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SUMMARY

Hodge decompositions of tangential vector fields defined on piecewise regular manifolds are provided. The
first step is the study of L? tangential fields and then the attention is focused on some particular Sobolev
spaces of order — 3. In order to reach this goal, it is required to properly define the first order differential
operators and to investigate their properties. When the manifold I is the boundary of a polyhedron Q, these
spaces are important in the analysis of tangential trace mappings for vector fields in H(curl, Q) on the whole
boundary or on a part of it. By means of these Hodge decompositions, one can then provide a complete
characterization of these trace mappings: general extension theorems, from the boundary, or from a part of
it, to the inside; definition of suitable dualities and validity of integration by parts formulae. Copyright
© 2001 John Wiley & Sons, Ltd.

1. INTRODUCTION

This paper is concerned with the characterization and the properties of tangential vector fields on
non-smooth manifolds. In the case of regular manifolds the functional theory related to tangential
fields has been completely developed. Sobolev spaces and tangential differential operators have
been defined and analysed (e.g. in [1, 13, 4]). When the manifold T" is not smooth, several
problems occur: the definition of Sobolev spaces is possible only for low values of regularity
exponent (H*(I'), for |s| < 1), and the definition of differential operators, in this context, is far from
being obvious.

In this paper, we consider I" as the boundary of a Lipschitz polyhedron € not necessarily
convex. We use the same approach as Grisvard [8, 9]: we suitably define Sobolev spaces and
differential operators, working face by face, and then we analyse the matching conditions at edges
and vertices. Our attention is devoted to the definition of H*(I'), for 1 < |s| < 3, and of first-order
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32 A. BUFFA AND P. CIARLET, JR.

differential operators, namely the gradient, the divergence, the scalar and vector curls. It is proven
that all these operators verify properties which are necessary in order to develop a standard
functional theory, for instance that every curl-free vector is a gradient and so on.

Using these tools and the same argument as in [6] for the regular case, we start by proving
a first Hodge decomposition:

L2(T) = VeH'(T) & curl H' (T')
t - T T

Then, taking advantage of the characterization of traces for H(curl, Q), which has been given in
the companion paper [3], we provide a Hodge decomposition (always as a gradient and a curl
sum) of both the tangential trace (u A n) and tangential components (n A (u A n)) for a vector field
u e H(curl, Q) (n is here the unit outer normal to Q on I).

By means of this decomposition it is not hard to prove the surjectivity of both trace mappings
(tangential trace and tangential components). Moreover, lifting mappings from the boundary,
and from a part of it, to Q, are provided, and we prove that the tangential trace and the tangential
components can be put in duality as in the regular case (see e.g. [4]).

Finally, all our results can be extended with no additional efforts to curvilinear Lipschitz
polyhedron, that is, to a class of piecewise regular manifold (cf. [5]), but not to the general case of
Lipschitz manifolds. In this more general case, the characterization of traces for H(curl, Q) has been
given by Tartar [ 12] and, from this paper, it is clear that the definition of differential operators on
Lipschitz manifolds in the context of Sobolev spaces, is, in general, an ‘ill-posed problem’.

The outline of the paper is the following. In Section 2, we make precise our notation and the
functional framework, in Section 3, we provide the Hodge decomposition in the LZ(I') context; in
Section 4 we introduce differential operators in more ‘regular’ and, respectively, less ‘regular’
spaces, and we study their properties. In Section 5, we obtain the Hodge decomposition in the
spaces of traces of H(curl, Q) and we analyse its direct consequences: existence of a continuous
extension mapping, the duality between the space of the tangential trace and that of tangential
components and the related integration by parts formula. Finally, in Section 6, we extend the
same results to the case of an open manifold and we deduce the characterization of trace
mappings on the part of the manifold, and we establish a suitable duality among spaces and the
validity of the integration by parts formula.

2. PRELIMINARIES

Let Q be a Lipschitz polyhedron not necessarily convex, I its boundary and n the unit outward
normal to Q on I'. All along this paper, we assume that I" is simply connected and connected.
When I is formed of several connected components, all our statements will apply to each
connected component. Moreover, I' is split in N (open) faces (I';);=;. n, I = {J;I';. Let us denote
by (€;))i,je(1, ... vy its (open) edges: when I'; and T'; are two adjacent faces, e;; denotes the ‘common’
edge. Let .#; stand for the set of indices i such that the faces I'; and I'; have a common edge.
Additionally, let T}; be the open set I;UI';ue;;. The vertices are denoted by (Spi=1. . k-

Finally, let t;; be a unit vector parallel to e;; and n; = n; 1; = t;; A n;. The couple (t;, 1) is an
orthonormal basis of the plane generated by I3; (t;,7;;,n;) is an orthonormal basis of R>.

For elements ¢ of L*(I'), we adopt the notation ¢; = ¢r. This notation is used whenever the
restriction to a face is considered, that is as regards any functional space, in which the restriction
to a face is allowed.

