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@ What is T-coercivity?

© Stokes model

© Neutron diffusion model

@ Neutron diffusion model with Domain Decomposition
© Magnetostatics

@ Further remarks
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What is T-coercivity?

A tool to study variational formulations [Chesnel-PC’13]

Abstract framework: Find u € V' s.t. Yw € W, a(u,w) = w{(f, w)w.
Approximate framework: Find us € Vs s.t. Yws € Wy, a(us, ws) = w{f, ws)w .
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What is T-coercivity?

A tool to study variational formulations [Chesnel-PC’13]

Abstract framework: Find u € V' s.t. Yw € W, a(u,w) = w(f, w)w.
Approximate framework: Find us € Vs s.t. Yws € Wy, a(us, ws) = w{f, ws)w .

© First, analyse the variational formulation theoretically:
e prove well-posedness;
e existence, uniqueness and continuous dependence of the solution with respect to the data.

@ Second, solve the variational formulation numerically:
o find suitable approximations;
e prove convergence.

Ay
\O/

= Within the framework of T-coercivity, steps 1 and 2 are very strongly correlated! )
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What is T-coercivity?

As an abstract tool

Let
o V, W be Hilbert spaces;

@ a(-,-) be a continuous sesquilinear form on V' x W;

o f be an element of W/, the dual space of .
Solve

(VF) Findu eV s.it. Yw € W, a(u,w) = w{(f, w)w.

[Banach-Ne&as-Babuska] The inf-sup condition writes

(isc) Ja>0,VvoeV, sup Ja(v, w)| > a|v]ly.
weW\{0} l|w|lw
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What is T-coercivity?

As an abstract tool

Let
o V, W be Hilbert spaces;
@ a(-,-) be a continuous sesquilinear form on V' x W;
o f be an element of W/, the dual space of .

Solve
(VF) Findu eV s.it. Yw € W, a(u,w) = w{(f, w)w.

Definition (T-coercivity)

The form a(-,-) is T-coercive if

3T € L(V, W) bijective, 3o > 0, Yo € V, |a(v, Tv)| > a|jv||?.

NB. In other words, the form a(-,T-) is coercive on V x V.
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What is T-coercivity?

As an abstract tool

Let
o V, W be Hilbert spaces;

@ a(-,-) be a continuous sesquilinear form on V- x W ;

@ f be an element of W/, the dual space of W.
Solve

(VF) Findu eV st. Yw e W, a(u,w) = w (f, w)w.

Theorem (Well-posedness)

The three assertions below are equivalent:
(i) the Problem (VF) is well-posed ;

(i) the form a(-,-) satisfies (isc) and {w € W |VYv € V, a(v,w) = 0} = {0};
(iii)  the form a(-,-) is T-coercive.

‘The operator T realises the inf-sup condition (isc) explicitly: w = Tu works! ‘
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What is T-coercivity?

As an abstract tool (simplified)

Let
o V be a Hilbert space;
@ a(-,-) be a continuous, sesquilinear, hermitian form on V x V;
@ f be an element of V', the dual space of V.

Solve
(VF) Findu eV st. Yw eV, a(u,w) = v/ (f,w)y.
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What is T-coercivity?

As an abstract tool (simplified)

Let
o V be a Hilbert space;
@ a(-,-) be a continuous, sesquilinear, hermitian form on V x V;
@ f be an element of V', the dual space of V.

Solve
(VF) Findu eV st. Yw eV, a(u,w) = v/ (f,w)y.

Definition (T-coercivity, hermitian case)

The form a(-,-) is T-coercive if

T e L(V), Ja >0, Yo eV, |a(v,Tv)| > allv|}.
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What is T-coercivity?

As an abstract tool (simplified)

Let
@ V be a Hilbert space;
@ a(-,-) be a continuous, sesquilinear, hermitian form on V x V';
@ f be an element of V', the dual space of V.
Solve
(VF) Findu eV s.it. Yw €V, a(u,w) = y/(f,w)y.

Theorem (Well-posedness, hermitian case)

The three assertions below are equivalent:
(i) the Problem (VF) is well-posed;
(i) the form a(-,-) satisties (isc);

(iii) the form a(-,-) is T-coercive (hermitian case).

‘The operator T realises the inf-sup condition (isc) explicitly. ‘
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What is T-coercivity?

As an approximation tool

Let
e (V5)s be a family of finite dimensional subspaces of V';
e (Ws)s be a family of finite dimensional subspaces of W.

Assume that dim(Vj) = dim(Wy) for all § > 0.
Solve
(VF)5 Find us € Vi s.t. Yws € W, a(U5,w5) = W/(f, w5>W.
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What is T-coercivity?

As an approximation tool

Let

e (V5)s be a family of finite dimensional subspaces of V';
e (Ws)s be a family of finite dimensional subspaces of W.

Assume that dim(Vj) = dim(Wy) for all § > 0.
Solve

(VF)5 Find us € Vi s.t. Yws € W, a(U5,w5) = W/(f, w5>W.

[Banach-Nelas-Babuskal The uniform discrete inf-sup condition writes

(udisc) Far >0, V6 >0, Voy €V, sup 12080l

> a|lvslv
wsews\{oy  llwsllw

NB. When (udisc) is fulfilled, (VF); is well-posed for all § > 0.
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What is T-coercivity?

