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SUMMARY

In this paper, the mathematical tools, which are required to solve the axisymmetric Maxwell equations,
are presented. An in-depth study of the problems posed in the meridian half-plane, numerical algorithms,
as well as numerical experiments, based on the implementation of the theory described hereafter, shall
be presented in forthcoming papers. In the present paper, the attention is focused on the (orthogonal)
splitting of the electromagnetic field in a regular part and a singular part, the former being in the
Sobolev space H' component-wise. It is proven that the singular fields are related to singularities of
Laplace-like operators, and, as a consequence, that the space of singular fields is finite dimensional.
This paper can be viewed as the continuation of References (J. Comput. Phys. 2000; 161: 218-249,
Modél. Math. Anal. Numér, 1998; 32: 359-389) Copyright © 2002 John Wiley & Sons, Ltd.
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INTRODUCTION

A number of real-life electromagnetic devices present an axial symmetry, at least close to the
axis. It is therefore important, in the first place, to be able to model correctly the axisym-
metric problem, that is, the resolution of Maxwell equations in an axisymmetric domain with
symmetric data. Then, in the second place, some directions can be easily inferred to study the
more general problems, that is with any data and/or in a perturbed axisymmetric geometry.
In the third place, it is a common practice to approximate problems by their axisymmetric
counterpart. Note that a number of axisymmetric problems have been studied, such as the
Laplace equation, the Stokes and Navier-Stokes systems: in particular, we refer the reader
to Reference [1], in which, moreover, extensions are given for any data, and for a domain
presenting a perturbed geometry.
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50 F. ASSOUS, P. CIARLET JR. AND S. LABRUNIE

The systems that we study hereafter are the static and time-dependent Maxwell equations. As
for the boundary conditions, the domain is assumed to be enclosed in a perfectly conducting
material. On a mathematical point of view, notice that the theory which is presented in
this paper cannot be considered as a plain application of the existing theory for curvilinear
polyhedra [2,3]. Indeed, an axisymmetric domain is never a curvilinear polyhedron, due to
the presence of the conical vertices, except in the very special case when both conical angles
(see Figure 1) are equal to m/2.

The paper is organized as follows. In Section 1, we briefly recall some well-known results
about the existence and uniqueness of solution of the static Maxwell equations in three-
dimensional domains, which we call the div—curl problems. In Section 2, we introduce the
geometry in which we intend to solve Maxwell equations and after that, we describe in detail
some useful properties of first order and second order differential operators related to the
symmetry of revolution. In Section 3, we recall some properties of the distributions, smooth
fields and elements of Sobolev spaces, which are invariant by rotation. We also focus on
the trace mappings, which allow one to define alternatively those concepts via their trace on
any given meridian half-plane. In Section 4, we prove several closedness results, which are
related to the lack of density of regular (i.e. H' component-wise) fields in the natural spaces
of electromagnetic fields. This further leads to the splitting of the electromagnetic field in
regular and singular parts. Then, in Section 5, we relate the singular fields to the singular
solutions of some Laplace-like problems. Finally, we consider the case of the time-dependent
Maxwell equations, for which we prove existence and uniqueness of the solution, and provide
a continuous decomposition (in time) into a regular and a singular parts.

Note that, throughout the paper, we also address the case of the div-curl problem with
mixed boundary conditions, i.e. existence and uniqueness of the solution, its regularity, and
closedness of the subspace of regular fields satisfying those boundary conditions.

In the remainder of this paper, we write vector fields or spaces with boldface or calligraphic
characters (We mainly use calligraphic characters for the three-dimensional electromagnetic
fields and spaces.)

1. THE DIV-CURL PROBLEMS

Let 2 be a bounded and simply connected domain of R3, T its Lipschitz boundary, and n the
unit outward normal to I'. Note that the case of a domain, which is not simply connected, is
treated very carefully in References [4, 5].

1.1. The static Maxwell equations

There are two div—curl problems, depending on the boundary condition. The first one is, for
f in L§(Q) such that divf=0 and f-np=0, and g in L*(Q):

Find & c12(Q) such that

curl = f in Q (1)
divé = g in Q (2)
&xnp =0 3)
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The boundary condition on f is imposed by condition (3) (cf. Reference [6]). In order to prove
the existence and uniqueness of the solution & to (1)—(3), a possible way is to reformulate
these equations as a saddle-point formulation, and to check that the Lagrange multiplier is
equal to 0 (see Reference [7] for details).

The second div—curl problem is, given f in L?(Q2) such that divf=0, and g in L3(Q):
Find # € 12(Q) such that

curl =1 in Q 4)
div# =g in Q (5)

The fact that g has a zero mean value stems from (6). The existence and uniqueness of %
can also be inferred by using a saddle-point approach.

In both cases, the existence and uniqueness result can be achieved thanks to the Weber
inequality, which stems from the compactness result of Reference [8]:

Proposition 1.1. In Hy(curl; Q)N H(div; Q) and H(curl; Q)N Hy(div; ), the semi-norm
u — (|lcurlu||2 +||divul[2)"/? is a norm, which is equivalent to the canonical norm |- |o curl div-
In other words, there exists a constant C >0 such that

lulo <C ([leurlulff + [|divul§)"?

for all u in Ho(curl; Q)NH(div; Q) and H(curl; ©)NHy(div; Q).

1.2. Mixed boundary conditions

As for the mixed boundary conditions, we shall follow Fernandes and Gilardi [4]. One has
first to define a splitting of the boundary: I' =1 U}, with I} NI, =0, where I and I, are
compact (Lipschitz) submanifolds of T'; (I'f)o<k<x,—1 are the connected components of I};
the interface 0I'=T, NI} is a one-dimensional, (Lipschitz) submanifold of T

The third div—curl problem is, given f in L?(€2) and ¢ in L*(Q):
Find M € L2(Q) such that

curlM = f in Q (7)
divM =g in (8)
Mxnp =0 )
M np =0 (10)

The assumptions on f and g will be specified later on.
Uniqueness of the solution. The space

H={zeL*Q): curlz=0, divz=0, zxn =0, z-ng =0} (11)
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is of dimension K,, — 1. Let (hy)i<k<k,—1 be a basis of H. In order to have a unique solution
to (7)—(10), it is necessary to add

(Mahk)():(xka 1<k<Kmil (12)

where (o )1<k<k, 1 is an element of RX»—1,
Existence and uniqueness of the solution. As H is a finite dimensional vector space, it is
possible to split the space of solutions

{zcH(curl; Q)NnH(div; ©2): zxnp=0, z-np =0}

into H é H+, and M as M=h + M, . Note that the orthogonality can be understood with
respect to either the H(curl; Q)NH(div; ) scalar product, or the L?(Q2) scalar product,
owing to the definition of H.

It is clear that (12) characterizes the part of the solution which belongs to H, i.e. h.

Then, one can carry out a saddle-point reformulation of the problem in M, that is (7)—
(10) and (12) with (o) =0, with two Lagrange multipliers, one for (8) and the other for the
vanishing (12). It is an interesting, but somewhat lengthy exercise, to prove that the solution
is indeed unique, with zero Lagrange multipliers and then to recover the original equations.

Let us mention that, in order to achieve existence and uniqueness of the saddle-point
problem with zero Lagrange multipliers, one has to use the next three ingredients:

e A generalization of the Weber inequality

Proposition 1.2. Tn H*, u+ (|lcurlu||2 +||divul||2)"/? is a norm, which is equivalent to the
canonical norm || - ||o curl.div-

e An orthogonal decomposition of L?(2).
e An integration by parts formula, for elements of H'({2), which vanish on I}.