Copyright © 2001 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2001; 24:31-48
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Boldface characters are used for all vector fields and some vector spaces, such as for instance
L*(Q)* which is denoted by L*(Q).
On T, the Sobolev spaces H*(I') with |s| < 1 are standardly defined (cf. [11]). Let us set

H(curl, Q):= {u e L*(Q): curlu e L*(Q)}, || |lo.cunr the graph norm
Li(D):= {@ e L*(T): @-nyr =0}, {-,-D, its scalar product
H'(I):={peL*T): ¢;eH'(I}) and @;., = @y, in H'*(e;)), Vie s, Vj} (1)
HY2():= {LeLZ(): ;e H*(T), Vj}

They are Hilbert spaces when endowed with the respective graph norms. The definition of H!(T)
stems from the fact that H'-regularity is preserved by (bi-) Lipschitz mappings (cf. [11]). Let
H~'(I') be the dual space of H*(T").

Note that in the remainder of the paper, LZ(I) is identified with the space of two-dimensional,
tangential, square integrable, vector fields. The consequence of this choice is that, on the boundary
I', one deals with two-dimensional vector fields whereas, in Q, three-dimensional ones are
considered. Of course, the same identification holds for all the spaces derivated from LZ(I).

Definition 2.1. Let Vy: H(T') —» L(T') and eurl: H(I') - LZ(I') be defined by

(Vro); = Vy(p)) (curlr); = curly (@) Vj (2)

where V, (resp. curl,) is the gradient (resp. vector two-dimensional curl) of ¢ as a function of two
variables (these operators are of course well defined locally on each face).

Remark 2.2. The curl; could be equivalently defined as curlrp = Vi@ An.

It is obvious that these operators are linear, continuous from H*(T') to LZ(I"). Their kernels are
the set of constant functions due to our assumption on I, i.e. I is connected. These properties
stem from the definition of H'(I') which has been obtained via a bi-Lipschitz mapping of I on
a smooth manifold.

Their adjoint operators are then defined, in a standard way, as

Definition 2.3. Let us define divy:LZ(I') - H ™ }(I')/R and curlq: LZ(T') - H™Y(')/R as the
adjoint operators of —Vr and curl, respectively. In particular, the following
duality pairings hold:

(divph, @Y = —j L-Vredo, VoeH' (), VieLiI)
T

{curlph, @)1 r =J L-curlrpdo, VoeH'(I), VieL()

r

It is clear that divy and curly- are, respectively, linear and continuous operators from LZ(I) to
H™ ().

Copyright © 2001 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2001; 24:31-48
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3. HODGE DECOMPOSITION OF L¥T)

In this section, we shall analyse the properties and the validity of standard relationships among
gradient, divergence and curl operators in the LZ(I") context. Keeping in mind that we have to
recover all the well-known results in the case of smooth domains (cf. [4] or [6]), in the context of
non-smooth domains, let us start by the following important result:

Proposition 3.1. The following identities hold:
Ker(curly) = Im (Vy), Ker(divy) = Im (curly) (3)
They are equivalent to the following:

e curlp (Vre) =0, divp(curlrp) =0 Vo e H' (D)
o for every \y € LZ(T) such that curlqy = 0 (resp. divi = 0) there exists a function o € H'(I') such
that y = Vo (resp. ¥ = curlya).

Remark 3.2. This proposition has an important consequence, which is that both Im (V) and
Im (curly) are closed in LZ(I). Therefore, their adjoints divy- and curly- are surjective operators (see

e.g. [2]).

Proof. First of all note that the two identities in (3) are equivalent, up to a rotation of vector
fields. We deal then only with the first one (the proof for the second one stems easily.)

Step 1. Let us start by proving that Ker(curly) = Im (Vp), which is equivalent to showing that
curlp(Vre) = 0 Vo € H'(T). From the definition of H'(I') in (1), given a function ¢ € H'(T'), one
has ¢;., = @;., in H"?(e;;). Deriving this equality along the edge (cf. [10, p. 94]) one gets

Ve ti; = Vrei-t; in Hoo % (ey)). 4)
where Hgo'*(e;;) is the dual space of Hyj (e;)).
Moreover, it is clear that

curlr (Vro)) =0 Vj ®)
Let 7} be the (clockwise) unit vector tangent to oI7; using (4), (5) and Definition 2.3, one has, for
neHY(I):
Ceurlp (Vro), n)1r = Lvr(ﬂ -curlrndo
N

N
Z JVF(Pj-curlrnjda= Z J Vro;-t; ndo (6)
L j=1Jer;

j=1

By choosing a function # which vanishes in a neighbourhood of the vertices, the last sum in (6)
reads

N

N
Z J‘ Vr(Pj‘T} ndo = z Z &;<Vr@; t; — Vro;- 1y, Vl>1/2,oo,e._,- (7)
ar;

j=1 j=1ies,i<j

Copyright © 2001 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2001; 24:31-48
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Here, ¢;; is either equal to — 1 or + 1, depending on the orientation of t;;. Using (4) in (7), one
gets that the right-hand side of (7) is identically equal to zero. By a density argument, which is that
the set of elements of H'(I'), which vanish in a neighbourhood of the vertices, is dense in H*(I'),
the first statement is proved.

