of a continuous approximation of the electromagnetic field.
In order to remove spurious eigenmodes, their method required a parameterization of
the variational formulation. In order to avoid this difficulty, we use a mixed variational
setting instead of the parameterization, which allows us to handle the divergence-free
constraint on the field in a straightforward manner. The numerical analysis of the
method is carried out, and numerical examples are provided to show the efficiency of
our approach.

Introduction

In a landmark paper [19], Costabel and Dauge proposed a method, which allowed one
to discretize the electromagnetic field with a continuous approximation, in 3D, convex
or non-convex, polyhedra. In this way, they provided a generalization of the method
earlier developed by Heintzé et al [26,6], which relied also on a continuous approxima-
tion of the field, but worked only in 3D, convex polyhedra.

As a matter of fact, in order to be able to solve Maxwell’s equations in a non-convex
polyhedron with a continuous and conforming discretization, one has to overcome a
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very difficult mathematical problem. It turns out that the discretized spaces are always
included in a closed, strict subspace — sometimes called the subspace of regular fields —
of the space of all possible fields. In other words, one cannot hope to approximate the
part of the field, if it exists, which belongs to the orthogonal of the subspace of regular
fields.

Over the past decade, several methods have been devised to address this problem.
Apart from the method considered by Costabel and Dauge [19,20], at least two other
remedies can be used. First, the singular complement method, in which one approxi-
mates explicitly the remaining part of the field. It works well in 2D geometries (see [5,
4,25,23,27]), and Q%D geometries (see [14,29,3]). Second, one can relax the boundary
condition, and compute the field in a larger space: this allows one to recover the desired
density property, since the sum of all discretized spaces is again dense in the space of
possible fields. This approach has been studied recently [13,28]. Then, one can use
a weaker norm to measure the divergence of the field: one replaces the L?-norm by a
weighted L?-norm. This weighted approach, introduced by Costabel and Dauge [19,20],
leads again to a larger space for the fields, where once again the density property is
recovered. We focus hereafter on the weighted approach. Note however that all results
remain valid, should one prefer to use the singular complement method in 2D and Q%D
geometries (see the concluding remarks).

In order to solve the time-harmonic Maxwell equations, Costabel and Dauge then

proceeded by adding a regularization term, with a parameter s: this resulted in the
weighted reqularization method, refered too as WRM later on. The drawback of this
technique is that the regularized operator has two sequences of eigenvalues: one is cor-
rect and the other is spurious. This is a feature of the problem reformulation and has
nothing to do with pollution of numerical schemes. The spurious eigenvalues vary with
the parameter s and can be recognized performing the eigenvalue computation with
several values of the parameter. The difficulty is that one has to deal with a 3D cloud
of points, i. e. eigenvalues sorted by increasing magnitude, for given values of s and a
given meshsize. Then, one has to keep all the right modes and, correlatively, reject all
the spurious ones.
To get around this difficulty, we propose to use a constrained formulation, namely we
add a constraint on the divergence of the field. This approach has been presented for
the continuous problem in the Annex of [13]. Our aim here is to carry out the numer-
ical analysis of the constrained formulation. For that, we rely mainly on the general
approximation theory for this kind of problem, which can be found in [10].

The outline of the paper is as follows. In the next Section, we recall the time-
harmonic Maxwell equations, which we express as a set of second-order PDEs. In
Section 2, we introduce the functional framework. Then, we build the continuous vari-
ational formulations to be solved in Section 3. In Section 4, we prove the convergence
of the discretized eigenmodes towards the exact eigenmodes. And, in Section 5, we pro-
pose some numerical examples to illustrate the behavior of our method. Concluding
remarks follow.
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1 Setting of the problem

Hereafter, we consider the case of a resonator cavity {2, bounded by a perfect con-
ductor. The domain 2 C R? is a bounded, simply connected, open polyhedron with
a Lipschitz, connected, boundary 0f2. Let n be the unit outward normal to 9f2. The
goal is to find eigenmodes of electromagnetic oscillations. Let ¢ be the light velocity.
The electromagnetic eigenmodes are non-zero solutions to the time-harmonic Maxwell
equations

Exn=0on 90,
B-n =0 on 0f2.

wE — c*eurl B =0 in 2, (1)
wB+ curl€ =0 in 2, (2)
divE =0 in £2, (3)

divB =0in (2, (4)

(5)

(6)

6

Above, £ and B are respectively the electric field and magnetic induction, and w is the
time-frequency. When w # 0, equations (3)-(4) are clearly redundant, being straightfor-
ward consequences of equations (1)-(2). However, since we want to investigate methods
which include explicitly (3)-(4) as constraints, we have to mention them.

It is well known that one of the fields can be eliminated. Multiplying (1) by w
and adding curl of (2) we get a vector wavelike equation for £, which reads —w?E +
Zcurlcurl€ = 0 in £2. Similarly, there holds —w?B + Peurlcurl B =0 in . Then,
each system of equations below is equivalent to (1)-(6).

The electric eigenvalue problem (PE):
Find £ and w such that

c*curlcurl £ = W3¢ in 0,

—
-
-

div€ =0in £, (8)
Exn=0ondfN. 9)
The magnetic eigenvalue problem (PB):
Find B and w such that
?curlcurl B = w?B in £, (10)
divB =01in £, (11)
B-n=0and curl B x n =0 on 0f2. (12)

From now on, we consider the eigenvalue problem in £ (PE).