To conclude, let us also mention that to recover the original set of equations (7)—(10) and
the vanishing (12), one has to choose f such that divf=0, f-n; =0, and f is orthogonal to

{ze L*(Q): curlz=0, div z=0,z-ny =0,z x n, =0}

2. THE AXISYMMETRIC GEOMETRY AND OPERATORS

2.1. Notations

Let us consider the surface of revolution I' generated by the rotation around the (Oz) axis
of a polygonal line y,, the extremities of which stand on (Oz). Let 2 be the volume limited
by I', o the intersection of ) and a meridian half-plane, and y =7, U7; its boundary, where
Y. corresponds to the segment of (Oz) lying between the extremities of },. By definition, I"
is piecewise smooth, and the domain € is Lipschitz continuous; the same holds for y and o,
respectively.

Let us denote by 7i,...,7,+1 the sides of 7, labeled counterclockwise, and I7,...,T;,.; the
conical sectors, or faces, they generate. E,,...,E, stand for the corners of 7, which are not
on the axis (Oz) (i.e. E; is the intersection of y; and 7y;,); the corresponding angles are
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Figure 1. The domains 2 and .

called 7m/a;. In the same way, O; and O, are the extremities of y,, and n/f; and 7/, are the
corresponding conical angles (see Figure 1).

The natural co-ordinates for this type of domain are the cylindrical co-ordinates (r,0,z),
with the basis vectors (e,,eg,e.). In these co-ordinates, a meridian half-plane is defined by
the equation 8 =cst: (r,z) thus correspond to cartesian co-ordinates in this half-plane. Note
that the components of n read (n,,0,n,)—owing to the symmetry, there is no 6-component.

2.2. Axisymmetric operators in cylindrical co-ordinates

In cylindrical co-ordinates, the formulas of the gradient, divergence and curl operators are
given by (A1)—(A3) (see the Appendix).

According to its definition, the fact that there is a symmetry of revolution means that all
(partial) derivatives with respect to 6 of either scalar fields or the cylindrical co-ordinates of
vector fields vanish. Those fields will be called invariant by rotation (resp. axisymmetric)
if they are scalar (resp. vector). In the paper, it is therefore usually assumed that dy- =0,
except in Section 4.2 and in the last section. For axisymmetric vector fields, this yields a
decoupling between, on the one hand, the divergence and the 6-component of the curl, which
are functions of (u,,u.), and, on the other hand, the »- and z-components of the curl, which
are functions of uy. Now, one has the

Definition 2.1. For any vector field u, let u,, = @,,(u) =u, e, +u. e, and uy = wy(u) = uy ey.
They are, respectively, called meridian and azimuthal components of u.

After that, one can easily check the

Proposition 2.2. For any axisymmetric vector field u, in the sense of distributions:

e if u is meridian (wy(u)=0), curlu is azimuthal and Au is meridian,
e if u is azimuthal (@,(u)=0), curlu is meridian, Au is azimuthal and divu=0,

Copyright © 2002 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2002; 25:49-78
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e the following identities hold: curlu,, =@y(curlu), curluy=wm,(curlu), divu, =divu,
Au,, =@, (Au), Auy=wmy(Au).

As a consequence, when one solves the static or time-dependent Maxwell equations with
axisymmetric data and initial conditions in an axisymmetric domain, this allows to decouple
the set of equations in two unrelated parts, one in (E,,,By), and the other in (Ey,B,,).

Proposition 2.3. In the meridian half-plane, let the modified Laplace operator A~ be de-
fined as follows:

02 10 02
Ao="2_-2, 29 (13)
Then, for an axisymmetric, azimuthal vector field u, there holds
u:%ee = AU:%A_Q)E@ (14)

In cylindrical co-ordinates, the expression of the Jacobian of any vector field u is given
by (A4) in the Appendix. Once again, there is a decoupling of the meridian and azimuthal
components for an axisymmetric vector field.

Last, let us emphasize an obvious orthogonality property about the meridian and azimuthal
components of vector fields. As there are mutually orthogonal pointwise, the same is true in
the sense of the L?(2) scalar product.

Proposition 2.4. For any (u,v) € [L*(Q)]?, there holds [, wy(u)- @, (v)dQ2=0.

This property also holds for the curl and the vector Laplace (A =graddiv — curl curl )
operators, or the Jacobian of a field, provided that they belong to L2(2).

2.3. Axisymmetric operators in spherical co-ordinates

Close to the conical vertices O; and O,, it is more favourable to use the spherical co-
ordinates centred at O € {O;, 0}, that is (p,0,¢), where 0 is the cylindrical azimuth and ¢
is the angle with (Oz) (see Figure 2). Notice that, in order to keep the same basis vector
ey, we use a non-standard representation of the two angular variables 0 and ¢. In these co-
ordinates, the expressions for the first order differential operators are given in (A5)—(AS8). In
these co-ordinates, the symmetry of revolution still amounts to the property that all (partial)
derivatives with respect to 0 of either scalar fields or the spherical co-ordinates of vector
fields vanish.

3. SOBOLEV SPACES AND THE SYMMETRY OF REVOLUTION

In this Section, €2 stands for any axisymmetric domain, possibly unbounded. The property
of symmetry of revolution extends to distributions and thus, to Sobolev spaces. We shall
investigate in some detail the induced properties, as they are of upmost importance in the
solution to the axisymmetric Maxwell equations. Note that a number of results, necessary to
the overall comprehension of the theory, come from Reference [1], and are stated without
proof.
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Figure 2. Spherical co-ordinates.

3.1. Distributions

Let %, be the rotation of axis (Oz) and angle #. We first consider scalar distributions and,
in the second place, vector distributions.

Definition 3.1. The right-action of %, on a distribution 7' € Z'(2) is defined by
VIe(Q), (Tod, f)=(T.fo%,")
The distribution T is labelled invariant by rotation if and only if
vnel[—mn, 7], To.%n:f
Let /() be the space of distributions invariant by rotation, and let 2(Q)= 2(Q)NZ'(Q).

Evidently, this definition means that an element T of Z'(Q) is ‘independent’ of the variable
0. Actually, if T is sufficiently smooth, so that one can consider its values almost everywhere,
it is characterized by the datum of its trace in a meridian half-plane 7'(r,z)=T(x,y, z).

In particular,
Definition 3.2. Let 2. (w) be the subspace of ¥>°(®) defined by

62j+1¢

P(w)= {(pefgfo(d)): supp @ Ny, =0 and VjeN, Ty

and let Z| () be its dual.
One has the following.
Proposition 3.3. The trace operator is an isomorphism from Z(Q) to Z,(w).

Definition 3.4. Let the ‘trace’ T of a distribution 7 invariant by rotation be defined as

)T )2 = 1) (T- B) 50 VP EX(Q)

Copyright © 2002 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2002; 25:49-78
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Proposition 3.5. The trace operator is an isomorphism from Z'(2) to 7' (o).
We turn now to vector distributions. For that we need the
Definition 3.6. Let T € D’(Q2); the left-action of %, is defined by
Ve D(Q), (#,oT,f) = <T,9?”‘1 of)
The vector distribution T is labelled axisymmetric if and only if
Yy e[—m,nl, Toﬂ,7 9?,70T
Let D’ (2) be the space of axisymmetric vector distributions, and let ﬁ(Q):D(Q)ﬂD’ ().

_Naturally, a vector distribution T is axisymmetric if and only if its cylindrical components
(T,, T, TZ) are invariant by rotation. If the vector distribution T is sufficiently smooth, its trace
is defined as the triple T=(7,,Ty,T.) € Z}(w)* of traces. In order to characterize the traces,
we introduce yet another subspace of ¢°°(®).

_ 0}
Ya

Proposition 3.8. The trace operator is an isomorphism from D(Q) to Z_(w)x Z_(w) x
2. ().

Definition 3.7. Let Z_(w) be defined by

0% @
or¥

9_(w)= {(pe(gf"(cb): supp@ Ny, =0 and VjeN,

and let 2’ (w) be its dual.