Step 2. Let us analyse now the other inclusion Ker(curlr) < Im (V) and proceed by direct
construction: let \ € LZ(T") be such that curlp = 0 in H™*(T'); we shall prove that there exists
¢ in H'(T) such that = V. Recalling the definition of curly, one has

0 = <curlp Y, @)y = J\ll-curlr(pdo VoeH'(T)
T

which is equivalent to the following:

curlp ;= 0 in H™ (T}

) and ;-t;; = ;-1 in Hoo?(e;) Vied;, Vj (8)
Since every face is a regular manifold, one can apply standard results (see, e.g. [ 7, p. 31]) to get
3¢, e H'(T}) such that y; = V(& + ¢)) 9)

where (c;); <j<n are arbitrary constants. The second equality in (8) implies then

o¢; o0& .o . .
~ =at; in Hoo'?(ej), Vied, Vj

ij

Using the theorem of ‘null derivative’ for distributions, one obtains then that & = &; + ¢;; in
H'*(e;;) where ¢;; is a new arbitrary constant (which depends on both ¢; and ¢;).

Now, it is sufficient to show that there is a choice of constants (c;); <j<y Which yields an
H'-function. Let T be a face and set ¢; = 0: for every i €.#}, let us choose the value of ¢; (the
constant in (9)) in a way that & = &; in H'?(e;)), that is ¢;; = 0.

To end the proof, let us denote by i and i’ two indices in .#; such that I'; and I';; have a common
edge e;» which shares a vertex, namely S, with e;;. We show that necessarily ¢; = & in H 12 (i),
This comes from the following set of relationships:

(@) & EHl/Z(eijueiz”USk) and ¢y EHI/Z(ei’jueii/USk)
(b) & =¢;in H'?(e;) and & =¢&;in H'Y(ey) (10)
© & =& 4+ in HY(ey)

The coupling term (an integral) at the vertex S (see e.g. [9, p. 17]) coming from (a) and (b) in (10)
imposes that ¢;; = 0 in (c). O

Remark 3.3. If T' is not simply connected, (3) is not true anymore. Indeed, one should add
a finite-dimensional space to Im(Vp) (resp. Im(curly) to get the whole of Ker(curly)
(resp. Ker(divy)). The Hodge decomposition (11) should also be modified accordingly.

We are now in the position to construct the Hodge decomposition of the space LZ(I).

Copyright © 2001 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2001; 24:31-48



36 A. BUFFA AND P. CIARLET, JR.

Theorem 3.4. The following decomposition holds:
L
LX) = VeH' () @ curl H () (1)
L
where @ means that the decomposition is direct and orthogonal with respect to <-,- ..

Proof. Let ueLZ(I). Let us consider the differential problem: find p e H'(I') such that
J (u—Vrp)-Vrgdo =0 VgeH'T) (12)
r

Since frVrp -Vrpde = C||pllryr (C is independent of p), problem (12) admits a unique solution
p e H'(I')/R. Moreover, from equality (12) and Definition 2.3, one gets divp-(u — Vpp) = 0. Using
Proposition 3.1, we have

¢ eH(T)/R  such that u — Vpp = curl:é

The orthogonality of the decomposition comes directly from (4)-(7). O

4. SPACES RELATED TO TANGENTIAL TRACES FOR H(curl, Q)

4.1. Preliminaries

We start by studying a complete characterization for the space of the tangential trace (and
tangential components) of H'(Q).
In order to do that let us start with the following definition:

Definition 4.1. The ‘tangential components trace’ mapping n.: Z2(Q)*—HY*I) and the
‘tangential trace’ mapping y,:Z(Q)°> > HY*(I') are defined as u—nA(uAn)r and u—nAup,
respectively.

On the one hand, it is true that 7, and 7y, can be extended to a linear continuous mapping from
H'(Q) to HY?(I'). On the other, we show in what follows that these mappings are not surjective
and that their ranges are two different subspaces of HY/?(T").

Let us focus our attention on the analysis of the mapping =, and, at the end, by using the
identity 7.(u) = n A y.(u) we shall recover the properties of ..

Since one deals with polyhedrons, given a function @ e H*(Q), the definition of 7.9 can be
understood face by face:

T, @:=@; — (@;-m)n; Vo eH(Q)
One gets then that an equivalent definition of 7, is
.. HY(Q) »HY*(I) ne(x) =n.0(x) forae xel}, Vj

In the following we prove that the range of this mapping is a true subspace of HY?(I'). For that,
a preliminary result is required.

Copyright © 2001 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2001; 24:31-48
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Theorem 4.2.

peH"Y* (), Vie{l,..,N} and

o e H (D)= o) o
LL% do(x)do(y) < o0, Vi#j st Ll =e,

For the proof of this result, we refer to [3].

Proposition 4.3. Letue H'(Q), @ = mu and ¢ = y,u. Moreover, let I; and T be two faces with
a common edge e;;. The following integrals are bounded:

JVig((P):: J J @i ti;(x) — (Pj-‘tij(Y)|2 4o do)

r ||x—y||3
J le R ZIT60 W
FE

For the proof, see [3].
Now, let (;, ;) e H*(T;) x H?(T)). Let us adopt the notation

v Ly at e, f J%damdo(y) <o (13

lIx

By Proposition 4.3, the range of =, is included in
1/2
/Z(F {q)eHl/z(F):q)i'Tij =(pj‘c” at €ij Viefj, VJ}
And analogously the range of y, is included in

12
Hi/Z(F): {\II EHl_/z(F):\pi'Ti = \l”jtj at €ij Viefj, Vj}

The following two propositions are now devoted to proving that H{/*(I') and H1/*(I') are Hilbert
spaces (endowed with suitable norms) and that they are indeed the range of n, and of 7y,
respectively.