2 Functional spaces

Recall that our aim is to discretize the field with a continuous, conforming approxima-
tion. As we mentioned already, the correct functional spaces will be different, depending
on the convexity of the domain [19,20].
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Let us begin with Lebesgue and Sobolev spaces, which are needed both in the convex
and in the non-convex cases. Let LQ(Q) be the usual Lebesgue space of measurable
and square integrable functions over (2. Its canonical norm and scalar product are
respectively denoted by || - |jo and (-, -)o. Then, H*(£2) will denote the space of L?(£2)
functions with gradients in L?(£2)3. We then introduce

H(curl, ) := {F € L}(2)? |curl F € L?(22)3},
Ho(curl, 2) := {F € H(curl, 2) | F x njg, = 0}.

When (2 is convex, we introduce also
X = {F € Ho(curl, 2) |div F € L*(2)}.

According to the set of equations governing the behavior of £, there holds £ € X.
According to Costabel [18], the graph norm and the semi-norm: ||F||% := ||curl F||3 +
||div F||2 are equivalent norms on X. Also (see [1]), X is a subset of H'(£2)%: AN
H'(02)% and X coincide.

On the other hand, when {2 is non-convex, X N Hl(Q)3 is a strict, closed subspace
[1] of X: X N H'(£2)? is not dense in X anymore. Therefore the need of another choice
of functional space.

Stating that the domain {2 is non-convex amounts to considering that {2 includes
a set of reentrant edges E, with dihedral angles (7/ae)ccp such that 1/2 < ae < 1.
Let d denote the distance to the set of reentrant edges E: d(x) = dist(x,Uecp€). We
define the notation dp := inf{d(x), x € O}, for any subset O of 2.
Introduce the weight wy, a smooth non-negative function of x. It behaves locally as
d” in the neighborhood of reentrant edges and corners (we shall write wy ~ d7), and
is bounded above and below by a strictly positive constant outside a neighborhood of
E (this corresponds to the simplified weights of [19], Subsection 4.5).
Let L%(.Q) be the following weighted space, with [|.|[o,; norm:

2 2 2
L5(82) i={v € Lioc(2) [wy v € L7(2)}, |v]lo,5 = [[wy v[o-

‘We then define
Xy = {F € Ho(curl, Q) |div F € L2(2)}.

In the non-convex case, it is easy to see that X C X,. The advantage of using a weaker
topology has been pointed out by Costabel and Dauge in [19]. Their results read as
follows': there exists Ymin €10, 1/2[ such that for all v €]vmin, 1[:

— on Xy, the graph norm and the semi-norm:
2 2 . 2
I|F11%, = lleurl F[g + ||div F[[5,y

are equivalent norms;

1 More precisely, one has Ypin = 2 — ag, where UB E}%,Q[ is the minimum singularity
exponent for the Laplace problem with homogeneous Dirichlet boundary condition:

{¢p € H(2)| Ap € L?(2), ¢jpo =0} C ﬂs<ag H?(£2),
(¢ € HY(2)| A € L2(2), djpn =0} ¢ HTA(9).
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— Xy N HY(2)3 is dense in Xs.

Finally, we introduce two functional spaces, which will be useful to characterize La-
grange multipliers. So, let

VY= {ve L} (2)|wy—1v € L*(2), wyVv € L*(2)*},
€71Y := closure of D({2) in V% .
It can be proved [19] that there holds {/}Y ={v e V’lv |vjpe = 0}. Note that given

o
v € V%, one has V(wyv) € L?(2)3. Moreover, on V %, the graph norm and the
semi-norm |[v|]y = ||V(w~v)||o are equivalent norms. This implies? in particular the
orthogonal decomposition

2.3 .0 L °1
L7(02)" =H(div ", 2) & V(wy V5), (13)
where H(div?,2) := {v € L?(2)%|dive = 0}. Finally, in the absence of weights

(wo = 1), one recovers that {/(1) = H} ().

In the following, we shall keep the index ~ everywhere, to emphasize the use of the
weighted norms in the non-convex case. However, it is clear that all results are valid
in the convex case with the stronger norms (see Section 6).

3 Variational formulations

Set A = w2/c2. Since the electric field belongs to
Ky :={F € &y |divF =0},

one can rewrite (PE) as
Find (€,\) € Ky x RY such that

curlcurl€ = A€ in 2. (14)

It is common knowledge that the equivalent variational formulation is
Find (€,)) € Ky x RT such that

(curl€, curl F)g = A(E,F)o, VF € K. (15)

However, since it is difficult to build a conforming discretization in /Cy, the divergence-
free condition on the field is usually prescribed as a natural condition. This is the
reason why one solves the eigenproblem in Xy (or in Ho(curl, 2), but this is another
story...). We report below two possible approaches (see [19,20,13]).

2 Given f € L?(£2)3, solve
Find u E{)/,lY such that

(V(wyu), V(wyu'))o = (f, V(wyu'))o, Vu! €V

Thanks to the equivalence of norms, this problem is well-posed and admits a unique solution.
Taking v’ € D(£2) yields wy(A(w,u) — div f) = 0 in the sense of distributions, so that
A(wyu) = div f. Now, V(wyu) is in L?(2)3, and ¢ = f — V(w,u) moreover belongs to

H(div 9, £2). The orthogonality of H(div?, £2) and V(w- %ol,ly) is straightforward.
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First approach. One remarks that if (£, A) solves (14), then one can take the L? scalar
product between curlcurl £ and a test field F of Xy and integrate by parts, and then
add the weighted L% scalar product between div £ and the divergence of the test field
div F, to reach

(curl &, curl F)g + (div €, div F)o,, = A(E, F)o.