As an approximation tool

Let
e (V5)s be a family of finite dimensional subspaces of V';

e (Ws)s be a family of finite dimensional subspaces of W.

Assume that dim(Vj) = dim(Wy) for all § > 0.
Solve

(VF)5 Find us € Vi s.t. Yws € W, a(U5,W5) = W/(f, w5>W.

Definition (uniform Ts-coercivity)

The form a is uniformly Ts-coercive if

Elg-i-véT >0, V6 >0, JTs € E(V;S7W5)? “‘Ttsm < éT and Vv € V5, |a(v5,T5v5)\ 2 QTH’U(SH%/

NB. When a is uniformly Ts-coercive, (VF); is well-posed for all 6 > 0.
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What is T-coercivity?

As an approximation tool

Let

e (V5)s be a family of finite dimensional subspaces of V';
e (Ws)s be a family of finite dimensional subspaces of W.

Assume that dim(Vj) = dim(Wy) for all § > 0.
Solve

(VF)(; Find us € Vi s.t. Yws € W, a(U5,w5) = W/(f, w5>W.

Theorem (Céa's lemma)

Assume that the family (Vy)s fulfills the basic approximability property in V.
In addition, assume that

(i) either, the form a(-,-) satisfies (udisc);
(i) or, the form a(-,-) is uniformly Ts-coercive.

Then, lims_,q ||lu — us||y = 0.

4
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What is T-coercivity?

As an approximation tool

Let

e (V5)s be a family of finite dimensional subspaces of V';
e (Ws)s be a family of finite dimensional subspaces of W.

Assume that dim(Vj) = dim(Wy) for all § > 0.
Solve

(VF)(; Find us € Vi s.t. Yws € W, a(U5,w5) = W/(f, w5>W.

Theorem (Céa's lemma)

Assume that the family (Vy)s fulfills the basic approximability property in V.
In addition, assume that

(i) either, the form a(-,-) satisfies (udisc);
(i) or, the form a(-,-) is uniformly Ts-coercive.

Then, lims_,q ||u — us||v = 0. And error estimates whenever possible...

4
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What is T-coercivity?

Two key ideas [Chesnel-PC’13]

Ay
\O/

= ( [1st Key Idea] Use the knowledge on operator T to derive the discrete operators (Tj)s! )
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What is T-coercivity?

Two key ideas [Chesnel-PC’13]

Ay
\Q/
=

- ( [1st Key Idea] Use the knowledge on operator T to derive the discrete operators (Tj)s! )

Ay

[2nd Key Idea] Discretize the variational formulation with (bijective) operator T:

(VF); FindueV st. Yo eV, a(u,Tv) = w/(f, To)w !
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What is T-coercivity?

As an approximation tool (solving the equivalent linear system)

Given 6 > 0, let N = dim(Vj;). (VF); is equivalent to
Solve
Find U € CN s.t. YW € CVN, (AU|W) = (F|W).

Or, find U € CN s.t. AU = F.
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What is T-coercivity?

As an approximation tool (solving the equivalent linear system)

Given 6 > 0, let N = dim(Vj;). (VF); is equivalent to
Solve

Find U € CN s.t. YW € CN, (AU|W) = (F|W).
Or, findU € CN s.t. AU = F.

[1st Key Idea] Using T associated with Tj, (VF); is equivalent to
Solve

Find U € CN s.t. VW € CN, (AU|TV) = (F|TV).
Or, find U € CN s.t. T*AU = T*F.

According to the uniform Ts-coercivity assumption
YV e CN, [(T*AV|V)| > au(MV|V).

[2nd Key Idea] Use T associated with T for the approximation of (VF);...
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What is T-coercivity?

Can be applied to various types of variational formulations

T = Abstract T-coercivity only.
@ Coercive plus compact formulations. See for instance:
o integral equations: Buffa-Costabel-Schwab’02 [O-coercivity]; Buffa-Christiansen’03;
Buffa-Christiansen’05; Buffa’05; Unger’21; Levadoux (2022, HAL report) [r-coercivity].
e volume equations: Hiptmair’02 ["(X + S)-coercivity"]; Buffa’05; PC*12 ["elementary" proofs];
Hohage-Nannen’ 15 [S-coercivity]; Sayas-Brown-Hassell’19%; Halla’21 ["generalized" proofs].

@ Formulations with sign-changing coefficients.

© Mixed formulations.
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What is T-coercivity?

Can be applied to various types of variational formulations

T = Abstract T-coercivity only.
@ Coercive plus compact formulations.

@ Formulations with sign-changing coefficients. See for instance:

o for scalar models: BonnetBenDhia-PC-Zw51f’10; BonnetBenDhia-Chesnel-Haddar?11;
Nicaise-Venel’11; BonnetBenDhia-Chesnel-PC’12T; Chesnel-PC’13; Bunoiu-Ramdani’lGT;
Carvalho-Chesnel-PC’17; BonnetBenDhia-Carvalho-PC’18; Bunoiu-Ramdani-Timofte’21-222-"> 23T;
Carvalho-Moitier’23; Halla-Hohage-Oberender (2024, ArXiv report).

o for EM models: BonnetBenDhia-Chesnel-PC’141 (2D-3D); PC?22 (3D); Halla’23 (2D);
Yang-Wang-Mao’23 (3D).