Proposition 4.4. The space H|/?(I') and H}/*(I') are Hilbert spaces when endowed with the
following norms, respectively:

||‘|’|||\ 12.0:= Z ||‘|/J||1/2r + Z Z </V

j=1 ies;

[IlIZ, 1/2.0 = Z ||\|’;||1/2r + Z Z /V

ji=1 ies;
See [3] for the proof of this result.

Copyright © 2001 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2001; 24:31-48
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Proposition 4.5. The mapping 7.: H'(Q) - H|/*(T') such that u—n(u A n) - is linear, continuous
and surjective. Moreover, there exists a continuous lifting mapping Z,, from H|/*(') to H'(Q). In
the same way y,: H'(Q) - H}/*(T') is linear continuous and surjective. Let %, denote the asso-
ciated continuous lifting mapping.

See [3] for the proof of this result.

In the remainder of the paper, let us call H; "/*(T') and H} '/*(T') the dual spaces of H; '/*(T")
and H] '/*(I), respectively (with L7 (I') as the pivot space.) Moreover, let us denote by -, > 1,2.r
(resp. {+,+>1.1)2.r) the duality product between H; V*(I') and H|*(I') (resp. H "/*(I') and
H1?(I)).

4.2. More about differential operators on I'

We need now to extend the definitions of the differential operators on I', both to more and less
regular Sobolev spaces.
Let us set

H*?*():= {¢p e H'(T') such that V¢ e H//*(I')} (14)
or equivalently
H*?(T):= {p e H'(T') such that curlr¢ e H{/*(I')}

This is a Hilbert space endowed with the natural norm

N N
lol32r= Y llellir, + IVrollii2r = Y lollir, + lleurkeoll? 12
j=1 j=1

For a sharper result on the definition of H*?(T'), see the Corollary 3.7 of [3]. In the following,
let us denote by H ™ *?(T') the dual space of H*'*(I') with L*(T') as the pivot space.

An immediate consequence of this definition is that the restriction of the tangential gradient,
Vr:H**(') > H/*(T) and of the tangential vector curl, curly: H¥*(I') > H{/*(T') are linear,
continuous, injective up to a constant. Their adjoints divp: H; '*(I) > H **(I) and
curlp: HY '2(I') > H~**(I') are then defined by: for every ¢ € H**(I), L e H; (1), y e H] V/*(I)

{divr, <P>3/2,r = — <4, Vr§0>u,1/2,r
{curlpy, §D>3/2,r =P, curlr<p>l,1/2,r

We now make use of the following result which has been proved in [3].
Theorem 4.6. Let
H '2(divr, T):= {AeH; "*(I):divrAe H™ '*(T)}
H 2 (curly, T):= {4 eH[ "*(I): curlyd e H~ (D)}

The mappings 7. : H(curl, Q) > H '*(curlp, ') and y,: H(curl, Q) > H; '/?(divr, I') are linear and
continuous. Moreover, the following integration by parts holds true:

J‘ {curlv-u — curl u-v}dQ = (yu, ©.v); 1 or VueH(curl, Q), veH'(Q)
Q

Copyright © 2001 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2001; 24:31-48
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Now, we certainly have that the following identities hold:
Vi(ur) = n.(Vu) and curlp(ur) = y.(Vu) VueZ,(Q)

where 2,(Q) is the subset of 2(Q) made up of functions which vanish in a neighbourhood of every
edge (e;j)1 <j<n,ies, Moreover, the right-hand sides depend only on the trace of u.

By the density of Z,(Q) in H'(Q) and using Theorem 4.6, we have that the tangential gradient
and vector curl can be extended as linear continuous operators:

Vr:H'2() >H['*() and ecurl.: H'/*(I') > H; "3 (15)
Accordingly their adjoints divp:H}*() > H™"*(') and curlp:H*(I') > H™ "*(I) are de-
fined, for every ¢ € H'/*(I'), L e HI/*(T') and { e H,"*(T"), by:
{divri, ©>12r = —<Vr@, A>1 121
CeurlpWr, @31 )5.r = {eurlrg, ¥ 1o r (16)

We follow now the same line as in Section 3 to prove the equivalent of Proposi-
tion 3.1:

Proposition 4.7. The following identities hold:*
Ker(curlp(H ') = Im(V(H'?), Ker(divr(H; /%) = Im(curl-(H'/?)) (17)

Remark 4.8. As a consequence Im(V(H'/?)) is closed in H} /%, and Im(curl-(H'/?)) is closed in
H; '/*(I). Their adjoints are thus surjective operators (see [2]): divy from H/*(I') to H™"*(I),
and curly from Hj/*(T') to H™"(I).

Proof. Since, as before, the two identities in (17) are equivalent, we deal only with the first one.
The proof is split into three steps. Let us prove that

e Ker(curlp) 2 Im(Vy),
e Im(Vy) is dense in Ker(curly),
o Im(Vy) is closed in HI **(T).