Therefore, the eigenpair (€, A) also solves
Find (E,\) € Xy x R such that

(5,.7‘—))(_Y =ANE,F)o VF € Xy. (16)

Unfortunately, the reciprocal assertion is not true: in other words, the fact that (£, )
is a solution to (16) does not guarantee that it is an eigenpair of the original problem
(14). The reason is that there exist solutions to (16) which are not divergence-free: in
this sense we call these eigenpairs spurious.

To address this problem, Costabel and Dauge [19,20] chose to consider instead the
parameterized eigenproblem
Find (Es,\s) € Xy x RT such that

(curl&s, curl F)g + s (div Es,div F)o, = As(Es, F)o VF € Ay, (17)

where s > 0 is a parameter. In this way, the equivalence with the original problem
can be restored. As a matter of fact, if one lets s vary, the true eigenpairs will be
independent of s (they are divergence-free), whereas the spurious solutions will vary
with s (they have a non-vanishing divergence).

Second approach. As it is advocated in [13], one can take into account the constraint
on the divergence of the field, via the introduction of a Lagrange multiplier. In this
way, one recovers the equivalence with the original problem (14) (see the Annex of
[13]). The mized eigenproblem to be solved reads

Find (€,p,\) € Xy x L2(£2) x RT such that

{ (5,.7:))(,Y + (p,divf)()’»y = )\(5,.7‘—)0 VF € Xy (18)

(g.divE)o,y =0, Vg € L2(12).

To prove the equivalence with the original problem, one follows the construction below.
Notice that if (£, p, ) is a solution to (18), then div & = 0 according to (18b). Moreover,
the field? Fp = V(Apflp) belongs to X, since by construction F, € Ho(curl, 2),
curl 7, = 0 and div Fp = p. As a consequence it can be put in (18a) to reach

||p||37.y = M&,V(Ap~'p))o = 0 by integration by parts.

Therefore, any solution to (18) is such that p = 0 and £ € K. This proves the
equivalence with the original problem, since (€, A) is an eigenpair of (14).

In what follows, we focus on the discretization and on the numerical analysis of the
second approach.

3 Here, Ap~! : L%(Q) — Hé(()) is such that, for any q € L%(Q)7 ¢ = Ap~lq is the
solution to the Laplace problem with homogeneous Dirichlet boundary condition:
Find ¢ € H3(£2) such that
A¢ = qin (2.
This problem is well-posed since L2(£2) C H™1(£2).



Submitted to Numerische Mathematik (Manuscript No. 5901) 7

4 Discretization and convergence results
4.1 Abstract theory

We recall here the general theory (see [10]), which allows one to prove convergence
results, for eigenvalue problems set in a mized variational framework. So, consider

— V and Q two Hilbert spaces, with norms || - [y and || - [|g;

— a a bilinear, continuous, symmetric, positive, semidefinite form on V' x V';
— b a bilinear, continuous form on V' x @ ;

(f,9) an element of V' x Q’.

Introduce the abstract mixed variational problem:
Find (u,p) € V x Q such that

a(u,v) +b(v,p) = (f,v), Yo € V
{( 9)=(9.q), Yg € Q. (19)

For this problem, we make two assumptions:

(A1) inf-sup condition: 33 > 0 such that

mfspM>ﬂ.

9€Qvev [lvllv llallq

(A2) coercivity on the kernel : 3o > 0 such that
a(v,v) > aHUH%/, Yo € K,
where the kernel K is equal to {v € V' |b(v,q) =0, Vg € Q}.

Theorem 4.1 (Babuska-Brezzi)[24,12] Assume that (A1) and (A2) are fulfilled.
There exists one, and only one, solution (u,p) to the mized variational problem (19),
which depends continuously on the data (f,g).

Note that if (A1) and (A2) hold, we can introduce the continuous and linear mapping
T from V' to V, such that Tf is the first element (called u above) of the unique solution
to problem (19), with data (f,0). Since a is symmetric, T is selfadjoint.

Then, one can consider the conforming discretization of (19). To that aim, let V3,
and @y, be two finite dimensional subspaces of V' and @ respectively, and introduce
the discrete mixed variational problem:

Find (up,pp) € Vi X Qp, such that

{a(uhzvh) +b(vp, pr) = (fyvn), Yo €V}
b

(un,qn) = (g, an)> Van € Qp. (20)

For this discrete problem, we make two assumptions:
(DA1) discrete inf-sup condition: Vh, 38(h) > 0 such that

inf sup W) g
an€Qn Uhevh lvrllv llanlle —
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(DA2) coercivity on the discrete kernel: 3’ > 0 such that
Vh, a(vh’vh) 2 O/th”%/v Vo, € Ky,
with the discrete kernels Kp, := {vp, € Vj, | b(vp, qn) =0, Vg, € Qp}

Theorem 4.2 (Babuska-Brezzi)[24,12] Assume that (A1), (A2), (DA1) and (DA2)
are fulfilled. There exists one, and only one, solution (uy,pp) to the discrete mized vari-
ational problem (20), with the error estimate below: 3C > 0 such that

1
uU—u <C 1—|——) inf ||lu—wv + inf — }
fu=unlly <€ { (14 555) it Ju=vally + int o= anllo
Assume that (A1), (A2), (DA1) and (DA2) hold. For a given h, we can also introduce
the discrete, continuous and linear mapping T}, from V' to V, such that Tj f is the
first element of the unique solution to problem (20), with data (f,0).