© Mixed formulations.
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What is T-coercivity?

Can be applied to various types of variational formulations

T = Abstract T-coercivity only.
@ Coercive plus compact formulations.

@ Formulations with sign-changing coefficients.

© Mixed formulations.

o for the Stokes model: see below!
o for diffusion models: Jamelot-PC’>13; PC-Jamelot-Kpadonou’17; see below!
o for static models in electromagnetism: Barré-PC (to appear, 2023); PC-Jamelot’24; see below!
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© Magnetostatics
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Magnetostatics

The model

@ Let Q be a simply connected domain of R? with a connected boundary. The
magnetostatic equations write

curl(p~!B) = Jin Q
divB =0in
B -n =0 on 91,

for some uniformly elliptic, bounded tensor @ — p(x) (magnetic permeability).
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Magnetostatics

The model

@ Assuming that J € H(div 0;(2), one analyses mathematically the model

Find B € L%(Q) such that

curl(p !B)=J in Q
(M5 divB =0 in O

B -n =0 on 0.
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Magnetostatics

The model

@ Assuming that J € H(div 0;(2), one analyses mathematically the model

Find B € L%(Q) such that

curl(p !B)=J in Q
(M5 divB =0 in O

B -n =0 on 0.

Since B € H(div 0;(2), there exists one, and only one, A € Hy(curl; Q) N H(div0; )
such that B = curl A in Q. We study the model in the vector potential A.
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Magnetostatics

The model
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Magnetostatics

The model

@ Assuming that J € H(div 0;(2), one analyses mathematically the model

Find A G Hy(curl; Q) such that
(MSt) 4 curl(p=tcurl A) = J in Q
divA =0in Q.

@ The equivalent variational formulation writes

Find A € Hy(curl; Q) such that
Vv € Hy(curl; ), / p~teurl A - curlv dQ
Q

(FV-MSt) 4 :/J.de
Q

vquO( /A VqdQ = 0.
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Magnetostatics

The model

@ Assuming that J € H(div 0;(2), one analyses mathematically the model

Find A E Hjy(curl; Q) such that
(MSt) 4 curl(z~tcurl A) = J in Q
divA =0 in Q.

@ Let v > 0. Introducing an artificial pressure p, another equivalent variational formulation is

( Find A € Hy(curl;Q), p € H} () such that
Vv € Hy(curl; Q), / p~teurl A - curlwv dQ
Q

+7/’u-Vde:/J-'de
Q Q

vquO( /A VqdQ = 0.

(FV-MSt),

Taking v = Vp, one finds that p = 0!



Magnetostatics

The model

@ Assuming that J € H(div 0;(2), one analyses mathematically the model

Find A € Hy(curl; ) such that
(MSt) 4 curl(p=tcurl A) = J in Q
divA=0in Q.

@ Let v > 0. Introducing an artificial pressure p, another equivalent variational formulation is

Find (A,p) € Hy(curl; Q) x H} () such that
Y(v,q) € Hy(curl; Q) x H}(Q), / p~teurl A - curlwv dQ

(FV-MSt)%, Q
+7/v-Vde+’y/A-quQ:/J~de.
Q Q Q
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Magnetostatics

The model

@ Assuming that J € H(div 0;(2), one analyses mathematically the model

Find A € Hy(curl; ) such that
(MSt) 4 curl(p=tcurl A) = J in Q
divA=0in Q.

@ Let v > 0. Introducing an artificial pressure p, another equivalent variational formulation is

Find (A,p) € Hy(curl; Q) x H} () such that
Y(v,q) € Hy(curl; Q) x H}(Q), / p~teurl A - curlwv dQ

(FV-MSt)%, Q
+7/v-Vde+’y/A-quQ:/J~de.
Q Q Q

Question: how to prove well-posedness "easily"?
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Magnetostatics

The model

© Assuming that J € H(div 0;£2), one analyses mathematically the model

Find A € Hy(curl; 2) such that
(MSt) 4 curl(z~tcurl A) = J in Q
divA =0 in Q.

@ Let v > 0. Introducing an artificial pressure p, another equivalent variational formulation is
Find (A, p) € Hy(curl; Q) x H () such that
Y(v,q) € Hy(curl; Q) x H}(Q), p~teurl A - curlwv dQ

Q
+’y/'v-Vde—|—'y/A'quQ:/Jﬂde.
Q Q Q

Question: how to prove well-posedness "easily"?

(FV-MSt)%,

\6/
- ( Use T-coercivity for the magnetostatics model! )




Magnetostatics

Constructive proof of well-posedness with T-coercivity - 1

Let
o V = Hy(curl; Q) x H}(2), endowed with |(v,q)|v = (HUH%(CUTI;Q) + ]q\iﬂ)lﬂ;

o a((v.a),(wr)) = [

ulcurlfv-curl'wdQ—l—7/w-quQ+'y/'v-VrdQ;
Q Q Q

° V/(f,(w,r)>v—/J"wdQ.