Step 1. Straightforward from Proposition 3.1 and the density of H*(I') in H'/*(I).
Step 2. For that, let us prove that any continuous linear form which vanishes on Im(Vy) also
vanishes on Ker(curlp). Let \ e H{/?(I') be such that

{Vrp, \|/>¢,1/2,r =0 Vp EHl/z(r) (18)
We want to prove now that
W, 12 =0, VweKer(curly) (19)

and in order to reach our goal we have to characterize the set of functions y € H1/*(I') which
satisfy (18). From (18), one infers that divpy = 0. Using Proposition 3.1, there exists a function
B e H'(I') such that \ = curl-f. Moreover, owing to the definition of H¥?(T"), one has f € H*'*(T).

#Summing up, an alternate notation of this kind of results is the following:

curlr curlr divr

HY(T) v H V(D) S H’3/2(F)—>{O}, HYYD)™S Hﬂ’l"z(l")—» H’3/2(l")—>{0}

Copyright © 2001 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2001; 24:31-48



40 A. BUFFA AND P. CIARLET, JR.

Coming back to (19), Vw e Ker(curly)

{w, curlrﬂ>¢,1/2,r = (curlrw, ﬁ>3/2,r =0

Step 3. Using Peetre’s Lemma (see e.g. [7, p. 18]), the embedding of H'/*(T) into L?*(I'") being
compact, one has to prove that there exists a constant C such that, for every p e H'/*(I'), the
following inequality holds true:

||P||1/2,r < Cllpllo,r + ||Vrp||l,—1/2,r) (20)

Over each face, one has

||I7j||1,r,- < ﬁ(”l’jno,r;, + ||Vrl7j||0,r,-)> ijEHl(Fj)

Owing to [7, p. 20], there exists a constant ¢ such that

||P;||or (||PJ|| 1.1, +||VrPJ|| 1r) ijELZ(Fj)

Using three results of [10], which are the main interpolation theorem (p. 31), the definition of
Hy§ (L) (p. 72), and the duality theorem (p. 34), one readily obtains

[1pill1/2.r;, < clllpill-1/2.00.0, + VPl - 1/2.00.1)
< c(llpjllo,r, + IVrpill-1/2,00.1,) (21)

Let I'; and I'; be two faces with a common edge e;;. In the following let p stand for the restriction
of p to I;;. Owing to Theorem 4.2, and by a localization argument, one needs only to prove that:

||I7||1/2 < c(lipllo, r, + ||Vrl71|| 1/2,00,T; )

Let [} ; be the surface composed of two half-planes, one containing I;, the other containing I';,
separated by a straight line containing e;;. Let 2 be the plane containingI';and #: 2 — T ; be the
canonical (see below), injective and piecewise orthogonal application which sends 2 in fij. It
turns out that # € W'*(#). Let p denote a continuous extension of p, which belongs to H/*(T;)).
By standard interpolation properties in Sobolev spaces (see [11]), one gets that po ¢ € H'/*(2)
and that H'?-norms of p and p- ¢ are equivalent. Owing to (21) applied to po ¢, one gets

1Bll1/2.0, < CUIP oA Mo + IV P -1/2.9) (22)

Let us estimate now the right-hand side of (22) by the following argument.
Without loss of generality (here, the value of the diedric angle is set a ©/4), let us suppose that
the application ¢ has the form

) (x,7,0) if x<0
j,@—)ru(x,y)’_)(i’j}’z): X
< > if x>
NERNG

Now, by direct calculation of the gradient V(po_#), one has

. op op\" X 1 op 1 op op\'
V(pof)=<~,~> x<0 V(pof)=<~+~,~ x=0 (23)
0x’ 0y \/Eax \/Eaz oy

Copyright © 2001 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2001; 24:31-48
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And, on the other hand, one also has
Vip = (Vip-tj, Vep-1)" wheret=r1,0onI; and t=r;on I, thatis
The fact that Vip e H] /*(T})) implies that
Vip-t;eH V2T, Vip-tyeH V*(I) and Vip-reH VAT (25)
Using (23)—(25) and the equivalence of H'/? norms, we finally get
V(PN -1/2.» < ClIVEPllL, 12,7,

By a localization argument, (20) holds true. O

5. HODGE DECOMPOSITION FOR H; "*(divy, )

Using the definitions in the previous sections, the Laplace-Beltrami operator can be defined as
Arg:=diviVre = — curlpeurlrp Vo e H'(T) (26)

and it is easily proved, in a variational setting (using the Lax-Milgram theorem), that
Ar:H'(T')/R — H™!(I') is an isomorphism. We set now

A (T):={ueH'(T)/R such that Arue H™ (')} (27)
We are now in a position to prove the next Theorem which allows to split a tangential field, which
belongs to H; "/?(divr, I'). The first is explicitly a decomposition in a ‘regular’ part and a ‘singular’
part, while the second is a direct Hodge decomposition.
Theorem 5.1. The following holds:
H; '*(divr, ') = curl(H'*(T')/R) + H{/*(T") (28)
H; "2 (divr, T') = curle(H"?(I)/R) ® Vr(# () (29)
where @ denotes a direct sum which is orthogonal in the following sense: let f € H/*(I') and
B, e H'(T) be a sequence such that 8, — f in H?(I"), then
(eurlpf, Vra) := lim J curl.f,-Vrade =0 VBeHY*T), ae#(I) (30)
n—+o T
Proof. LetueH; "?(divy, I'). We prove first decomposition (28). Owing to Proposition 4.7 and

its associated Remark, the operator divy is surjective, that is, there exists a function y e H{/*(I')
such that

divru = divpy.