We then consider the eigenproblem, set in a mized variational framework. We need
a third Hilbert space, called L, such that V C L algebraically and topologically, and
moreover V is a dense subset of L. The scalar product of L and its norm are respectively
denoted by (-,-,)r, and || - ||1. Hereafter, we identify L’ with L. The eigenproblem to
be solved reads:
Find (u,p,\) € V x Q X R such that
{a(u,v)—&—b(v?p):)\(u,v)L7 YveV (21)
b(u,q) =0, Vg € Q.

Note that, according to the definition of the operator T, (21) can be rewritten equiv-
alently ATu = u, where T is considered from L to V. For this eigenproblem, we make
one additional assumption:

(E) The operator T : L — V is compact (and nonnegative).

The discrete approximation of (21) is:

Find (up, pp, An) € Vi, X Qp X R such that

{a(uhavh) + b(vh, pr) = An(un, vn)L, Yon € Vi (22)
b(un,qn) =0, Yan € Q.

The discrete eigenproblem can be rewritten equivalently Ay, Tpup = up,. So, to establish
the convergence of the solution of the discrete eigenproblem towards the solution of
the exact eigenproblem, one has to prove that

lim sup N = To) fllv =0. (23)

h—0+ fer (Ifllz
Indeed, this uniform convergence in £(L, V) implies convergence of eigenvectors and
eigenvalues, for T selfadjoint and compact [7]. Moreover, the (uniform) rate of conver-
gence on the eigenvectors and eigenvalues is bounded by the rate of convergence in
(23). From [10], we introduce sufficient conditions that ensure (23). A few additional
definitions are needed, before these conditions are stated. Let Sy denote the subspace
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of V x @, made of solutions to problem (19) with right-hand sides (f,0), where f € L.
Then, consider

Vo={veV : ge@st. (v,q9) € So},
Qo={qeQ : veVst (v,q) € S}

These two spaces are endowed with their natural norms, that is |[v||y; (resp. [lq||lq,) is
equal to || f|l (resp. || fllL), with f such that (f,0) is the right-hand side of (19) with
solution (v, qy) (resp. solution (vy,q)).

The first condition is the weak approzrimability of Qq.

Definition 4.1 The weak approximability of Qg is verified provided there exists r1 :
RT — R, such that lim,_,+ r1(h) = 0 and

sup (v, Qo)

<ri(h)lleollq,» Y90 € Qo- (24)
onek, vnllv

Inequality (24) actually corresponds to an approximability property, since one has
b(vn, q') =0, V¢! € Qp and Yoy, € Ky,.

The second condition is the strong approrimability of Vj.

Definition 4.2 The strong approximability of Vj is verified provided there exists ro :
RT — R, such that lim,_, g+ ro(h) = 0 and

Yug € Vo, B! € Ky, st flug — o' ||y < r2(h)||vo|lv, - (25)

We note that, according to Theorem 4.2, provided the weak approximability is fulfilled,
it is sufficient that

: 1 : llvo — vh||v>
lim ¢ —— sup inf <7 =0, 26
Wb {ﬂ(h) D i\ Teollvg (20

to ensure the strong approximability. Indeed, the solution to the discrete mixed prob-
lem with g = 0 automatically belongs to the discrete kernel K; and, as such, it can
play the role of v! in (25).

Then, the following convergence result holds [10].

Theorem 4.3 Assume that T is a (selfadjoint) compact operator from L to 'V (E).
Assume moreover that the weak approzimability of Qo (24), the strong approzimability
of Vo (25) and the coercivity on the discrete kernel (DA2) are verified. Then, there
exists r3 : RT — RT such that lim,_ g+ r3(h) = 0 and

sup ||(T — Th)fHV < 7'3(}1). (27)
fer Il

Proof According to [10], the result is true, with

)rg(h) + (k)0

lall
a/

rg(h) = <1 +
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Once the convergence in operator norm is established, one can obtain error bounds
on the eigenvalues and eigenspaces, thanks to techniques a la Babuska-Osborn (see [7,
9] for details). Let A be an eigenvalue, and E) be the eigenspace associated to it. Let
Ap, be the average of the discrete eigenvalues converging to A, and E, the sum of the
discrete eigenspaces associated to Ap. One wants to measure the error |\ — A, |. As far
as the eigenspaces are concerned, one wants to bound the gap between them. It can be
defined mathematically as follows: given V] and Vo two subspaces of V, introduce

0(V1, Vo) = max(6(V1, Va),0(Va, V1)), where §(V1,V2) = sup inf |lvg —va2llv-
v € Vi IS
lviflv =1

One can prove the

Theorem 4.4 There exists C > 0 such that
I\ = Ap| < Cex(h)? and §(Ey, Ey,) < Cex(h), (28)

with the approximation error

ex(h)= sup inf [lo—uyllv. (29)
v € Ey v, EVY
lollv =1

4.2 Continuous and conforming discretization

Here, we describe briefly the discretization method that we use, together with some
accompanying error estimates.