Q
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Magnetostatics

Constructive proof of well-posedness with T-coercivity - 1

Let
o V = Hy(curl; Q) x H}(2), endowed with |(v,q)|v = (HUH%(CUTI;Q) + ]q\iﬂ)lﬂ;

o a((v.a),(wr)) = [

ulcurlfv-curl'wdQ—l—7/w-quQ+'y/'v-VrdQ;
Q Q Q

° V/(f,(w,r)>v—/QJ"wdQ.

The first goal is to prove that the form af(-,-) is T-coercive.
NB. The form a is not coercive, because a((0, q), (0,q)) = 0 for ¢ € H}(Q).
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Magnetostatics

Constructive proof of well-posedness with T-coercivity - 1

Let
o V = Hy(curl; Q) x H}(2), endowed with |(v,q)|v = (HUH%(CUTI;Q) + ]q\iﬂ)lﬂ;

o a((v.a),(wr)) = [

Q
° V/(f,(w,r)>v—/QJ"wdQ.

The first goal is to prove that the form af(-,-) is T-coercive.
Given (v,q) € V, we look for (w*,7*) € V with linear dependence such that

ulcurlfv-curl'wdQ—l—7/w-quQ+'y/'v-VrdQ;
Q Q

la((v, q), (w*,7)| = all(v, )},

with @ > 0 independent of (v, ¢q). In other words, T is defined by T((v,q)) = (w*,r*).
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Magnetostatics

Constructive proof of well-posedness with T-coercivity - 1

Let
o V = Hy(curl; Q) x H}(2), endowed with |(v,q)|v = (HUH%(CUTI;Q) + ]q\iﬂ)lﬂ;

o a((v.a),(wr)) = [

ulcurlfv-curl'wdQ—l—7/w-quQ+'y/'v-VrdQ;
Q Q Q

o V/<f, (w,r))v = / J-wdSd.
Q
The first goal is to prove that the form af(-,-) is T-coercive.

Given (v,q) € V, we look for (w*,7*) € V with linear dependence such that

la((v, q), (w*,7)| = all(v, )},

with a > 0 independent of (v,q). Three steps:
Q@ v=0;
Q@ ¢=0;
© General case.
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Magnetostatics

Constructive proof of well-posedness with T-coercivity - 2

Recall a((v, q), (w,r)) :/

,Lt_lcurlv-curlwdQ+fy/w-quQ+7/v-VTdQ.
Q Q Q

Q a((0,9), (w,r)) = 7/ w - VqdQ: so choosing (w*,r*) = (Vq,0) yields
Q

1a((0, 9), (w*, )| =~ /ﬂ Vg2 d2 = [)(0, )12
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Magnetostatics

Constructive proof of well-posedness with T-coercivity - 2

Recall a((v, q), (w,r)) :/

,La_lcurlv-curlwdQ+fy/'w-quQ%—v/'u-VrdQ.
Q Q Q

Q a((0,q), (w,r)) = fy/ﬂw -VqdQ: choose (w*,r*) = (Vq,0).

9 a((v,0),(w,r)) = / p~teurlv - curl w dQ + ’y/ v - VrdQ: according to eg.

Q
Monk’ 03, one has the (double) orthogonal Helmholtz decomposition

1
Hy(curl; Q) = Kn(Q) & V[H} ()] where Kx(Q) = Hy(curl; Q) N H(div 0; ),

and k — | curl k| defines a norm on Ky (2), equivalent to || - || gr(curt;)-
Let v = k, + V¢,, then choosing (w*,r*) = (k,, ¢,,) yields

la((v,0), (w*, )| = / p~eurlk, - curl k, dQ +’y/ |V¢>v|2dQ e H(U,O)”%/
Q Q
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Magnetostatics

Constructive proof of well-posedness with T-coercivity - 2

Recall a((v, q), (w,r)) :/

,Lt_lcurlv-curlwdQ+fy/w-quQ+7/v-VTdQ.
Q Q Q

Q a((0,q), (w,r)) = fy/ﬂw -VqdQ: choose (w*,r*) = (Vq,0).

Q a((v,0), (w,r)) = / p~ ! curlv - curlw dQ —i—’y/ v-VrdQ: choose
Q Q
(w*,r*) = (kvad)v)-
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Magnetostatics

Constructive proof of well-posedness with T-coercivity - 2

Recall a((v, q), (w,r)) :/

,Lt_lcurlv-curlwdQ+fy/'w-quQ%—v/'u-VrdQ.
Q Q Q

Q a((0,q), (w,r)) = fy/ﬂw -VqdQ: choose (w*,r*) = (Vq,0).

Q a((v,0), (w,r)) = / pt curlv-curlwdQ—i—’y/ v-VrdQ: choose
Q

Q
(’UJ*, T*) = (kva d)v)
© General case: the linear combination (w*,7*) = (Vq + ky, ¢,,) now leads to

a((v,q), (w*,r*)) = /ulcurlkv-curlkvd9+ry/ |Vq|2dQ—i—7/ |V, |? d2
Q Q Q

(v, )17

vV
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Magnetostatics

Constructive proof of well-posedness with T-coercivity - 3

Regarding the proof with T-coercivity, one can make several observations:
@ The (double) orthogonal Helmholtz decomposition plays a crucial role!
@ The operator T is independent of the chosen value for .

