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Context: the model
. -

Let R be a domain of R¢, d = 1, 2, 3.
(for practical applications, the domain R is a rectangular cuboid).

® Goal: solve the eigenproblem
Find (¢, \) € (H}(R) \ {0}) x R such that:

—div (Dgrad ¢) + X, ¢ = AvXse, INR

to compute k. s = 1/ miny .
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Context: the model
=

® LetR beadomainof R%, d=1,2,3.
(for practical applications, the domain R is a rectangular cuboid).

® Goal: solve the eigenproblem
Find (¢, \) € (H}(R) \ {0}) x R such that:

—div (Dgrad ¢) + X, ¢ = AvXse, INR

to compute k. s = 1/ miny .

® Physical assumptions on the set of parameters:

)
"D > 07, D,D~!' e Ly, (R);
(Param) ¢ Xq,%; >0, 34,3y € L2(R), Ea + Xy > Xo > 0;
\ v =19 > 0.

— X may vanish on some regions of R.

® In mixed form: one introduces p := —D grad ¢ € H(div,R).
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Source problem and a priori regularity

- N

® The source problem with data Sy € L?(R) writes:
Find (p, ¢) € H(div,R) x Hj(R) such that:

D lp+grad¢ = 0, inR,
(Source) _
divp+2s¢ = Sy, InR.
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Source problem and a priori regularity

o, N

The source problem with data Sy € L?(R) writes:
Find (p, ¢) € H(div,R) x Hj(R) such that:

D lp+grad¢ = 0, inR,
(Source) _
divp+2s¢ = Sy, InR.

® cf and :
Proposi ti on Suppose D € PWH>®(R), X, € PW 1> (R), satisfy (Param).
The problem (Source) is well-posed and moreover there exists rn,q € (0, 1], called
the regularity exponent, such that V'S¢ € L?(R), the solution satisfies:

(p,d)e () PH(R)x () PHY(R) (rmaz<1).
O§T<7"max 0§T<7"mam
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Source problem and a priori regularity
|, -

The source problem with data Sy € L?(R) writes:
Find (p, ¢) € H(div,R) x Hj(R) such that:

D lp+grad¢ = 0, inR,
(Source) _
divp+2s¢ = Sy, InR.

® cf and :
Proposi ti on Suppose D € PWH>®(R), X, € PW 1> (R), satisfy (Param).
The problem (Source) is well-posed and moreover there exists rn,q € (0, 1], called
the regularity exponent, such that V'S¢ € L?(R), the solution satisfies:

(p,d)e () PH(R)x () PHY(R) (rmaz<1).
O§T<7"max 0§T<7"mam

(p,¢) € PH'(R) x PH*(R) (rmazc =1).

Moreover, the solution depends continuously on the data in the corresponding norms.
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Source problem and a priori regularity
|, -

The source problem with data Sy € L?(R) writes:
Find (p, ¢) € H(div,R) x Hj(R) such that:

D lp+grad¢ = 0, inR,
(Source) _
divp+2s¢ = Sy, InR.

® cf and :
Proposi ti on Suppose D € PWH>®(R), X, € PW 1> (R), satisfy (Param).
The problem (Source) is well-posed and moreover there exists rn,q € (0, 1], called
the regularity exponent, such that V'S¢ € L?(R), the solution satisfies:

(p,d)e () PH(R)x () PHY(R) (rmaz<1).
O§T<7"max 0§T<7"mam

® The low-regularity case corresponds to | 7y < 1/2|.
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Source problem and a priori regularity
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® The source problem with data Sy € L?(R) writes:
Find (p, ¢) € H(div,R) x Hj(R) such that:

D lp+grad¢ = 0, inR,
(Source) _
divp+2s¢ = Sy, InR.

® cf and :
Proposi ti on Suppose D € PWH>®(R), X, € PW 1> (R), satisfy (Param).
The problem (Source) is well-posed and moreover there exists rn,q € (0, 1], called
the regularity exponent, such that V'S¢ € L?(R), the solution satisfies:

(p,d)e () PH(R)x () PHY(R) (rmaz<1).
O§T<7"max 0§T<7"mam

® The low-regularity case corresponds to | 7y < 1/2|.

— If Sy € PH®(R) for some s € (0, 1], thendivp € PH*(R).
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Checkerboard singular solution-1
B N

(—1,-1) (1,-1)

® Consider the “toy” problem:
Findp € H'(R)| — divDgrad ¢ = 0 + BC.

® A solution in polar coordinates is: ¢(p, 8) = p®(ccos(B8) + ssin(B0)), with

B = 2 arccos (g—:), c and s piecewise constant.
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Checkerboard singular solution-2
B -

(~1.1) A (1,1)
R4 R3
Di=1 | Dy=D D |5 7 10 15 30 100
Tmaz | 0.54 0.46 0.39 0.32 0.23 0.13
(0,0) —y=0
.D1 = D DQ - 1
Rl R2
(—1,-1) (1,-1)
® One has L d(p,0) = pP(ccos(BO) + ssin(B0)) € PHITP—¢(R).

® p=_-Dgrad¢ € PH’<(R).
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Checkerboard singular solution-2
B -

(~1.1) i (1,1)
R4 R3
Di=1 | Dy=D D |5 7 10 15 30 100
Tmaz | 0.04 0.46 0.39 0.32 0.23 0.13
(0,0) =0
.D1 = D DQ - 1
Rl R2
® One has L d(p,0) = pP(ccos(BO) + ssin(B0)) € PHITP—¢(R).

® p=_-Dgrad¢ € PH’<(R).