Moreover, this function is defined up to the kernel of the divy operator with respect to the scalar
product in H}/?(I'), where the kernel of divy- can be characterized as Im{curl(H>'*(I'))} by a proof

similar to that of Proposition 3.1 and recalling Theorem 3.4 in [3].
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Applying Proposition 4.7, we know that there exists a (unique) « € H'/*(I')/R such that
u— = curl-« (31)

In order to prove now the validity of (29), we need to apply decomposition (11) to the function
V in (31). There exists a single (p,q) €(H'(')/R)? such that \y = Vpp + curlrq. Moreover, since
divr(\) e H™ Y*(IN), we deduce p € #(T'). Rewriting (31) we obtain

u=Vp+eulp, pexI), p=q+ao PeH*I)R

In order to prove that the sum in (29) is direct we proceed by contradiction. Let
& eVr A (T)neurlcH*(T), in particular & e L7(I) and it belongs to Im(curly)n Im(Vy) = {0}.
Finally, (30) is surely true since [ Vro-curlrfdo = 0 for any o, f € H'(I). O

Remark 5.2. Decomposition (29) is then the one which corresponds to the Hodge decomposi-
tion proved in [6], but in our case the space # (I') cannot be a posteriori replaced by H*/?(I"). The
key point is that a shift theorem for the Laplace-Beltrami operator is missing. Nevertheless, few
comments are due. Let (cf. (14))

H}[2(T):= {ue H'(T) such that Vru e H}*(I)nH'*()}
The following holds:
H}}(T) < #(T) < H'(T) but H>*(I) & #(I)

Actually, the condition divyVyp € H™V*(I') imposes Vrp;- t; = Vrp;-1; at any edge e;;. The space
H;2(T) is exactly the subspace of H*?(I') of functions which verify this condition.

The result of the same type is also true for the space H '/*(curly, I'):

Theorem 5.3. The following holds:
H[ '(curly, T) = Vr(H'(T')/R) + Hj/*(T) (32)
H| "2 (curly, T) = Vr(H'*(I)/R) @ curl(#(I) 33)

where @ has to be regarded as in Theorem 4.1.
The following characterization theorems for the trace mappings in H(curl, Q) are a direct
consequence of these results.

Theorem 5.4. The mappings =.: H(curl, Q) - H '*(curlr, I') and y,: H(curl, Q) - H; "/*(divy, T)
are surjective, that is, they have continuous inverses.

Proof. Since the two cases are equivalent, let us focus the attention on y,. Let A e H; '/*(divr, I).
By Theorem 4.1, it is decomposed as:
A=V +curlpe ae H2(N)/R, Yy eH*T)

Using Proposition 4.5, with the same notation, one gets that 2, is a lifting of \ inside Q and it
belongs to H!(Q). On the other hand, let us denote by 2,0 € H'(Q) a continuous lifting of o in Q.
The function:

u=2Ny + V(%2
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verifies u A - = A and belongs to H(eurl, Q). y. is thus linear, continuous and surjective. Up to its
kernel, its inverse is continuous, owing to the open mapping theorem. O

Remark 5.5. Of course, many choices of the ‘regular’ part (belonging to H}/*(I') and H|[/*(T"),
respectively), in decompositions (28) and (32) are possible, but in principle, these choices cannot
lead to orthogonal decompositions. For example, using Theorem 5.4 above and the decomposi-
tion of fields of H(curl, Q) of Remark 4.2 in [3], we see that the function y e HY/*(I') can be
chosen, for example, as the tangential trace of a function which belongs to H'(Q)nH,(div, Q).

Finally, another immediate consequence of this decomposition is the following identity:
H; '2(divp, T) = (H] Y2 (curly, T)y

with L2(I') as a pivot space in a sense which is made clear subsequently. This duality has already
been stated in the case of a smooth domain (see e.g. [4, p. 40]).

Definition 5.6. Let ue H; '*(divr, I') and v e H] "/*(curlr, I'). Owing to Theorems 5.1 and 5.3
there exist o, «, € # (') and B,, B, € H*(') such that
u = Vo, + curlpf,, v=curlro, + Vf,
Let us define
”/<u’ v>rl: = - <AF%, ﬁv>1/2,r + <Arav7 ﬁu>1/2,r (34)

It is not hard to see that when u and v are smooth enough, namely u, v e L?(T), the left-hand
side is equal to the LZ(T) scalar product between u and v. By a density argument the formula (34)
is then well defined with LZ(I') as pivot space.

Note that this duality is not strictly linked to the direct decomposition that
is used in Definition 5.6. Following Remark 5.5, given another, non-orthogonal
decomposition,

u= +curkp, v=0+Vrg yeHVAD), ecH>(T), pge H'(T)
The duality can still be defined as
oW V3 =LVrg, Y31 1o + Leurlep, @312 + <V, @)

As a conclusion, the following integration by parts formula holds true:

Jﬂ{curlv-u —curlu-v}dQ = (y.(w), 7,(v))>, Vu, veH(curl, Q)

6. ON A PART OF I'—= TRACE THEOREMS AND HODGE DECOMPOSITIONS

The aim of this section is now to extend the results stated in Section 5 to the case of spaces and
trace mappings defined on a part of and no more on the whole boundary.