© The approach can be transposed to the approximation, see below!
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Magnetostatics

Constructive proof of well-posedness with T-coercivity - 3

Regarding the proof with T-coercivity, one can make several observations:
@ The (double) orthogonal Helmholtz decomposition plays a crucial role!
@ The operator T is independent of the chosen value for .

© The approach can be transposed to the approximation, see below!

The second goal is to prove the uniform discrete inf-sup condition, with the help of the uniform
Ts-coercivity. Given finite dimensional subspaces (Vj)s of Hy(curl; ), resp. (Qs)s of HE (),
one can build an approximation of the magnetostatics model. Question: how to choose them?

Hipothec, March 2024 35 /44



Magnetostatics

Constructive proof of well-posedness with T-coercivity - 3

Regarding the proof with T-coercivity, one can make several observations:
@ The (double) orthogonal Helmholtz decomposition plays a crucial role!
@ The operator T is independent of the chosen value for .

© The approach can be transposed to the approximation, see below!

The second goal is to prove the uniform discrete inf-sup condition, with the help of the uniform
Ts-coercivity. Given finite dimensional subspaces (Vj)s of Hy(curl; ), resp. (Qs)s of HE (),
one can build an approximation of the magnetostatics model. Question: how to choose them?

Ay

\\/

=Mimic the previous proof to guarantee uniform Ts-coercivity! [1st Key Idea] )

Hipothec, March 2024 35 /44




Magnetostatics

Constructive proof of convergence with uniform Ts-coercivity

The discrete variational formulation writes
Find (As,ps) € Vs X Qs such that
(FV—MSt)Yf V(vs,q5) € Vs x Qs, / p~teurl As - curl vs dS

Q
+’}//’U(§-Vp5dQ—|-’7/A(;-Vq(;dQ:/J-vng.
Q Q Q
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Magnetostatics

Constructive proof of convergence with uniform Ts-coercivity

The discrete variational formulation writes

Find (As,ps) € Vs X Qs such that
(FV—MSt)Yf V(vs,q5) € Vs x Qs, / p~teurl As - curl vs dS

Q
+’}// ’U(s-Vp(;dQ—F"y/ As - Vs dQ = / J v dSD.
Q Q Q
Given (v5,q5) € V5 x Q5, we look for (w3}, 75) € V5 x Q5 with linear dependence such that

[a((vs, gs), (w5, 75))] = ey [I(vs, 45) 1T,

with a; > 0 independent of § and of (v, gs).
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Magnetostatics

Constructive proof of convergence with uniform Ts-coercivity

The discrete variational formulation writes

Find (As,ps) € Vs X Qs such that
(FV—MSt)X[S V(vs,45) € Vs x Qs, / p~ ! eurl As - curl vs dS

Q
+’7/ ’U(;‘Vp(;dQ—F’}// As - Vs dQ = / J -5 dSL.
Q Q Q
Given (v5,q5) € Vs x Q5, we look for (w},r5) € V5 x Q5 with linear dependence such that

[a((vs, g5), (w5, 75))] = o [[(ve, 45) 1T,

with a; > 0 independent of § and of (vs,gs). To mimick the T-coercivity approach, one needs
that V[Qs] C V5, so that a discrete Helmholtz decomposition holds in Vi:

1
Vs = K5 @ V[Q5] where K5 = {k5 € Vs |Vgs € Qs, (k(;,Vq(s)Lz(Q) = 0} .
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Magnetostatics

Constructive proof of convergence with uniform Ts-coercivity

The discrete variational formulation writes

Find (As,ps) € Vs X Qs such that
(FV—MSt)Yf V(vs,q5) € Vs x Qs, / p~teurl As - curl vs dS

Q
+’}// ’U(;-Vp(;dQ—F"y/ As - Vs dQ = / J v dSD.
Q Q Q
Given (v5,q5) € V5 x Q5, we look for (w3}, 75) € V5 x Q5 with linear dependence such that

[a((vs, gs), (w5, 75))] = ey [I(vs, 45) 1T,

with a; > 0 independent of § and of (vs,gs). Mimicking the T-coercivity approach, using the
discrete decomposition vs = ks + Vs, one chooses: (wj,75) = (Vs + ks, ¢s).
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Magnetostatics

Constructive proof of convergence with uniform Ts-coercivity

The discrete variational formulation writes

Find (As,ps) € Vs X Qs such that
(FV—MSt)Yf V(vs,q5) € Vs x Qs, / p~teurl As - curl vs dS

Q
+’}// ’U(s-Vp(;dQ—F"y/ As - Vs dQ = / J v dSD.
Q Q Q
Given (v5,q5) € V5 x Q5, we look for (w3}, 75) € V5 x Q5 with linear dependence such that