Owing to the above proposition, one finally gets the
Definition 3.9. The trace of an axisymmetric vector distribution T is defined by
(T.£) = o) (T. D) poy, VEED(Q)

where the brackets on the left-hand side are between Z_(w) x Z_(w) x Z,(w) and its dual.

3.2. Sobolev spaces

The results, which have been obtained for distributions and smooth fields, are now extended
to Sobolev spaces. Let us introduce the spaces L*(Q)=L*(Q)N Z'(Q), H*(Q)=H*(Q)NZ'(Q)
(for s e R), L2(Q)=1L2Q)ND'(Q), H(curl; Q)=H(curl; Q)N D'(Q), and so on. We have to
study the range of those spaces by the trace operator. For that, we introduce the weighted
Lebesgue spaces on o

L(w)= {f: f is measurable on w,/ | fI?r*drdz< —I—oo}, aeR

with its canonical norm | -|lo, and the related scale of Sobolev spaces Hj(w), with the
canonical norms | -||s,. In the remainder of the paper, we shall only use the scale up to
s=2, so we give only those results. The more general ones can be found in Reference [1].
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Proposition 3.10. The mapping L2(w)— L2 ,(w), f—rf, is an isometry.

_ Proposition 3.11. The trace mapping f f is an isometry (up_to a factor v2m) from
L*(Q) to Li(w). The same holds for the reciprocal lifting, L3(w) — L*(R), f+ f.

Definition 3.12. Let s€]0,2] and set

o if s#£2, Hi(w)=Hj(w);

o if s=2, Hi(w)={weH}(w): (3*w/or?)eL?,(w)}, which is a Hilbert space endowed
with the norm [|wll2, = (|[wl3,, + [[9*w/0r?([5 _ )",
Then, for s in ]0,2], one has the

Proposition 3.13. The trace operator is an isomorphism from A(Q) to H. 1 (w).

It is also possible, in the same manner, to characterize traces of axisymmetric elements of
Sobolev spaces.

Proposition 3.14. The trace mapping f — f is an isometry (up to a factor v27) from L2(Q2)
to Li(w)>.

Definition 3.15. Let s€]0,2] and set

o if s£1, H' (w)=H;(w);
o ifs=1, H (w)=H(®w)NL? (w), which is a Hilbert space endowed with the norm |jw||; _
=([lwli},; + [Iwlg,-)"2.

Proposition 3.16. The trace operator is an isomorphism from I:IS(Q) to HY (w) x H* (w) x
H{(w), for s in ]0,2].

When s is fixed to 1, which is of practical importance in the following, one can further
improve this result, by the

Proposition 3.17. The trace mapping f — f is an isometry (up to a factor v/27) from H'(£2)
to H! (w) x H (0) x Hl(w).

Proof. Owing to the general expression (A4) of the Jacobian of an element of fIl(Q), and
Proposition 3.14, one gets the identity

1 .
Ellfll?,n =1/l 10+ 1Al 1w+ 1A o+ IAG 10 + 100G — 1,00

which is indeed equal to the square of the canonical norm on H!(w) x H () x Hl(w). O

There is an additional property, worth mentioning, about the traces of elements of H'(w)
on y,.

Proposition 3.18. Let v belong to H! (w): v}, € L*(7,) and v, =0.

Copyright © 2002 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2002; 25:49-78
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Proof. Assume for now that we are interested in v€ H'(]0,1[). One can easily prove that
v vanishes at » =0. Indeed, for any given sequence (7 );, which tends to O,

Uz(rl)_vz(l”m)ZZ/r"’vuld}”S {/ U di’} {/ (U )Zrdr}

This yields that (v2(r4)); is a Cauchy sequence. Now, as v belongs to L2 ,(]0,1[), its limit
can only be 0. In addition, if w =7, x10,1[, H! () is embedded in L?(y,,H'(]0,1[)). Thus,
elements of H! () have a trace on y,, which is moreover equal to zero in the L?-sense. This
can then be generalized to any polygon w by localization. |

Proposition 3.19. The range of the trace operator from H(curl; Q) is: R(w) = {w = (w,, wy,
w.): Wy =(wy,w,) € L3 (w)?, curlw, € L3(w), rwpe H ()}

Proof. Let w € H(curl; Q). According to Proposition 3.14, w belongs to L3(w)*. In addition,
for an axisymmetric field, (A3) leads to

(curl W), = _% (:_1 a(”%))

0z r 0z

ow, B ﬁwz
0z

(curlw)) = (— —curlw,)

. 1 a(rw())
1w), =—
(curlw) PR

Thus curlw,, € L3(w). Now, as far as 7w, is concerned, its gradient is equal to the product of r
and the vector field with cylindrical coordinates ((curl w),, 0, —(curl W), ): owing to Proposition
3.10, rwyp e H! |(w).

Conversely, given (w,,wp,w.) € R(w), it is possible to build a lifting W e L2(Q). By the
definition of R(w), the curl of the lifting belongs to L2(). |

From now on, an axisymmetric field u and its trace on a meridian half-plane u shall be
merged.

4. CLOSEDNESS RESULTS

In this section and the next, our aim is to demonstrate that when the domain ) is not
convex, the regular axisymmetric fields are not dense in the ‘natural’ spaces of axisymmetric
electromagnetic fields. In this section, we carry out the first step: we prove that the subspaces
of regular axisymmetric fields are closed in their ‘natural’ counterpart (except in one special
case). In Section 5, we further prove that when the domain 2 is not convex, the orthogonal
of the subspaces is not reduced to {0}, thus leading to the lack of density.

First recall that the ‘natural’ spaces of electromagnetic fields are (cf. Section 1)

Z =Hy(curl; Q)nH(div;Q2) and % =H(curl;2)NHy(div; )

Copyright © 2002 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2002; 25:49-78
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What is called in the following regular is assumed to belong to the ‘regularized’ subspaces
Lr=2NH'(Q)={ueH'(Q): uxnr=0}% =%NH"(Q)={uecH'(Q): u-npr=0}

Their respective axisymmetric subspaces are denoted by ', %, 4r and %g. This section is
devoted to proving the

Theorem 4.1. In the spaces 4y and %y, the canonical norm of H(curl; Q)N H(div; Q) is
equivalent to the H'-norm. In other words, there exists a constant o, which depends only on
), such that

2 2
ocl|ul[7 < [|ul[§, curt, div (15)
As an immediate consequence, 4r and @y are closed in 4 and %, respectively.

In the magnetic case, a constructive proof is built as follows. First, an integration by parts
formula produced by Costabel [9], which holds for Hz—regula_lr fields, is recalled. After that,
one has to check a technical point, i.e. that fields of #°°(£)), which satisfy the magnetic
boundary condition, are dense in %R, in order to generalize the integration by parts formula
to fields of #. Finally, it is proved that

K, Yue%r, |Vul3<K(|curlul?+ ||divul?) (16)
which amounts to (15).

Remark 4.1. The density of smooth fields is also true in 2r. Thus, the integration by parts
formula can be extended to elements of Zx.

In the electric case, an inductive proof stems from the continuous splitting of fields of 2
in a regular part, which belongs to #x, and the gradient of a potential, which belongs to
HJ(£2). This continuous splitting has been obtained by Birman and Solomyak [10]. Note that
the reason why an inductive proof cannot be applied to the magnetic case is addressed in the
course of the reasoning.

Corollary 4.2. There holds
L L.
X=4r® X and % =% © Y (17)
which allows to split (orthogonally) the fields into a regular part and a singular part.