As in the companion paper, [3], we need to introduce some notations and spaces. Let I'; be
a collection of closed faces of I such that I, is connected. I'; is then an open subset of I with
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a piecewise regular boundary oI';.. Let I'_ = I'\I", and .#, be the set of indices j such that
I'; = T'y. We denote by 0.7, = ., the set of indices j corresponding to the faces which share at
least one edge with OI';.. Finally, we denote by t. the unit tangent vector to oIy, T ; = T4 rer,
and by v, the outward normal vector defined as v, =v4; for any jed.#,, with
v, ;= T4 ;An; (the orientation of 7. ; is such that v, ; is an outward normal).

We start by considering the Hodge decomposition of the space LZ(I'..).

Theorem 6.1. The following holds:
L
L¥(Ty) = Vr Ho(T)® c“rln{Hl (T4)/R}
L
L3(Ty) = Vn{Hl(FJr)/R}@ curly Hg(T';) 35)

Proof. We focus our attention on the first decomposition in (35), since the second one is
equivalent. Given u e LZ(I'), we solve:

Find p eH(l)(ll):‘[

r

Vr.p-Vr.qdo =f u-Vr.gds, qeH)(Ty)

r.

This problem admits a unique solution and, moreover, it holds divr, (u — V- p) = 0. As a conse-
quence, by the same reasoning as in Proposition 3.1, we have that u=Vp p+
curlr g, g e H'(I',)/R. O

Let = be the extension by zero to I'. We need the spaces:

Hog (Ty):= {o eH'*(I,): ¢ EHl/Z(F)}

H{?([y):= {ur, we H{?(I)} (36)
H!*(I}):= {ur,, ueH*()} (37)
H,5(Ty):= {ueH>([',): a e H*()} (38)
H150(Ty):= {weHI>(I',): i e HI>(I)} (39)

We refer to [3] for the definition of the related norms.

Let us denote by Hoo /*(Iy), Hy V/2(I4), HL V2(T'y), Hj06*(T+) and H1 65 (T ) their dual spaces,
respectively; and the duality products by <-,->12.00r,, < 5 Dn12r. < s DL12.r,
oy dnyzioor, and -2 > 172.00.1,, Tespectively. By standard arguments, the differential oper-
ators defined in section 5 can be easily adapted to functions defined only
on I';. For example, the gradient and divergence operators read now

Ve HY () »H{ (L) and Vp :HY(T) > HH3(T.)

(40)
divr, :HI?(Ty) - Hoo*(Ty) and  divr, :HIGo(Ty) » H™'2(Ty)
In a similar way, the operators curly, and curly-, are defined.
Moreover, the following properties hold:
(VePr, =Vr.(fir,) and (curlef)r, = curlr (Br.) Vp eH'*(I) (41)
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Indeed, let ve H3o(T)n I, Z(I;)% the following chain of equalities proves the validity
of (41):

<(Vrﬁ)|r+, V>l,1/2.00,r+ = {Vrp, €’>l,1/2,r = — {divV, ﬁ>1/2,r
= - <din+V, ﬁ|r+>1/2,r+ = <Vr+(ﬁ|r+)a V>L,1/2,OO,F+

where the last inequality corresponds to the definition of divy,.
The proof of Proposition 4.7 applies unchanged and proves also:

Proposition 6.2. The operators Vp :HY*(I'y) > HL {5 ('y) and Vr,:Hyg(Ty) —» HD Y3(Ty)
have closed ranges.

Of course, by the open mapping theorem, the operator divy, is surjective in the corresponding
spaces.
Let us now prove a trace theorem. For that, let us recall

Proposition 6.3. Let
H, "*(divp,, Ty):= {heH V*(I}): divp he H™ V3(T})} 42)
H! "?(curly,, T}):= {heH[ *(T,): curly A e H™*(T})} (43)

Moreover, let H* (T, ) denote the standard H' space on the Lipschitz manifold oI, ; H™ *(dI'} ) is
its dual space (with L*(@I'y) as pivot) and < ,- >, or, is the corresponding duality pairing.

Let the operators t,:H; "?(divy,, [+)nZ(Q)r, »H '(@}) and t.:H"?(curly,, Ty)n
Z(Q)r. > H '(0T';) be defined by the mappings Atk - v or. and A—k- T, qr,, respectively.

They can be extended to linear and continuous operators from H; '?*(divr,, I;) and
H{ '?(curly,, T'}), respectively.

Moreover, if A e H; '/*(divr, T), we have that t,(hr,) + ¢, (A ) = 0 at Iy, where ¢, denotes
the same mapping as t,, but on the side I'_.

The proof of this proposition can be found in [3].