[a((vs, gs), (w5, 75))] = ey [I(vs, 45) 1T,

with a; > 0 independent of § and of (vs,gs). Mimicking the T-coercivity approach, using the
discrete decomposition vs = ks + Vs, one chooses: (wj,75) = (Vs + ks, ¢s).
Difficulty: does ks + || curl ks|| define a norm on K, uniformly equivalent to || - || gr(cur;0)?
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Magnetostatics

Constructive proof of convergence with uniform Ts-coercivity

The discrete variational formulation writes

Find (As,ps) € Vs X Qs such that
(FV—MSt)Yf V(vs,q5) € Vs x Qs, / p~teurl As - curl vs dS

Q
+’}// ’U(;-Vp(;dQ—F"y/ As - Vs dQ = / J v dSD.
Q Q Q
Given (v5,q5) € V5 x Q5, we look for (w3}, 75) € V5 x Q5 with linear dependence such that

[a((vs, gs), (w5, 75))] = ey [I(vs, 45) 1T,

with a; > 0 independent of § and of (vs,gs). Mimicking the T-coercivity approach, using the
discrete decomposition vs = ks + Vs, one chooses: (wj,75) = (Vs + ks, ¢s).
Browsing Monk’ 03, a classical choice is:

Nédélec FE (1st family) of order k > 1 for Vj, resp. Lagrange FE of order k£ > 1 for Q5.
The proof is "elementary"! Convergence and error estimates follow...
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Magnetostatics

Solving numerically the variational formulation with operator T - 1

Given v > 0, the variational formulation is
Find (A,p) € Ho(curl; Q) x H}(2) such that
Y(v,q) € Hy(curl; Q) x H(Q), pteurl A - curlv dQ

(FV-MSt), Q
—l—’y/v-Vde—i—’y/A-quQ—/J-de.
Q Q Q
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Magnetostatics

Solving numerically the variational formulation with operator T - 1

Given v > 0, the variational formulation is
Find (A,p) € Ho(curl; Q) x H}(2) such that
Y(v,q) € Hy(curl; Q) x H(Q), / pteurl A - curlv dQ

(FV-MSt), Q
—l—’y/v-Vde—i—’y/A-quQ—/J-de.
Q Q Q

Replace the test-fields (v, q) = (ky, + Vy, q) by T(v,q) = (ky, + Vg, ¢y).
An equivalent variational formulation is

Find (A,p) € Hy(curl; Q) x H} () such that
Y(v,q) € Hy(curl; Q) x H}(Q), / p~teurl A - curlwvdf
Q

(FV-MSt)]
+7/ vq-vpd(zﬂ/vm-vqsvdﬁz/J-de.
Q Q Q
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Magnetostatics

Solving numerically the variational formulation with operator T - 1

Given v > 0, the variational formulation is

Find (A,p) € Ho(curl; Q) x H}(2) such that

V(v,q) € Hy(curl; Q) x H(Q), / p~Leurl A - curlv dQ
Q

+'y/v-Vde+7/A-quQ:/J-de.
Q Q Q

Replace the test-fields (v, q) = (ky, + Vu, q) by T(v,q) = (ky, + Vg, ¢y).
The equivalent variational formulation also writes

Find A € Hy(curl;Q), p € H}() such that
Vv € Hy(curl; ), / p!curl A - curlv dQ
Q
+7/ Voa -V, dd = / J-vdQ)
Q
VqEHO /Vq Vpd2 = 0.

(FV-MSt)7,

(FV-MSt)2
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Magnetostatics

Solving numerically the variational formulation with operator T - 1

Given v > 0, the variational formulation is
Find (A,p) € Ho(curl; Q) x H}(2) such that
V(v,q) € Hy(curl; Q) x H(Q), / p~Leurl A - curlv dQ
Q
+’y/v-Vde+7/ A-quQ:/J-de.
Q Q Q

Replace the test-fields (v, q) = (ky, + Vu, q) by T(v,q) = (ky, + Vg, ¢y).
The equivalent variational formulation also writes

Find A € Hy(curl;Q), p € H}() such that
Vv € Hy(curl; ), / p!curl A - curlv dQ
Q

+7/ V¢A‘V(bde:/J-de
Q
| v e i@ /vq Vpd2=0 = [p=0]
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Magnetostatics

Solving numerically the variational formulation with operator T - 2

Given v > 0, the (simplified) variational formulation to be solved is

Find A € Hy(curl; Q) such that

. y

(FV-MSt); Vv € Hy(curl;Q), by(A,v) = / J - vdQ,
Q

with b, (v, w) = /

p~eurlw - curlwdQ + 7/ Vo - Vo, dSL.
Q Q
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Magnetostatics

Solving numerically the variational formulation with operator T - 2

Given v > 0, the (simplified) variational formulation to be solved is

Find A € Hy(curl; Q) such that
. ot
(FV-MSt); Vv € Hy(curl;Q), by(A,v) = / J - vdQ,
Q
with b, (v, w) = / peurlw - curlwdQ+7/ Vo, - Vo, dSd.
To approximate (FV-MSt):

@ either one can evaluate simply the second term in the expression of b,(:,-), that is
evaluate the gradient part in the (discrete) Helmholtz decomposition ;

@ or, one has to modify this second term.