4.1. The Costabel integration by parts formula

Costabel [9,3] proved that, as soon as I' is piecewise smooth (at least piecewise-%?),
one has, for all (u,v) e [H?*(Q)]%,

(Vu|Vv)o=(curlu|curlv)y + (divu|divv)y — b(u,v) + d(u,v) (18)

The boundary terms b and d are derived via the tangential gradient and divergence operators
grad, and divr. If we let, for ue H'(Q), u, =u-np and ut =n x (u x n)|r, there holds

Y(u,v) € [H*( Q)% d(u,v)= /r{gradT u, - vr — (divrut)v,} dl

Copyright © 2002 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2002; 25:49-78
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Provided that {ue H*(Q): u-njr =0} is dense in %, it is possible to extend d(u,v) to [ZR]*
by 0.
The term b(u,v) is defined through the second fundamental form B=Vn of I', by

Y(u,v)e[H' (D], bu,v)= /{uT “B-vr + (trB)u,v,} dl
I

Q) being axisymmetric, the normal n is such that ny =0. Moreover, on each face, n, = cst and
n, = cst. Thus, there remains a single non-zero component in the expression of Vn (cf. (A4))
restricted to each face, that of indices (6,0), equal to n,/r. Then

b(u,v) = /F " gy 4 10,,) T (19)

With the proposed boundary condition, there is a single nonvanishing term, in uy vy.
Note that, when the test-fields have a vanishing normal or tangential trace, the inequality
(16) is now equivalent, owing to (18), to

k<1, —b(u,u)<k|Vul? (20)

Remark 4.2. k in (20) and K in (16) depend only on the domain 2. It is worth mentioning
that, when €2 is convex, one has n,>0, so the bilinear form b is positive. Hence the result
with K=1 or k=0.

4.2. Density of smooth fields

In order to obtain the density result, we provide a proof which follows step by step that
of Costabel et al. [3]. Along the way, technical results are added to handle the case of the
conical vertices. Let us begin by some Hardy inequalities, stated without proof.

Lemma 4.3. (1) Let I =]0,R[, with R€ R} U{+oc0c}.

The mapping Z: f— L f(x)=1/x fg f(y)dy, is continuous from L2(1) to itself for o<1,
and its norm is bounded by 2/(1 — «).

(2) Let I =]R,+oo[, with Re R*.

The mapping Z: f— L f(x)=1/x f:oo f(»)dy, is continuous from L2(I) to itself for
a>1, and its norm is bounded by 2/(a — 1).

Then, one has the

Lemma 4.4. Let E be a point of R?, and (p, ¢) be some local polar co-ordinates with E as
the origin. Let w, be the angular sector defined by {(p,¢): 0<p<po, 0<d<¢o}. Finally,
let y € 2(R) be a cut-off function, which is equal to 1 in a neighbourhood of 0. Consequently,
for all 7 in H'(w,), h belongs to the closure (in H'(w,)) of the set

S(h)={p"[1 — x(np)1h, o€]0,1[, n€N}
Proof. This corresponds to Lemmas 2.3 and 2.4 of Reference [3]. |

The proof of the following lemma is omitted.
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Lemma 4.5. Let w, be defined as above. It is further assumed that, drawn in a plane (r,z),
one has ®,N(0z)=0. Let €2, be the domain generated by the rotation of w, around (Oz).
Then, for all A€ H'(€2,), h belongs to the closure (in H'(£2,)) of the set S(4) defined above,
where p now corresponds to the distance to the edge generated by the rotation of E.

For the conical vertices, the following result holds true.

Lemma 4.6. Let (p,¢) be the local polar co-ordinates of origin O and axis (Oz) in a
meridian half-plane. Let @, be defined as {(p,¢): 0<p<po, 0<P <o}, and let 2, be
the domain generated by the rotation of w. around (Oz). With our spherical co-ordinates,
it reads Q.={(p,0,9):(p,¢) € w., 0 €[0,2n[}. Finally, let hc H'(,.). Then the sequence
([1 — x(np)]h),, where y is the same cut-off function as before, goes to 4 in H'(Q.).

Proof. Let us prove an equivalent statement: namely, that (y(np)h), goes to 0 in H'(£,).
There exists a, such that the support of y(np) is a subset of B(O,a/n). Consequently, as
|x|<1, one can show by the bounded convergence Theorem that the four sequences with
terms y(np)h, y(np)dh, 1/py(np)dsh, 1/(psin)y(np)dgh all go to zero in L*(£2.).

Then, as 0,[x(np)h]= y(np)d, h + ny'(np)h, there remains only to prove that the limit of
the last term is indeed O.

The function x+— xy’(x) is continuous with a compact support; therefore, it is bounded by
a constant C, and one gets

h2

Iz oyl <c? [ 2 do 1)
Q. NB(O,a/n) P

In addition, as the function y(np)h vanishes for p large enough, for almost all (p, 0, ¢), there

holds

1 1 [* 0
- 2(np)h(p,0,¢) = _p/p 75 ((ns)h(s, 0, §)) ds

Now, as y(np)h belongs to H'(2.), its partial derivative with respect to p is in L2(Q.):
owing to the Fubini Theorem, p+— d,[y(np)h] is, for almost all (0,¢), in L3(]0, po[). As it
vanishes near infinity, it is also an element of L3(]0, +ool).

It is therefore possible to use the Hardy inequality (in p) with «=2 and R=0. Owing
again to the Fubini Theorem, one gets that 1/py(np)h belongs to L*(£2.), and therefore h/p too.

As a consequence, the right-hand side of (21) goes to 0 when n goes to infinity, which
allows to conclude the proof. |

Proposition 4.7. Let € be the domain of Figure 1. Then, the space
{ve@>(Q)*N%g: v vanishes in a neighbourhood of vertices and edges} (22)
is dense in %gR.

Proof. Let uc@g. For any €>0, let us build an element G of the-space defined by (22),
and such that |ju — ]|, <e. The construction proceeds in four steps:

Step 1: Localization. Let us apply Lemma 4.6 to each component of u, and each conical
vertex:

u =(1-3_,,x(npo,))u, for a sufficiently large n, is such that [lu —u;[|; <e.
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After that, Lemma 4.5 is applied to each component of u;, and each edge: for a sufficiently
large m and a sufficiently small o,u,, defined by

u; = Z P, (1 = x(mpg;))w

1<j<n

is such that |ju; — uz||; <e.

Note that, by construction, u, belongs to %%, and that it vanishes in a neighbourhood 7;
of the vertices and edges.

Step 2: Smoothing. The field u;, is smoothed by convolution with a regularizing sequence
(1 )k. The resulting field us belongs to ¥°°(Q2)* and, for a sufficiently large k:

e u3 vanishes in a neighbourhood ¥ CC % of the vertices and edges,
° ||112 — ll3||1 <e,
e [[us-ni2r<e.

Step 3: Enforcement of the boundary condition. On each face I}, let us consider the
(localized) left inverse R; of the trace operator y;4=/h; with the following properties (cf.
Reference [2]). Let 7~ be a neighbourhood of oI} on R>.

e For any element g of {g€ HY*(I}): g vanishes in ¥ NI}, its lifting R;g is equal to zero
in 7, on (Oz) and has a vanishing trace on the other faces.
e R; is continuous from HY*(I}) to H'(2) (independently of ¥").

Note that, as I}\7" is a smooth surface, and moreover, R;y;A=h locally for any he H'(Q),
R; is regularizing.

From the operators (R;)i<j<n+1, We build the lifting R, of the trace y,v=v - ny, from
{g€I;H'*(T}): g vanishes in a neighbourhood of vertices and edges} to H'(Q2). It is such
that:

e R, is continuous.

e For any g in I[;H'2(T}) such that it vanishes in a neighbourhood ¥~ of the vertices and
edges, the support of R,g does not intersect ¥, nor (Oz). If, morevoer, the support of g
is imbedded in I}\ 7" for a given j, the support of R,g does not intersect any other face.

e R, is regularizing.

Let C, denote the norm of the operator R,,.