We consider a series of regular triangulations (7,), of £2, indexed by the meshsizes
h, and made of tetrahedra. We use the conforming, continuous? P, Lagrange finite
element (k > 1) to discretize elements of X. Then, we choose the Zero Near Singularity
Py+1 — Py Finite Element of Ciarlet, Jr. and Hechme [16] to discretize the mixed
variational formulation in Ay x L%(Q) The choice of this Finite Element is justified
later on. So, consider

N
P (30)

Xy = {Fp € C°(2)° | F x njp0 =0, Fpjic € Pey1(K)®, VK € Tp}
My, = {q, € C°(2) |wayqn i € Pu(K), VK € Ty, qup, =0}

Here, we set Ej, = UreT;, arnE#9T- In other words, imposing ¢p, g, = 0 means that

the discrete multipliers vanish on tetrahedra that neighbor the reentrant edges and

corners. Moreover, given (Fp,qp) € Xp X My, if we let 4, = w2yqp, We note the

identity (qp,,div Fp)o,y = (gh,div Fr)o-

4 By construction, the discretized field and the test-fields are continuous, and piecewise
smooth. So, they belong naturally to H'(£2)3. Since the discretization method is conforming,
they also belong to X5. Then, in order to be able to apply the classical Galerkin theory, a
necessary condition is that Xy N H1(£2)3 be dense in X, which is precisely the result proven
by Costabel and Dauge [19], when v €]vmin, 1[.
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Remark 4.1 Costabel and Dauge [19,20] noted a number of restrictions on the use of —
lower degree — nodal finite elements to approximate the electric field. Foremost, there
must be "enough” gradients (i.e. F, = Vy,) in A} It turns out that this problem can
be addressed thanks to the construction of the so-called C! interpolants in Computer
Aided Design. We refer for instance to [31], and to [16] and Refs therein for examples.
In particular, the use of the lower degree P; or P» finite elements is possible, in 2D
and in 3D.

The discrete approximation (22) reads:
Find (£, pn, A\n) € X x My, x RT such that

{ (Ens Fr)x, + (P, div Fp)oy = M (En, Fr)o VFR € Xy,

(qn,divEp)o, =0, Vg € My, (1)

We recall below error estimates from [19,16], when one solves the static version of
problem (7)-(9). It will be useful to establish the convergence result for the eigenprob-
lem. The static problem amounts to solving

curlcurlé = 7 in £2, (32)
divEé =01in (2, (33)
€ xn=0on Jf. (34)

Above, one considers J € LQ(.Q)3 such that div.7 = 0.

First, consider the plain variational formulation
Find £ € Xy such that
(5,.7:),\@ =(J,F)o VF € X5. (35)

To approximate (35), one uses the P, Lagrange finite element (k > 1) and builds a
discretized variational formulation, with solution £5. Costabel and Dauge [19] proved
the worst case estimate

1€ - &R, < C=h™ (| T lo, Ve > 0.

where 7 = min(y — ’ymm,ag — 1), and O‘X e]%,Q[ is the minimum singularity expo-
nent for the Laplace problem with homogeneous Neumann boundary condition®. Tt is
common knowledge that this estimate improves when one uses graded meshes (cf. [2]),
or provided £ is smoother (when k increases).
From now on, we replace the exponent (7 — ¢) €]0,7[ by u. The previous estimate is
reformulated as

1€ = ERllx, < Cuh™(|Tlo, Vi €10, 7[. (36)

However, one wants to approximate £ by an element of the discrete kernel, i. e. some
5,11 € X}, such that (gp, div 5,11)0’V =0, for all g, € M},. To that aim, consider the mixed
variational formulation
Find (€,p) € Xy X L%(Q) such that
{(&]-')XW+(p,divf)o77:(j7f)o VF € Xy (37)
(¢,divE)o, =0, Vg € L2(9).

5 When 2 C R?, ag = Ug, so that 7 = 4 — Ymin. When 2 C R3, it can happen that
o <oR
A A
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Using the Py — Py, Finite Element of [16] on a series of triangulations (77,),, one can
build a discretized variational formulation with solution (5,1, pn)- Then, one can apply
Theorem 4.2, to reach the error estimate

1
E—EHly. <C <1+—
|| h||2€"Y = Ypu ﬁ(h)

where ((h) is the ’constant’, which appears in the discrete inf-sup condition (DA1).
To bound B(h) from below, we refer to [16] for an extended discussion. In particular,

the ”obvious” choice of the Taylor-Hood Finite Element is ill-advised in our case, and
a condition like gp| g, =0 must be imposed to the discrete multipliers. One finds

) W17 ]los (38)

Proposition 4.1 There exists Cijs > 0, such that B(h) > C;s for all h.

Next, we establish an approximability property for the Lagrange multiplier. To that
aim, we introduce

Q= {qo € L2(£2) | wy g0 €V3}.

Proposition 4.2 There exists Capp > 0, such that
. 1—
inf |lg0 — qnllo,y < Capp h WH(IOHQW Vgo € Q. (39)
qn €M}

Proof We follow the guidelines of the proof of Proposition 8.3 of [19], but we have to
use Clément type interpolation operators since functions ¢ € Q. are not, in general,
continuous. Note that ¢ € Q, means that way 19 € L?(2) and wa,Vq € L?(£2)3. For
all T € Ty, let T be the set of tetrahedra T’ such that 7N 7T" # () (We recall here that
the tetrahedra are closed subsets of R?). Let V}, := {g, € () la, 1k € PL(K), VK €

Tp,}. Tt is known [30] that there exists a projection ITj, : L, (£2) — V3, such that:
lg — Tnallpzry < C'h|Q|H1(f)- (40)
We construct a cut-off function xj, such that:
0<xn<1 xp(x)=1ifd(x) <4h, xp(x)=0ifd(x)> 8h,

where one recalls that d denotes the distance from the set of reentrant edges.
For any T € 7y, without loss of generality, we suppose that if x,(x) =0, Vx € T,
then dz > h. Given go € Qy, we set qp = w_2,II5(1 — xp)wayqo, and we prove

(39), with HQOH2QW Y ||q0||%72V,1 + ||Vq0||%72V. We have that gj,|g, = 0 and moreover
qn, € Mp,. We have also:

lao — anlld,5 < 2lIxnaolld + 211 = xn)a0 — anllg, = 2(I + IT).