We study next the second option.
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Magnetostatics

Solving numerically the variational formulation with operator T - 2

Given v > 0, the (simplified) variational formulation to be solved is

Find A € Hy(curl; Q) such that
. ot
(FV-MSt); Vv € Hy(curl;Q), by(A,v) = / J - vdQ,
Q
with b, (v, w) = / peurlw - curlwdQ+7/ Vo, - Vo, dSd.
To approximate (FV-MSt):

@ either one can evaluate simply the second term in the expression of b,(:,-), that is
evaluate the gradient part in the (discrete) Helmholtz decomposition ;

@ or, one has to modify this second term.

We study next the second option. Observe that A is independent of ~, so a natural idea is to
choose a "small" value of v and add a perturbation in the order of ~.
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Magnetostatics

Solving numerically the variational formulation with operator T - 2

Given v > 0, the (simplified) variational formulation to be solved is

Find A € Hy(curl; Q) such that

. v
(FV-MSt), Vv € Hy(curl;Q), by(A,v) = / J -vdQ,

with b, (v, )—/ Leurlw - curlwdQ—i—fy/ Vo, - Vi, dS.

To approximate (FV-MSt):
@ either one can evaluate simply the second term in the expression of b,(:,-), that is
evaluate the gradient part in the (discrete) Helmholtz decomposition ;
@ or, one has to modify this second term.

We study next the second option. Observe that A is independent of 7, so a natural idea is to
choose a "small" value of v and add a perturbation in the order of ~:

cw(v,w)—bv(v,w)—i—’y/ﬂkv-kwd(l—/

pteurlw - curlwdQ—i—’y/ v - wdSQ.
Q

Q
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Magnetostatics

Solving numerically the variational formulation with operator T - 3

Given v > 0, the perturbed variational formulation to be solved is

Find A, € Hy(curl;2) such that
: g
(FV-MS)pers Vv € Hy(curl; Q), ¢y(Ay,v) = / J - vdQ,
Q

with ¢, (v, w) = /

/flcurlv-curlwdQ—i—q// v - wdS2.
Q

Q
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Magnetostatics

Solving numerically the variational formulation with operator T - 3

Given v > 0, the perturbed variational formulation to be solved is

Find A, € Hy(curl;2) such that
: g
(FV-MS)pers Vv € Hy(curl; Q), ¢y(Ay,v) = / J - vdQ,
Q

with ¢, (v, w) = / pteurlv - curl w dQ + 7/ v - wd.
Q Q
Observe that curl(u~! curl A,) + vA, = J in €, so in general A, # A.
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Magnetostatics

Solving numerically the variational formulation with operator T - 3

Given v > 0, the perturbed variational formulation to be solved is

Find A, € Hy(curl;2) such that
: g
(FV-MS)pers Vv € Hy(curl; Q), ¢y(Ay,v) = / J - vdQ,
Q

with ¢, (v, w) = / pteurlv - curl w dQ + 7/ v - wd.
Q Q
Observe that curl(u~! curl A,) + vA, = J in €, so in general A, # A.

On the other hand, A, € Kx(f2), with y-robust estimates

| curl(A, — A)| S v |[J]| and [[Ay = Al S~ [I]]-
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Magnetostatics

Solving numerically the variational formulation with operator T - 3

Given v > 0, the perturbed variational formulation to be solved is
Find A, € Hy(curl; Q) such that
. g
(FV-MS)pers Vv € Hy(curl; Q), cy(Ay,v) = / J-vdQ,
Q

with ¢, (v, w) = / pteurlv - curlw dQ + ’y/ v - wdd.
Q Q
Observe that curl(y~!curl A,) + vA, = J in €, so in general A, # A.

On the other hand, A, € Kx(f2), with y-robust estimates
| curl(A, — A)| S v |[J]| and [[Ay — Al S~ [1]]-

\
~

/
-

~Approximate the perturbed variational formulation with ad hoc ! )
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Magnetostatics

Solving numerically the variational formulation with operator T - 4

Given v > 0, the discrete perturbed variational formulation writes

Find A‘fy € V5 such that
(FV-MSt)?, 5
per Yvs € Vg, C’Y(A'wvé) = / J - v5dSQ,
Q

with ¢, (v, w) = /

/flcurlv-curlwdQ—i—’y/ v - wdS2.
Q

Q
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Magnetostatics

Solving numerically the variational formulation with operator T - 4

Given v > 0, the discrete perturbed variational formulation writes
Find A% € Vj such that
(FV-MSt):0 !
pert Yvs € Vg, C,Y(Afsy,’vg) = / J - v5dSQ,
Q

with ¢, (v, w) = / pteurly - curlwdQ + v [ v-wdQ.

Q
One has a variant of Céa's lemma, with ~-robust estimates

leurl(A, — )| S inf 724, — vs]l + [ curl(A, — vs)]|
vs€Vy
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Magnetostatics

Solving numerically the variational formulation with operator T - 4

Given v > 0, the discrete perturbed variational formulation writes

Find A‘fy € V5 such that
(FV-MSt)?, 5
per Yvs € Vg, C,Y(A,Y,’vcs) = / J - v5dSQ,
Q

with ¢, (v, w) = / pteurly - curlwdQ + v [ v-wdQ.