Step 4: Conclusion. Let us define i =u3 — R,y,u3. Owing to the regularizing property, this
field belongs to #>°(2)*. In addition, it satisfies & -mjr =0 and it vanishes in {: thus it is an
element of the space defined by (22). Last, ||[i—u;3||; <C, ¢, and therefore |[i—ul|; <(3+C,)e.

L]

Remark 4.3. The case of the density in Zx follows in the same manner, one has simply
to note that, in Step 2, there holds |ju; x n||;,r <¢, and then to replace Step 3 by the con-
struction of a lifting operator R+ of the tangential trace with the same properties as the ones
of R,.

Copyright © 2002 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2002; 25:49-78



TOOLS TO SOLVE AXISYMMETRIC MAXWELL EQUATIONS 63

As a conclusion of the two previous paragraphs, one gets the

Corollary 4.8. There holds
Y(u,v) € [ZR]% (Vu | Vv)o = (curlu | curl v)o + (divua|divv)y — / % ugvgdl’  (23)
r

Y(u,v) € [2r]% (Vu | Vv)o = (curlu | curl v)o + (divua|divv)y — / % u, v, dl'  (24)
I

4.3. Closedness of Wr in Y

Let us begin with an extension of the Hardy inequalities.

Lemma 4.9. The space H! () is continuously imbedded into L? ;(®), i.e. there exists a
constant K; such that

vueH! (), |ulli 5., <Killgradullf (25)

Proof. Assume first that w is locally convex at the conical vertices (the conical angle is
equal to or less than 7/2): it can be described by

O={(rz): Zmin <Z <Zmax, 0<r<R(z)}

Then, as 0,u € L? ;(w), the Fubini Theorem yields—in the remainder of the proof, the symbol
vV will stand for almost everywhere:

R(2) q 2 Zmax RG) 2
vz E]Zminazmax[a/ - (au> dr< 4+ o and dZ/ _ (au) dr = ’
o r\or o Fr\or

Zmin

oul)?

or

0,—1

On the other hand, u|,, =0 in L*(7,) (Proposition 3.18), so that

V(r,z) € w, u(r,z):/ 0,u(s,z)ds.
0

For a given z, one can then apply Lemma 4.3 to f=0,u, with R=R(z) and o= —1:

R Ry fou, Y
_ 2d,< i
/0 3 u(r,z) dr\/0 p (ar(r,z)> dr

Consequently, the integrands being positive, the Fubini Theorem allows to prove that (25) is
fulfilled with K, =1.

As for the general case, this proves in particular that the only remaining problem is due
to the conical vertices. For a general m, let us consider a three-way splitting. Near the first
conical vertex, there exists oblique co-ordinates (&,z), such that, locally, @ coincides with
01 ={(£,2)! Zmin <2z <Zmax, 0<E<ZE(2)}. Il we let y; denote the angle between (O¢) and
(Oz), it is a simple matter to check that there holds

”MH%,—:%,(U] <(Sin lpl)72 ||gradu||(2),—l,(n|
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A similar result can also be derived in a domain w;, which coincides locally with o near the
other conical vertex.

Now, the bounds on z defining ®; and w, can be chosen in such a way that w; =w\(w;
Uw,) is at a distance Ryin of (Oz), with Ry, >0. Thus, for ue H' ()

[ ullg [ CiR
145,30 < 3 < o3 < o grad ullo., < —55 grad ullo, 1.0
Rmin Rmin Rmin min

where Cp is the Poincaré constant (recall that up,, =0). The conclusion follows, with K; =
(sin Y1) 7% + (sin y2) 72 + G} Rmax/R3,;, in (25). 0

Proposition 4.10. Inequality (16) is satisfied for all u € %.
Proof. 1t is sufficient to check that it is fulfilled, for all u in
Ej={ucH'(Q): u-e,=u-e.=0}={u=uey, uc H' Q)}

As a matter of fact, (16) is equivalent to (20). If the latter is fulfilled for u€ E}, then one
splits ue H'(Q) in u,, + ug: Vu, and Vuy are I?-orthogonal. In addition, the form b(u,u)
depends only on uy. Owing to

—b(u,u)= — b(ug, up) <k||Vuy|[g <k|[Vul[5,

(16) also holds for u.

Now, for a given ueE(l), let v=ruy. On the one hand, as divu=0, owing to Proposi-
tion 3.19, one has 2rlgrad v||{ _, , =||curlu|[§ , +[|div ul[§ ;. On the other hand, the condition
ucH'(Q) translates to uge H' (w), that is ve H! (w)NL:(w)=H' ,(w) (see the previous
lemma). Using Proposition 3.17 and (25), one finds

|UH,Q _ ||u H2 n % 2 % 2
2n oot o o1 0z lo.1,0

ol _’_’61) vl ‘av :

= 0,3, -~ — =

¢ o rllo_1e 0z lo, ~1,0
oo |? ov|I?
<lolfsor2 5| +2eli ot |3
t or 0,—1,0 0z 0,—l,w
< (3K1 + 2)ngade%,—l,m
The bound in (16) is finally obtained with K =(3 K| + 2). |

4.4. Closedness of Ix in I

If one tries to use the same constructive techniques as in the previous paragraphs, it is only
possible to obtain a positive result for a domain €2, which is ‘slightly non-convex’ at the
conical vertices.
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Fortunately, there is an inductive way, which yields the closedness result (cf. Reference
[11]). It is based on a powerful result, obtained by Birman and Solomyak. For that, let

O={pcH(Q): ApcL*(Q)}
Theorem 4.11. Let € be a bounded Lipschitz domain. Then, for all u in %, there exist ug
in Zg and ¢ € ¢ such that
u = ug + grad ¢, (26)
Cl[ullf curt.aiv = l[wollf + [|ABI[5 (27)
Here, C denotes a non-negative constant, which is independent of u.
Proof. See Reference [10]. |
As we are considering an axisymmetric domain and axisymmetric data, let us focus on the

Lemma 4.12. In the case when the domain 2 and the field u are axisymmetric, one can
find suitable ug and ¢ such that (26) and (27) are valid.

Proof. In order to prove this result, a possibility is to check that the process of Birman
and Solomyak, applied to an axisymmetric field, yields an axisymmetric decomposition. As
a matter of fact, it is based upon mappings and continuation operators, which preserve axi-
symmetry.

Another approach consists in introducing an averaging mapping: Zy(f)=1/2n fozn fde.

The mapping .#, is continuous from L*(2) to ZZ(Q), and it fulfils, for any function f of
c>(C),

Mo(0, f)= 0, Mo([), M0, f)=0.Mo(f) and My(Dpf)=0=0pMp([)

In other words, it commutes with differential operators, with sufficiently smooth data. By
density, it defines a continuous mapping from H(curl, div; €2), resp. @, onto their respective
axisymmetric subspaces. Thus, for an axisymmetric u, one simply uses (26) to get uy and ¢,
and consequently

u=.zy(u)=y(uo) + grad .7y(¢)
inequality (27) remains valid, owing to the continuity of .#j. O

This amounts to saying that the singular part of the electric field (if it exists) is linked
to a gradient of a (well chosen) singular potential; this relationship will be developed in
Section 5.