and we estimate the two terms separately. We compute:
2 2 2
I=>" / w2y |Xnqo0|” = > / w2y |Xnq0]” < > / way|qo
Te7,’ T TET,  dr<sh” T TET, : dp<sh” T

2—2 2 2(1— 2
<o 3w [ vl < h0 ey, (41)
TET;, : dp<8h T
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Before we estimate the second term II, let us make some preliminary (elementary)
computations. Set ¢ = (1 — xp)wa~qo:

2 2
IT=[|(1 = xn)90 — anllo,y = llwy(1 = xn)a0 — w—r IR (1 — xn)w2490l|0

2 2

= [lw—r (w2 (1 = x1)q0 — I (1 — xp)wayqo) 5 = [lw—r (g — Ixq) |5

2
= > lw—ry (= Thg) [ F2(7)-
TeT),

Thanks to the definition of the cut-off function, we know that (1 — xp)(x) = 0 if
d(x) < 4h. As a consequence, in the above summation, one can exclude tetrahedra T'
such that dp < h or, equivalently, tetrahedra of Ej,. Now, on a tetrahedron T of 7, \ E},,
we have [|w— || (1) < C'h™ 7. So, we can write, using the rule || f gl| > < |||l L llg]l L2
and with the help of (40),

2 —2 2
=Y |wer(qg=nq)llz2ery <CH2" > llg— Mnall iz
TeTh\En TeTp\En

2-25 2
<Ch Z |Q|H1(f)
TeTh\En

(42)

Next, we develop the expression of Vg, which writes

Vg = (1—xp)V(wzyqo) + wayq0V (1 — xp).

We then evaluate the norm of each term.
For the first term, since ||1 — xp||oc < 1, one has

(1 - Xh)v(wQ'yQO)HLQ(rf) < Hv(wQ'y(I0)||L2(f)-

For the second term, we note that the support of V(1 — xy) is included in {x|4h <
d(x) < 8h}, and that ||[V(1 — xp)||z~ < Ch~'. Furthermore, in this region, one has
|lwi]|p~ < C h. One gets

lwayqoV (1 — Xh)HLz(f) = |lway—190w1 V(1 — Xh)HLz(f)

< Cllway—140ll 27y = Cllaoll 3 (7

Using (42), we then reach an estimate of I1:

e 5 (Il + ol )

TeTy (43)

< R (119 (waa0) 11 + llaoll3 24-1) -

The last inequality is obtained thanks to the following observation. Since the series of
triangulations is regular, there exists an upper bound Qndependent of h) to the number

of times any given tetrahedron T’ occurs in the sets T, when T spans T,.
Adding up (41) and (43) ends the proof. O



14 A. Buffa, P. Ciarlet, Jr., E. Jamelot

4.3 Convergence results

In this last Subsection, we verify that we can apply the abstract theory [10] (reported
in Subsection 4.1) to our situation. We add *s to highlight the ad hoc functional spaces,
the forms, etc. that we consider specifically. We have:

— V* = &y with norm || - |[y+ == || - [|x, -

- Q"= L%(Q) with norm || - |[g~ := || - [|o,y-

a*(u,v) := (w,v)x, ; b*(v,q) = (divv,q)o 4

The kernel K* := 5.

The (selfadjoint) operator T* : (V*)' — V*, which associates to any f the first
element of the unique solution to problem (19)*, with data (f,0).

— L* := L*(0)? with norm || - ||z« :== || |lo; V* € L* and V* is dense in L*.

The inf-sup condition (A1)* holds with 8* = 1. As a matter of fact, given ¢ € Q*,
consider v = V(Ap~1q) € V*, such that b*(vq, q) = lgl|= l|vg|lv+- The coercivity on
the kernel (A2)* is clear, since a* is the scalar product of X*.

The proof that the (restriction of) the operator T* is compact from L* to V*, that
is (E)*, is postponed until Corollary 4.2. Before that, we characterize the subspaces
Vg and Qf. Given f € L*, we thus study the solution to the problem
Find (u,p) € Xy X L%(Q) such that

{ (u,v)x, + (p,divv)o,, = (f,v)0 Vv € Xy

. 44
(g,divu)p, =0, Vg € L%(Q) (44)

There holds

Theorem 4.5 Let (u,p) be the solution to (44).

On the one hand, divu = 0 and curl curlu € L?(£2)3.
On the other hand, w~p G\ol%

Proof According to (44b) divu = 0, so that u € K+ and (44a) reduces to
(curlu, curlv)g + (p,dive)g , = (f,v)o Yv € Xy.

To proceed, let us apply to f the not so standard orthogonal decomposition (13) of
L2(.Q)3: 3¢, q) € 'H(divo7 2)x {/}Y such that f = {4+ V(w~q). Then, w~p + g belongs
to L2(£2), and one can solve the auxiliary problem

Find z 6%07% such that

(V(wyz)7V(wyz/))0 = —(wyp+gq, z/)o, vz G%OI}Y

By construction, wA(w~z) = wyp + q. Thus, if we let v = V(w~z), we have v € X,
with curlv = 0 and wdivv = w~p + ¢. Using this test-field in the reduced version of
(44a) yields

/

(wypwyp + Qo = (f, V(we2))o = (V(wyg), V(wyz))o “=" —(wyp + g, )o.

In other words, |[wyp + q||3 = 0, i.e. wyp = —q (in L*(2)): this proves the improved
regularity of the Lagrange multiplier p.
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Now, let us take a test-field v of D(£2)? in the reduced version of (44a), with f replaced
again by ¢ + V(w~q):

(curlcurlu — ¢, v) = (V(w~q),v)o — (w~yp, wydivo)g

w~q,divv)g — (wyp, wydivv)g by integration by parts

—(
—(q + wyp, wydivv)o = 0.