Q
One has a variant of Céa's lemma, with ~-robust estimates
| curl(A, — A0)] S inf [3/2) 4, —vsl] + || curl(A, - wg)]]].
Vs 8

Let As be the solution of the perturbed variational formulation for v = ~(8) : As = Ai((s).
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Magnetostatics

Solving numerically the variational formulation with operator T - 5

One can use Nédélec FE (1st family) of order £ > 1 with ad hoc v = 7(9).
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Magnetostatics

Solving numerically the variational formulation with operator T - 5

One can use Nédélec FE (1st family) of order £ > 1 with ad hoc v = 7(9).
Introduce the regularity exponent oy, (1) €]0,1]:

H(Curl; Q) N HO(diV:U'§ Q) C ﬁ0§s’<0]\zw(u)PI_IS/(Q)'
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Magnetostatics

Solving numerically the variational formulation with operator T - 5

One can use Nédélec FE (1st family) of order £ > 1 with ad hoc v = 7(9).
Introduce the regularity exponent oy, (1) €]0,1]:

H(Curl; Q) N HO(diV:U'§ Q) C ﬁ0§s’<0]\zw(u)PI_IS/(Q)'

Using classical interpolation estimates, one finds that if v(§) < §7Veu(#) | then:
o for s’ =1if oneu(p) =1,
o for s’ €10, o neu(p)| else,

one has the error estimate || curl(A — As)|| <o 6% ||J]|.

Hipothec, March 2024 41 /44



Magnetostatics

Solving numerically the variational formulation with operator T - 5

One can use Nédélec FE (1st family) of order £ > 1 with ad hoc v = 7(9).
Introduce the regularity exponent oy, (1) €]0,1]:

H(Curl; Q) N HO(diV:U'§ Q) C ﬁ0§s’<0]\zw(u)PI_IS/(Q)'

Using classical interpolation estimates, one finds that if v(§) < §7Veu(#) | then:
o for s’ =1if oneu(p) =1,
o for s’ €10, o neu(p)| else,

one has the error estimate || curl(A — As)|| <o 6% ||J]|.

In terms of B, one concludes that

||B — curl A§||H(div;Q) Se! 5S/||J||-
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Magnetostatics

Solving numerically the variational formulation with operator T - 5

One can use Nédélec FE (1st family) of order £ > 1 with ad hoc v = 7(9).
Introduce the regularity exponent oy, (1) €]0,1]:

H(Curl; Q) N HO(diV:U'§ Q) C ﬁ0§s’<0]\zw(u)PI_IS/(Q)'

Using classical interpolation estimates, one finds that if v(§) < §7Veu(#) | then:
o for s’ =1if oneu(p) =1,
o for s’ €10, o neu(p)| else,

one has the error estimate || curl(A — As)|| <o 6% ||J]|.

In terms of B, one concludes that
i
||B - Cur1A5||H(div;Q) Ss’ 6° ||J||

The method is similar to that of Reitzinger-Schéberl’02, Duan-Li-Tan-Zheng’12
and PC-Wu-Zou’14. However the derivation is completely different!
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Magnetostatics

Solving numerically the variational formulation with operator T - 6

A numerical illustration ((©PC-Wu-Zou’14):

o the permeability is 4 = 1, the domain Q is a cube;
e computations are made with COMSOL Multiphysics.
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Magnetostatics

Solving numerically the variational formulation with operator T - 6

A numerical illustration ((©PC-Wu-Zou’14):

o the permeability is 4 = 1, the domain Q is a cube;
e computations are made with COMSOL Multiphysics.

Expected convergence rate is O(h):

e error ||A — As|| (dashed line);
e error | B — curl As|| g (aiv;0) = || curl(A — As)]| (solid line).
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Further remarks

Some extensions:

© Stokes model: see Jamelot (2022, HAL report) for a non-conforming discretisation
(Crouzeix-Raviart FE or Fortin-Soulié FE); see master's thesis by MRoueh (2022) for DG
discretisation ; see Barré-Grandmont-Moireau’22 for a poromechanics model.

@ diffusion model: see PhD thesis by Giret (2018) for a SPN multigroup model.

© 2D elastodynamics: see Falletta-Ferrari-Scuderi (2023, arXiv report) for a
virtual element method.
@ 'classical" mixed variational formulations: see Barré-PC (to appear, 2023).
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Further remarks

Some extensions:

© Stokes model: see Jamelot (2022, HAL report) for a non-conforming discretisation
(Crouzeix-Raviart FE or Fortin-Soulié FE); see master's thesis by MRoueh (2022) for DG
discretisation ; see Barré-Grandmont-Moireau’22 for a poromechanics model.

@ diffusion model: see PhD thesis by Giret (2018) for a SPN multigroup model.

© 2D elastodynamics: see Falletta-Ferrari-Scuderi (2023, arXiv report) for a
virtual element method.

@ 'classical" mixed variational formulations: see Barré-PC (to appear, 2023).

@ in Banach spaces, T-coercivity implies Hilbert structure, see Ern-Guermont’21-Vol.II.

@ T-coercivity still usable with the Strang lemmas (approximate forms).
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Thank you for your attention!
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