Now, let $g =P NH?2(2). Then, one proceeds with the

Lemma 4.13. The following inequalities are equivalent, with C; and C, two non-negative
constants:

[ulli <Cillullo,cun giv, VU € 2R (28)
pl2<Cal|Adllo, Ve Pr (29)
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Proof. Assume first that (28) holds: given ¢ in ®g, one gets

1615 = D115 + |17 + |3,

< C{|p[? + |¢|3}, owing to the Poincaré inequality,

= Cllgrad ¢|1,

< Clgrad d)H%,curl,diw as grad ¢ € 2y,

< C||A9|l3, by applying Weber’s inequality (see Proposition 1.1)

Conversely, if (29) is true, then, for u in %2k, one uses (26) and (27) with ¢ e Pr
(grad ¢ =u —uy € 2r), to obtain

[} < 2{[lwoll + I3}
< C{lluolff + 1245},  owing to (29)

< C ”u”%,curl,div U

This leads to the

Theorem 4.14. Let Q be a Lipschitz domain, such that its geometrical singularities are
either conical vertices, or edges. Then (28) is satisfied in ) if and only if all the conical
angles are different from a prescribed value n/f_. In addition, this value corresponds exactly
to the case when 3/4 is an eigenvalue of the Laplace operator, considered in the vicinity of
the conical vertex.

As a consequence, if (2 is axisymmetric, (15) is satisfied in 2 if and only if all the conical
angles are different from the prescribed value 7n/f_.

Proof. Owing to the above lemma, inequality (28) is satisfied if and only if (29) is true.
Dauge [12] has proved that this is the case if the conical angles are different from n/f_
(numerical value close to 130°). Conversely, she also proved that the statement (29) is false
when at least one conical angle takes the value n/f_, and that it corresponds to the existence
of the eigenvalue 3/4 in the spectrum of the Laplace operator, defined near the same conical
vertex. The result in an axisymmetric domain follows immediately. O0

Remark 4.4. 1t is not possible to apply the same technique to the magnetic fields, as
the equivalent of (29) had not been established for elements of {y € H*()/R: 0,r =0}.
However, as the transpositions of theorem 4.11 and lemma 4.13 are both valid in % (cf.
References [10,13] for the former, use of the equivalence of norms in H'(Q2)/R instead of
the Poincaré inequality for the later), it is clear that (29) holds for axisymmetric elements of
{y e H*(Q)/R: 3,yr =0}.

4.5. Mixed boundary conditions

Let us consider now the case of mixed boundary conditions. More precisely, given a splitting
of the boundary y, = %, U ¥,, with y; Ny, =0, which yields an axisymmetric splitting of I" in
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I} and I, define
Z={vcH(curl; Q)nH(div; Q2): vxngp=0, v-np =0}, and Zr =ZNH'(Q)

Remark 4.5. 1t is important to note that, due to the axisymmetry, a single boundary con-
dition holds in the neighbourhood of each conical vertex.

Next, one can prove, using the same technique as the one developed in the proof of
Proposition 4.7.

Proposition 4.15. The space
{ve%>(Q)*NZg: v vanishes in a neighbourhood of vertices and edges}
is dense in Zgy.
By plugging this density result in the integration by parts formula (18), one gets

Corollary 4.16. Let (u,v) belong to [Zr]?>. There holds

(Vu | Vv)y = (curlu | curlv)y + (divu| divv)y

—/ﬂu,,undr— " gvp dT (30)
L’ n 7

The problem (7)—(10) is solved in two steps: first in H, then in H+ (cf. Section 1.2).

Recall that the finite-dimensional subspace H (11), composed of elements with both van-
ishing curl and divergence, is not reduced to {0}, contrarily to the similarly defined sub-
spaces of & and %. As a matter of fact, owing to Reference [4], a basis of H is given by
(grad py)1<k<k,—1, with

3
peH'(Q), Ap=0, pyp=0, pyp=0u, 1<I<K,—1, %lrzo
2
(1)

By construction, the grad p; are axisymmetric.
For the problem in HL in order to establish the closedness property, that of Zz N HL in
H+, it is possible to reuse the results of the previous two paragraphs to construct a proof.
Let us consider an element u of Zg N H~L.
Given the usual cut-off function Z, split

u=u; +u,+u3 withwy=27u u,=2u

here, 2; =% (p;), where p; denotes the distance to the conical vertex O;, and Z is such that
oI Nsupp(Z) = 0.

On the one hand, u; and u, do belong to 4R or %y. Thus (16) is valid for both fields,
provided the conical angle differs from 7/f_ in the Zx-case.

On the other hand, u; is such that its trace vanishes in a neighbourhood of the conical
vertices: this allows to prove that (16) holds too for the third field.
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Lemma 4.17. Let ¥ be a neighbourhood of the conical vertices. Then, there exists a con-
stant K such that (16) is valid, for all elements of Zr NH*, the trace of which vanishes on
'n+#%.

Proof. The result is obtained by contradiction. Let (v¥), be a sequence of elements such
that

IVvA2=1 Vk, |lcurl v¥|2 + ||divv¥|3 — 0

According to the Weber inequality, stated in Proposition 1.2, (v¥), converges to 0 in H(curl;
Q)N H(div; Q). Now, as the sequence is bounded in H!(2), it admits a weakly convergent
subsequence. Thanks to the above, its limit is 0. What is more, as H'(2) is compactly
imbedded in H'=¢(Q2) (for a non-negative ), a subsequence converges to 0 in the latter
space: thus, its trace vanishes in L?(I"). In particular, this implies that 5(v¥,v*) also vanishes,
as

. - 1
b(V’”,Vk)I/ o VI dT < 5— V¥ [iG r
g ¥ Rinin

The contradiction then follows from (30). |

As a consequence, one obtains

3 3 3
IVallF =11 Vuilg <3 IVulg<K D {lleurlu||§ + ||divu |5}
i=1

i=1 i=1

with K a constant independent of u.
Last, there exists a constant C such that

3
> {lleurluw|[f + [|div u;[|§} < C{[leurlul§ + ||div ul|3}

i=1
Otherwise, given (v¥); a sequence of elements such that

3
> Alleurl v 5 + [|div v/|[5y =1 vk, [leurl v¥|[§ + |[div v* ([ — 0
i=1

we infer that (v¥); converges to 0 in H(curl; Q) NH(div; Q). Now, due to the identities
curlvi =% curlv + (grad 247) x v, divvy=21divv+ (grad %)) -v, etc.,

the same is true for the three sequences (v/);. This contradicts the assumption.
Thus (16) is valid for elements of Zg NH> .
To conclude, one has the

Theorem 4.18. Let Q be an axisymmetric domain. Zg NH~ is closed in HL, provided that
for the conical vertices included in I3, the corresponding conical angle is different from the
prescribed value 7/f_
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Corollary 4.19. There holds

HY = (ZxnHY) & Zs (32)

5. A CHARACTERIZATION OF SINGULAR FIELDS

The aim of this section is, for both the electric and the magnetic fields, to relate the singular
fields to scalar singularities of Laplace-like operators. Again, the building of the relationship
depends crucially on the way the closedness result has been derived. As a conclusion of each
subsection, the result on the dimension of the subspace of singular fields is stated, without
proof.

Before we begin to characterize the singular part of the electromagnetic field, let us recall
the following Proposition, stated in the axisymmetric domain §2.

Proposition 5.1. 1f the data is axisymmetric for problems (1)—(3), (4)—(6) and (6)—(10),
then their respective solution is also axisymmetric.

5.1. Singular electric fields

In this subsection, we assume that the conical angle values differ from 7/f_.
We apply next the technique of the singular complement method [14]: our starting point is
inequality (29), together with the Poincaré and Weber inequalities.