We set,
H 06> (divr, Ty) = {h e Hj 06* (T} ): divr, k€ Hoo *(I)} (44)
Hy V2(dive , Ty) = {h e Hy V2 (dive,, T): £,(0) = 0} (45)
H(Ty) = {ue H'(T,): Arue H™ V(L) 1,(Vr,u) = 0} (46)
Hoo(I'y) = {ueHo(T',): Ar,ueHoo (T4} (47)

The following holds.

Theorem 6.4. The following decompositions are valid:
H 04> (divr, T'y) = HY(T) + curle H'2(T) (48)

H 6> (divr_, T}) = Ve # 60(T's) @ curl H'2(T,) (49)
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Hj '2(dive., T) = HEBo() + eurl HYE () (50)
H, Y2(divR, T,) = Vr #(T.) @ curly HYZ(T,) (51)

Here, ® denotes a direct sum, in the sense of Theorem 5.1.

Proof. Let A eH, 04*(divr,, I'y). Since divr A € Hoo/?(I':), using Proposition 6.2, we deduce
that there exists a y e H{/?(I"y ) such that divy, (b — ) = 0. By using again Proposition 6.2, there
exists a € H'*(I'y) such that L =\ + curly,f: (48) holds.

Now, using Theorem 6.1, we decompose s as

U =Vrq+ecurly,p qeHyT.), peH (I'y)

Since divr, (W) € Hoo'2(T'}), we deduce g € # oo(I'y). We have then A = Vi q + curly (8 + p). Itis
easy to see that the sum is direct and then (49) is proved.

The proof of (50) and (51) could be achieved with a similar technique but we propose here an
alternative. Let A e H] "/?(div{,, T';). We know, by Proposition 6.3, that » e H; '/*(divy, I'). Now
using, Theorem 4.1, we have

A=V +curl-f YeH!?I), BeH*I)/R

Since iu‘ =0, wededucey = — (curly f)r . By means of Theorem 3.4 in [3] and (41), we know
that B e H*(I'_):= H**(I')r : there exists a function figx € H**(I') such that fgr = fir , we
then have

A = (Y + curlrBg)r, + curly (f — fir)

where @ = (U + curlpfg)r, e HI/50(I:) and (8 — Br)r. € Hoe (I+). (50) is proved. As before, we
decompose now @ by means of Theorem 6.1, and we get

@=Vrp+teurlr g peA(Iy), qeHiG ()

By substitution, (51) is proved. O

Remark 6.5. Of course, with self-explanatory notations, we have that:

H[ 66 (curlr, Ty) = H{?(Ty) + Ve H'2(T) (52)
H {3 (curly , Ty) = curly, #60(T) @ Ve HYA(T,) (53)
HI '?(curl) , T'y) = H{Gy(Ty) + Ve HiG(T) (54)
Hi '2(curlp , T}) = curle #/(Ty) ® Vi Hyg (T) (55)

The following theorem is an easy consequence of the above:

Theorem 6.6. The mapping y; :H(curl, Q) - H; ¢¢*(divr,, T.) (respectively its restriction
7% Hor (curl, Q) > H; '?(divP_, ') which associates to a vector field u € H(curl, Q) (resp. to
ueH,r (curl, Q)) its tangential components on I',, that is uAnyr, is linear continuous and
admits a continuous inverse.

Proof. The fact that both mappings are linear and continuous is straightforward. As far as
surjectivity is concerned, let us start by analysing the mapping 7, *°. Let A € H Y 2(divR,, Ty), itis
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decomposed as A =\ + curlr, f for some y e HI'5o(T"y) and e Hyi(Iy). Now, the function
,\Il + V(%,B) is the extension of A to Q.

We consider now the case of the mapping y,". Let p e H; ¢4*(divr,, I';). According to Theorem
6.4, nis decomposed as p = @ + curly o, with @ e HY/*(I';) and « € H'*(T';). Now, both functions
¢ and o can be extended to the whole boundary. On the extended functions, one can apply
profitably Theorem 5.4.

As usual, the continuity of the inverse stems from the open mapping theorem. O

Remark 6.7. With obvious notation, we have also obtained that the mappings
T H(eurl, Q) » H §G(curly,, T'y), 7°:Hor (curl, Q) — HT *(curld, T'y)
both defined as u—n,(u)r, are linear continuous and surjective.
We focus now our attention on the extension of the duality given in Definition 5.6 to the case of
a part I} of the boundary.
The following identities are consequences of the theory developed until now:
HH_ l/z(diVlQ‘+7 F+) = ( l/z(curlr+a F+))

H, ¢4*(divy,, Ty) = (HI Y2 (curl® , T,)y

with LZ(I',) as pivot space. Since the two identities are completely symmetric, let us define the
duality operator only for the first one (the second one is then straightforward).

Definition 6.8. Let ueH V*(div},, I'y) and veH g5 (curlr, I';). Using Theorem 6.4, there
exists o, € H(I'}), o, € # o0(I'y) and B, € HYZ (L), B, € HY*(T,) such that:

u=Vr.oa,+curlp f, and v=curly o, + V., f,
Let us define
50 V00, = — {Ar, 4 Bo1pr. + {Ar o, Bu)1)2.00.r.

Finally, by standard argument, we conclude that the following integration by parts formula
holds true:

J {curl v-u —curl u-v}dQ =, 1 <y."°w, n,' V>, 001,
Q

VveH(curl, Q), ueH, r (curl, Q)
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