In other words, curl curlu = ¢, so the conclusion follows. O

Remark 4.2 One can characterize the spaces V' and Qf completely. After some ele-
mentary computations, one reaches

* 2 3 * 2 o1
Vo ={v € Ky|curlcurlv € L7(2)°}, Q¢ = {q € L5(2) |wyq €V~ }.

Now, it is possible to measure elements of Vi and Q§. Using the definition of the
norms, one gets immediately the

Corollary 4.1 On Vg and Q, the norms are respectively

1/2
[[ollvy = (||curlv||2 + ||curl cur1v||2) , (45)
llallgs = IV (w2ya)llo- (46)

This last result allows us to prove the compactness result (E)*.

Corollary 4.2 The restriction of the operator T* from L* to V* is compact.

Proof Consider a bounded sequence (fn)n in L%(£2)3. The corresponding solutions
(un,pn) are bounded in V5 X @Qf. In particular, thanks to the identification (45), the
sequence (Yn)n, with yn = curluy, is bounded in the space

Y= {F € H(curl,2)|divF € L*(2), F -njp, = 0}.

According to the fundamental result of Weber [32] on vector fields with vanishing
normal trace, ) is compactly imbedded in L?(£2)2. In other words, there exists y €
L2(2)3 such that lim, 400 yn = y in L2(£2)® (we identify the subsequence of (yn)n
with (yn)n itself).

Obviously, the sequence (un)n is bounded in X: according to the second fundamental
result of Weber [32] on vector fields with vanishing tangential trace, X is also compactly
imbedded in L?(£2)3. Therefore, there exists u € L?(£2)3 such that limp— oo un = u
in L2(.Q)3. Since divuy, = 0, for all n, one has divu = 0 thanks to the uniqueness of
the limit. Moreover, yn, = curlu, converges to y in L2(.Q)37 and, by identification,
curlu = y. Then, the subsequence (un)n converges to u in H(curl, £2), so that u €
Ho(curl, £2). Finally one concludes first that u belongs to X, and second that the
subsequence (un)n converges to u in X, which is the desired result. O

To be able to conclude favorably, there remains to study the weak approximability
(24)* of Qf, and the strong approximability (25)* of V. Here, we use the discretiza-
tion described in Subsection 4.2.
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Let us start with the weak approximability of Qf. Consider vy, a non-zero ele-
ment of the discrete kernel K}, and go an element of Q. We estimate the quotient
|(div vp, go)o,1/I|vnllx, in the following way:

. . I I
(divon, g0)o,y = (divun, g0 — ¢ oy, Vg' € Q'

. . I I I
[(div vp,, q0)o,~| < l[divoplloyllgo —a oy < [lvnlla, llao — ' lloy, Yo' € Qs
|(div vp, g0)o,~] . I
= < inf g0 — 4 oy

[lvnllx, ' €Q;
Recall that go belongs to Qf, which is a subset of Q. The weak approximability

(24)* of Qf is therefore a consequence of Proposition 4.2 and of the above, with
r1(h) = Capph' 7.

Let us turn now to the strong approximability of V. Comparing (26) to (38) and
noting that || 7llo = [|€]lv;, one finds that r3(h) < Cp(1 + B(h)~HYhH, for p €0, 7].
According to Proposition 4.1, 3(h) is bounded from below by Cjs, so one can actually
consider 73 (h) = C},h*.

We conclude with the error estimates. From (36), we know that the bound in the
approximation error (29) behaves like ¢*(h) = Cuh*, for p €]0,7[ (it can be better
— smaller — provided the eigenfield is smooth). Therefore, we have the following error
bounds for the discretization of the electric eigenproblem (PE):

— Approximation of the eigenvalue: |\ — Ap| < Cﬁhm,
— Gap: 5(EA7EM) < Cuht.

5 Numerical tests

Here, we highlight our convergence results on a practical example, taken from the
benchmark of Monique Dauge (see [22]). The domain (22 we consider is L-shaped,
with straight sides and corners in (0,0), (1,0), (1,1), (-1,1), (-1,-1), (0,-1). It possesses a
single reentrant corner, located at the origin. Below, we reproduce the values of the first
five eigenvalues (with repetition), up to seven digits (which is well below the 11-digit
claimed accuracy of the benchmark). The values are

A1 = 1475622, Ao = 3.534031, A3 = 9.869604, Ay = 9.869604, and A5 = 11.38948.

In addition, it is reported that the first eigenvector has the strong unbounded sin-
gularity, which means that it does not belong to H'(£29)2.

According to the theory, the weight w can be chosen as w = r”, with r the distance
to the origin, and v €]1/3, 1[. We compute the solution using a value of the parameter
v set to 7 = .95, on a series of quasi-uniform meshes. To discretize the problem, we
consider the P» — P; Zero Near Singularity finite element pair, cf. (30). The meshes are
respectively made of 738, 2952 and 11808 triangles, with 410, 1557 and 6065 vertices.
The corresponding meshsizes are h = 7.84 10727 h=3.9210"2 and h = 1.96 10"2. The
computation of the first five eigenvalues (A n)1<k<s is carried out with the help of
Matlab. The relative errors vy p, = | Mg p — Agl/Ag, 1 < k <5, are reported on Table 1.
We note that on the coarsest mesh, all eigenvalues are already very well-approximated,
with the exception of the first one, for which convergence is in addition slower.
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Fig. 1 Coarsest quasi-uniform mesh.

mesh T1h T2,h T3.h T4,h 5.k
uniforml | 1.3e—2 | 3.3e—4|94e—5|1l1le—4|99 —3
uniform2 | 8.0e —3 | 6.2e —5 | 2.3e—5|25e—5|13e—5
uniform3 | 4.4e—3 | 1.2e—5 | 55e—6|6.2e—6| 53¢ —6

Table 1 Relative errors on quasi-uniform meshes with v = 0.95.