Proposition 5.2. ® can be orthogonally decomposed in the following way:
In @, ||}|le =|A¢l|lo is a norm, which is equivalent to the canonical graph norm.
A®y is a closed subspace of L*(€2). Let N denote its orthogonal.
Define ®g as the subspace of ® such that Ads=N. Then both &y and Pg are closed
in ® and

1
= Pp O P (33)
As a consequence, thanks to Theorem 4.11, it is possible to prove the

Theorem 5.3. The following decomposition is direct and continuous:
X =ax & grad &g (34)

Proof. 1t follows from (26) and the inclusion grad g C Zr that 2 = 2r + grad ®s.
After that, let ve 2x Ngrad ®s. By construction, ve H'(Q)Ngrad ®, i.e. vegrad ®z. On
the other hand, it is clear from the previous proposition that grad ® can be split orthogonally

1
in Z into grad ®r & grad Og; as a consequence, v=0, and the sum is direct.
Last, the application

AR x grad s — 2
(Vr, grad ¢s) — v=vg + grad ¢s

is linear, continuous and bijective. Now, as Zx x grad &5 and Z are Banach spaces, it stems
from the open mapping Theorem that the inverse of the application is also continuous. O
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So, as 4 is the natural space of electric fields, and 2R the subspace of regular electric
fields, we derive from the above Theorem the direct and continuous decomposition

T =dr&Fs, with s =gradds (35)

In other words, the electric singular fields are one-to-one and onto with the gradients of
the axisymmetric singularities of the Laplace operator. In addition, the elements of &g are
characterized by their Laplacian, i.e. there remains to study

N =Ads (36)

As we are dealing with an orthogonality property (N is, by definition, orthogonal to Ady in
I2(Q)), we shall use an integration by parts formula to obtain the relevant information on
the elements of N. This method has been introduced in References [15,2] and the references
therein, for problems posed in a polygon or a polyhedron, in order to characterize N.

Definition 5.4. On any face I}, 1<i<n+ 1, let p; be the distance to its boundary, and
define

Hog' ()= {f € H'A(T)): fﬁ €L’(T)} and H(T)=Hy (T)NZ'(T)
By adapting the strategy developed in Reference [2] (with a treatment specifically designed
to handle the difficulties related to the conical vertices), we can prove the following on any

face I}, about the trace of the normal derivative of elements of Py. Let 71 be the corresponding
trace application.

Lemma 5.5. The application y/ is continuous from Py to H(IL)).
Moreover, it is surjective from G;={uc ®r: pju=0, Vj#i} onto H(I};), and there exists
a continuous lifting operator from A(I}) into G;.

As a consequence, yi is surjective from g onto H(T};). This result permits to prove an
integration by parts formula, between elements of ®r and elements of the space D(A,Q)=
{geL*(Q): AgeL*(Q)}. As a matter of fact, it is clear that elements of N possess a vanishing
Laplacian, and therefore that they belong to D(A,(2). One has the

Lemma 5.6. Let peD(A,Q) and ue ®g. There holds

n+1

/Q(PA“ —uAp)dQ= ZH(F,»)'<P, Vf”>H(F,)

i=1

Again, the method of proof is an adaptation of Reference [2]. This leads to the first charac-
terization of elements of N.

Theorem 5.7. Let peL*(Q): p belongs to N if and only if

Ap=0 1in Q
pr=0 in AT, 1<i<n+1
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Proof. 1t is a straightforward consequence of the above Lemmas. |

On the meridian half-plane, the trace of the operator A is defined by

0? 10 0?
orz  ror 0z2

At =

The second characterization of elements of N is then

Corollary 5.8. Let peL3(w): p belongs to N if and only if
Atp=0 inw
Pl =0, 1<i<n+1
pEC(d\7) for any neighbourhood ¥, of y,
(The trace on 7; is understood in the suitable trace space of H(I}).)

Remark 5.1. Since p is smooth in the neighbourhood of any segment included in 7,, one
infers that 0, p(M,)=0, for all points M, of 7,. This additional boundary condition is used
in the actual computation of the singularity p.

Proof. Owing to Proposition 3.14, peL?(w). Then, A" being the trace of the
three-dimensional Laplacian, one has A*p=0 in w; the boundary condition p=0 on 7y,
is clear. Finally, as p is harmonic in ), it is smooth and so is its trace.

The reciprocal assertion is straightforward. O0

Finally, by studying the properties of the Laplace-like operator A* (cf. a forthcoming paper),
one finds that the dimension of N, and thus that of ®5 and of the subspace of electric singular
fields Zs, is equal to

the number of conical vertices with conical angle larger than 7/f_
+ the number of reentrant edges.
5.2. Singular magnetic fields

As for the magnetostatic equations, one has to solve
Find % € L*(Q) such that

curlZ=f in Q
div#=0 1in Q
%-n|p:0

where the datum f of L?(Q) is divergence-free.
Note that we rewrote the equations above to stress the fact that the magnetic field is always
divergence-free. So, the natural space of axisymmetric magnetic fields is

W ={ved: divv=0}

In this space, an equivalent norm is v — ||curl v||o.
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Then, if we let # =% NH'(Q) be the space of regular fields, we infer from Section 4.3
the

Proposition 5.9. #x is closed in # .

Proof. Let (v,), be a sequence of elements of #x, which converges to v in # .

In %, this amounts to saying that (v,), is a sequence of divergence-free elements of Wy,
which converges to the divergence-free v.

As % is closed in ¥, v belongs to W, and therefore to ¥, as it is divergence-free. [

Let #5 be its orthogonal, i.e.
. oL
W =W ®Ws 37)
(The orthogonal alternative of the singular complement method [14].)
In order to characterize the singular magnetic fields, we proceed in two steps. First, we

prove that they are meridian, and second, we use their definition by orthogonality to relate
them to singular solutions of a Laplace-like problem.

Theorem 5.10. Let B¢ W3: wy(AB)=0.

Proof. Given 4 of s, let =By +B,, be its decomposition into azimuthal and meridian
parts. One further has

By =B} + B, (B5,B})c i x ¥s
B, =B} +BS, (BX,BS)c i x ¥

As ZB€Ws, BY + BR=0. These two vectors are pointwise orthogonal, so B} =BR =0. This
means that both By and B, belong to #5. Let us focus now on the azimuthal part, By, and
define f =curl By. Owing to Proposition 2.2, f is meridian. In addition,

/f-curlCdQ:O, vC e Wy (38)
Q

Let us prove that this orthogonality property is true, for any vector field C of H!(Q): it
is split into C=Cy + C,,. Owing again to Proposition 2.2, curl C,, is azimuthal, and as a
consequence, it is pointwise orthogonal to f.

Now, Cj is independent of 0, and therefore it is divergence-free. Also, it has a vanishing
normal component on the boundary (n is orthogonal to ey). Last, VCy and VC,, are pointwise
orthogonal (cf. (A4)): in order for VC to be in L?(Q2)°, they are both required to be in L*(2)°
too. This yields Cy € Wr. As (38) holds for both Cy and C,,, it does for C also. Consequently

curlf =0 in @ and fxnp=0

Added to the definition of f, this can be complemented with divf=0 in Q, i.e. f=0.
As elements of #" are characterized by their curl, one concludes that By =0. |

As_mentioned in the proof, elements of W are determined via their curl. Then, given
AW, define P=curl 4:% is meridian, so its curl P is azimuthal; let us further define
P 0€o= P.
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In the remainder of the subsection, we shall characterize P, first in €2, and after that in the
meridian half-plane.

In order to handle the case of the singular electric field, recall that we introduced an
integration by parts formula, related to the (scalar) Laplacian operator. Here, we shall consider
an integration by parts formula, which involves the vector Laplacian operator. How? Simply,
by introducing the space of regular potentials

Ar={A e Hy(curl, Q) nH(div,Q): divA=0, curlA cH'(Q)}
of elements of #x. The equivalent of formula (38) is
/P-AAdQ:O, VA € Ag 39)
¥
as A =—curl curl + grad div. One additional remark is that P is azimuthal, so the relevant
part of AA is @wy(AA): in other words, it is enough to consider only elements of
Agpr = {A € Ar: AHeQ}

(For all A € Ag, both @wy(A) and @, (A) belong to Ag.)
Then, let us proceed similarly to the previous subsection. Let I; be a given face, and 7,
be defined as y},u=1luy.

Lemma 5.11. !, is continuous from Agpg to H(T}). Moreover, it is surjective from G;=
{u GI:IZ(Q)OI:I})(Q): ul|ey, y{@u:O, Vj#i} onto H(I}), and there exists a continuous lifting
operator from H(I}) into G;.

As a consequence, 7}, is surjective from Agr onto H(T)) (Again, some specific treatment
has to be designed to handle the conical vertices.) 3
By essence, P belongs to D(A,Q)* (cf. (39) with A € D(Q2)). There follows the

Lemma 5.12. Let PeD(A,Q)* and A € Agr. There holds

n+1

-1
With the help of this formula, one can derive the first characterization of elements of curl 5.
Theorem 5.13. Let % € #5: then P=Pyey=curl # satisfies
Pcl?(Q)
AP =0 in Q
Py, =0 in H(L;Y, 1<i<n+1

Conversely, a vector field solution of the above system is the curl of an axisymmetric singular
magnetic field.

Note that, in the course of the proof, it is useful to replace (39) by the same formula, for
fields of {A € L2(Q): curl A c H!(Q), Agr =0}, as it is necessary to remove the divergence-
free condition on the test fields.
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On the meridian half-plane, we use the operator A~, defined at (13). The second charac-
terization of elements of curl #5 follows.

Corollary 5.14. Let Py= p/r: pe L* (w) can be characterized as the solution to
ATp=0in w
Pl =0, 1<i<n+1

ge(g“(d)\%,), for any neighbourhood 7; of v,

Remark 5.2. The smoothness of p/r in the neighbourhood of any segment included in v,
yields p(M,)=0, for all points M, of 7,.

Proof. The fact that p is described by the set of above equations is clear, after one notices
that AP=1/r A~ pey.

In order to prove the reciprocal assertion, the following method can be used. Let P = p/r ey:
P belongs to iz(Q) by construction. Let us show that AP =0. For that, let ve D(2) and ¥}
be a neighbourhood of I' such that supp(v) N ¥, =10.

<AP,v>:<P,Av>:/P-Avdgzzn/gA—(m))dw
Q w
:2n/ BA*(rv())dw:ZR/ 1A*p(rvo)dco:o
N o\1; T

The double integration by parts is justified by the smoothness of p/r and rvy in w\¥;. There
is no boundary term, as both p and rvy vanish on y,N 7.

In particular, P belongs to D(A,)3. This allows to define its trace on I} in H(T;)Y, and
the condition p, =0 finally leads to Py, =0. O

By studying the properties of the operator A~ (cf. a forthcoming paper), one finds that
the dimension of the vector space curl #5, and thus that of %3, is equal to the number of
reentrant edges.

6. THE TIME-DEPENDENT MAXWELL EQUATIONS

Given T >0, let us recall Maxwell equations in time. If we let ¢ and ¢, be, respectively, the
speed of light and the dielectric permittivity, they read, in Q x ]0, T'[

aa—(jfc curl@—f—j (40)
%—?+curl£:0 (41)
dive="2 (42)

€0
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diva=0 (43)

where p and # are the charge and current densities. They satisfy the charge conservation
equation (a consequence of Equations (40) and (42))

Z—f+div/:o (44)

These equations are supplied with appropriate boundary conditions: in our case, as the
domain € is enclosed in a perfectly conducting material, they are, in I x]0, T,

&xn=0 (45)
#-n=0 (46)

Last, initial conditions are provided to close the system of equations,

8(,0)=60 47)
B(-,0) = % (48)

with an ad hoc initial value (&), %) of the electromagnetic field.

In order to prove the existence and uniqueness of the electromagnetic field under suitable
assumptions on the data and the initial conditions, one can use for instance the semi-group
theory to get the

Theorem 6.1. Assume that (&, %,) belongs to Hy(curl, ) x H(curl, ), and that ¢ c !
(0,T;12(Q)). Then, there exists one and only one solution to the time-dependent problem
(40)—(41), (45), (47)—(48), such that

&c%°0,T; Ho(curl,Q))N%' (0, T;1A(Q))

(49)
A< %°0,T; H(eurl,Q))N%'(0,T;L3())
Assume moreover that p belongs to €°(0,7;L*(2)) and that the initial data satisfy
div & = p(g-,O)’ div %, =0, B -nr=0
0
Consequently, (42) and (43) are fulfilled, and in addition to (49),
Ec€%0,T;7)
(50)

Bc6°0,T;%)N€" (0, T; H(div,Q))

(The proof of the first part of the Theorem is a standard application of the semi-group theory,
whereas the second part can be obtained through some simple verifications.)

Provided that €2 is axisymmetric, if the data and initial conditions are axisymmetric, the
solution of (40)—(48) is also axisymmetric.
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Proposition 6.2. 1f p, ¢ and (&9, %) are axisymmetric, so is the solution to (40)—(48),
and, provided that # € €'(0, T;1*()) and that p € €°(0, T; L*(2)), there holds
Eec6°0,T;7)
. (51)
BcE(0,T;0)

_The consequence of these results, and of the decomposition (35), (37) of the spaces 7 and
9 is that it is possible to decompose the electromagnetic field into regular and singular parts
continuously, with respect to time, i.e.

Corollary 6.3. Assume that (&,2) belongs to °(0,T; % x #°): one can write

éj(’t):éoR(at)—’_éoS(at)a (gRa ()S)E(go(oa Tz gZR ><ggs) (52)
@(’t):gR(at)—i_%S(at)a (@RaQS)G(gO(O’Y—EWRX%) (53)
CONCLUSION

We have presented new results concerning Maxwell’s equations in an axisymmetric domain,
with axisymmetric data (and axisymmetric initial conditions).

In particular, we proved that, in space, the regular subspaces, 4z, #&, are closed in 4
and ", respectively, with the exception of one value of the conical angle (equal to 7/f_)
in the electric case. This lead to the decomposition of the solution of either the static or
the time-dependent Maxwell equations, into a regular part and a singular part, the so-called
singular complement method. In addition, we proved that the singular subspaces Zs and %3
are finite-dimensional.

This suggests that one can use the singular complement method for numerical applications in
axisymmetric geometries, as already done in References [15,16] in two-dimensional cartesian
domains. The regular part of the solution is approximated via the P1 Lagrange finite element,
whereas the singular part is computed after a suitable discretization of the basis of 45 and
5 has been carried out. These issues will be addressed in forthcoming papers.

APPENDIX A

A.1. Operators in cylindrical coordinates

In cylindrical co-ordinates, the gradient, divergence and curl operators read

af 1of  of

grad / = ,+f% +—ez (A1)
. 1 a 12 az
divv==(rv)+ a”g o (A2)
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1 v, Ovy ov.  0v, 1 /0 ov,
curlv= <ragaz> e,-+<az ar> e9+; (ar(rv(-))a@> €, (AB)

The expression of the Jacobian of any vector field v is

ov, l ov, o ov,
o r\o0 ) oz
61;0 1 avo aU()

Vv= | — —( — il A4
a;»;»(ae”’) 52 (84)
ov, lavz o,
or r 00 0z

A.2. Operators in spherical co-ordinates

In the non-standard spherical co-ordinates, the first order differential operators are

_o 1 of of
grad / = p " psing o0 €0 + p 0 €0 (AS)
1 R 1
divy = p? ap(p Wt g p smgb 20 psng p sin ¢ 6¢(Sm P v) (A6)
- 1 61]4) 1 aUp
curlv= Y (6 ¢(s1n ¢Ug)> (5@5 %(P ¢)> €9
1 /3 1 v,
w2 (w5 ) e (A7)
W, 1w L
0p psing 00 p p \ 0¢ ¢
o % 1 % cot ¢ Up 1 Ovy
Vv = o psing 69+ ) v¢+p pad) (A8)
vy 1 0vy cotg , 1 [ 0vy Yo
0p psing 00 0 v 0¢
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