0.81 gl

0.6 >X——>&— fl

0.4f dJ

0.2} |

= { L h L L L L L
-1 -0.8 -0.6 -0.4 -0.2 [ 0.2 0.4 0.6 0.8 1

Fig. 2 Coarsest graded mesh.

To improve the convergence towards the first eigenvalue, we then make some com-
putations, on a series of suitably graded meshesG, with the same value of the parameter
v, that is v = 0.95. See [11] for a rigorous study of the benefit of graded meshes for
the computation of Maxwell eigenvalues. It is important to note that the number of
triangles and vertices are similar, since the graded meshes are respectively made of
648, 2664 and 10728 triangles, with 362, 1410 and 5522 vertices. The results on these
graded meshes are reported on Table 2.

To complete this series of experiments, let us emphasize the crucial importance of
the weight w~. Without the weight, it is expected that the eigenvalue(s) corresponding

6 Generated by Beate Jung, from the University of Chemnitz, Germany, with a grading
parameter p = 1/3 (see [2]). According to the same Ref., the grading is isotropic, and as a
consequence the series of triangulations is regular.
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mesh T1,h T2,k T3,k T4,h 5,k
gradedl | 2.4e —3 | 79e—5|21e—4|25e—4|19e—4
graded2 | 5.4e —4 | 1.8e —5 | 4.7e — 1| 5.1le—5 | 8.5e — 2
graded3 | 1.6e —4 | 4.5e —6 | 2.0e — 2| 1.3e — 5 | 4.6e — 2

Table 2 Relative errors on graded meshes with v = 0.95.

mesh R )‘/S,h Non | A5
gradedl | 3.553 | 6.073 | 9.872 | 9.872 | 11.40
graded2 | 3.535 | 6.068 | 9.870 | 9.870 | 11.39
graded3 | 3.534 | 6.071 | 9.870 | 9.870 | 11.39

Table 3 Computed eigenvalues on graded meshes with v = 0.

to singular eigenvector(s) are not captured numerically (in our case, the first one). So
let us choose v = 0: the values for the smallest five computed eigenvalues (A;C’ R)1<k<5
are reported on Table 3. Note that we use in this case the well-known Taylor-ﬁogd
finite element, since it satisfies a uniform discrete inf-sup condition in the absence of
weights [8,15]. We obtain the expected result, if one notices that the values of >\/1, p of
Table 3 actually converge to Aa. What is more (confusing?), we see are that all five
computed eigenvalues converge numerically to a limit value. The reason is simple. As
a matter of fact, if one applies the convergence analysis carried out earlier on, it turns
out that, when v = 0, we approximate precisely the mixed eigenproblem below

Find (&',p', ) € (X N HY(2)3) x L2(2) x RT such that

(&, F)x+ (', divF)g = N(E', F)o VF € (X N HY(2)3)
(q,divE)o =0, Vg € L*(£2).

(Compare to the exact eigenproblem (18).)

In particular, one cannot prove that p’ = 0 in the above. As a matter of fact, this can
be false, since the field 7,/ (see the Second approach, as described in Section 3) does
not necessarily belong to H*(£2)3.

6 Concluding remarks

To solve Maxwell eigenvalue problems with a continuous approximation of the field,
we introduced an equivalent mixed eigenproblem. We presented the numerical analysis
of this mixed formulation together with some numerical experiments, assuming one
uses the weighted method of Costabel and Dauge to discretize the electric field, com-
pleted with the Zero Near Singularity finite element pair of Ciarlet, Jr. and Hechme to
discretize the Lagrange multiplier. For additional numerical results and comparisons,
we refer to [17]. In particular, the use of higher degree finite element pairs improves
the convergence rate, as expected. This accounts for the so-called p-version of finite
element methods (from a numerical point of view). Following [21], a theoretical study
of the p- and hp- versions of finite element methods could be investigated.

We note that a similar analysis can be carried out, when one uses the singular
complement method to discretize the electromagnetic field in a 2D non-convex polygon
{2, here with the P41 — P, Taylor-Hood finite element. In which case, one uses the
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stronger norms || - [|o and || - || (without the weights).

The estimate corresponding to the weak approximability stems from (39), with v = 0:
*

7"1 (h) = C h

To obtain the strong approximability bound, the needed error estimates for the static
case can be found in [27]. Let the angles at the reentrant corners of 92 be denoted
m/aj, and set o = min; o (6] =1+ a). Estimate (36) is replaced by

lE = €l < Coh?715(1T [0, Ve > 0.

Now, consider the static problem written in mixed form (similarly to (37)). When it is
discretized, it satisfies a uniform [8,15] discrete inf-sup condition: 3(h) > Cj, > 0, Vh,
in (DA1). If (£}, py) denotes the solution to the discretized problem, there holds

IE = Ellae < Coh2715(1T [0, Ve > .

One gets r5(h) = Cch?*~17¢. Error bounds on the eigenvalues and on the gap follow,
with e*(h) = Cch?*~17¢. Again, the use of graded meshes shall improve the overall
quality of the computations.
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