— The Proposition holds with 7,42 = 8.
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Checkerboard singular solution-2
B -

D 5 7 10 15 30 100
Tmaz | 0.04 0.46 0.39 0.32 0.23 0.13

(0,0) =0
D, =D Dy =1
R4 Ro
(—1,-1) (1,-1)
® One has : d(p,0) = pP(ccos(BO) + ssin(pB)) € PHITP—<(R).

® p=_-Dgrad¢ € PH’<(R).

— The Proposition holds with 7,42 = 8.

® Difficulty (1): more generally, one deals with low-regularity solutions in neutronics.
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Eigenproblem and a priori regularity

- N

® The generalized eigenvalue problem, or eigenproblem, writes:
Find (p, ¢, \) € H(div,R) x (Hj(R) \ {0}) x R such that:

_ D lp+4+grad¢p = 0, inR,
(Eigen) :
divp+22s¢0 = Avise, InNR.
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Eigenproblem and a priori regularity

- N

® The generalized eigenvalue problem, or eigenproblem, writes:
Find (p, ¢, \) € H(div,R) x (Hj(R) \ {0}) x R such that:

_ D lp+4+grad¢p = 0, inR,
(Eigen) :
divp+22s¢0 = Avise, InNR.

® In the low-regularity case (rmaz < 1/2):

(pp)e () PH(R)x () PHT(R);
0<r<rmax 0<r<rmax

divp € PHY(R).
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| nterlude
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® The eigenproblem writes:
Find (p, ¢, \) € H(div,R) x (Hj(R) \ {0}) x R such that:

_ D lp+4+grad¢p = 0, inR,
(Eigen) :
divp+22s¢0 = Avise, InNR.
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® The eigenproblem writes:
Find (p, ¢, \) € H(div,R) x (Hj(R) \ {0}) x R such that:

_ D lp+4+grad¢p = 0, inR,
(Eigen) :
divp+22s¢0 = Avise, InNR.

—  Which abstract tool to study the eigenproblem?
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| nterlude
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® The eigenproblem writes:
Find (p, ¢, \) € H(div,R) x (Hj(R) \ {0}) x R such that:

_ D lp+4+grad¢p = 0, inR,
(Eigen) :
divp+2as¢ = Avis¢, InR.

—  Which abstract tool to study the eigenproblem?
® Use the mixed setting for eigenvalue problems, cf. or

Difficulty (2): not applicable when 3, # 0 (see ).
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| nterlude
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® The eigenproblem writes:
Find (p, ¢, \) € H(div,R) x (Hj(R) \ {0}) x R such that:

_ D lp+4+grad¢p = 0, inR,
(Eigen) :
divp+2as¢ = Avis¢, InR.

—  Which abstract tool to study the eigenproblem?
(NO!) Use the mixed setting for eigenvalue problems, cf. or

Difficulty (2): not applicable when 3, # 0 (see ).

® Study the operator ¢ — (vX¢) "1 (divp + X4 ¢) (eigenvalue is ).
Difficulty (3): X ¢ may vanish on some regions of R.
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| nterlude
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® The eigenproblem writes:
Find (p, ¢, \) € H(div,R) x (Hj(R) \ {0}) x R such that:

_ D lp+4+grad¢p = 0, inR,
(Eigen) :
divp+2as¢ = Avis¢, InR.

—  Which abstract tool to study the eigenproblem?
(NO!) Use the mixed setting for eigenvalue problems, cf. or

Difficulty (2): not applicable when 3, # 0 (see ).

(NO!) Study the operator ¢ — (vX )~ (divp + 4 ¢) (eigenvalue is X) ;
Difficulty (3): X ¢ may vanish on some regions of R.

® Given S¢(:= vX;¢), solve the problem (Source): Sy — ¢ (eigenvalue is A~ 1) .
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® Context
® |ow-regularity solutions

® Mixed formulation and error estimates
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Variational formulation

® The mixed form of the problem (Source) can be rewritten in| H(div,R) x L?(R) |
Find (p, ¢) € H(div,R) x L*(R)|V(q,v) € H(div,R) x L?(R):

_/Rp—lp.q+/Rdivq¢+/Rdiva+/Rza¢¢:/RSf@b-

_ |
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Variational formulation

® The mixed form of the problem (Source) can be rewritten in| H(div,R) x L?(R) |
Find (p, ¢) € H(div,R) x L*(R)|V(q,v) € H(div,R) x L?(R):

_/Rp—lp.q+/Rdivq¢+/Rdiva+/Rza¢¢:/RSf@b-

® Notations: let X := H(div,R) x L?(R). The VF writes:
Find (p, ¢) € X [V(q,¢) € X:

(P, @), (a, %)) = / 3.

R

_ |
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Variational formulation

® The mixed form of the problem (Source) can be rewritten in| H(div,R) x L?(R) |
Find (p, ¢) € H(div,R) x L*(R)|V(q,v) € H(div,R) x L?(R):

_/Rp—lp.q+/Rdivq¢+/Rdiva+/Rza¢¢:/RSf@b-

® Notations: let X := H(div,R) x L?(R). The VF writes:
Find (p, ¢) € X [V(q,¢) € X:

(P9 (@) = [ Sy
R
® Recall the Banach-Nefas-Babuska conditions:
® (inf-sup) 3k > 0|V(p, ) € X, I(q,¢) € X:
lc((p, @), (a,¥))] = «&[|(p, @)|[x |[(a,¥)]]x;
® (solv) {(a,v) € X|V(p, ) € X, c((p,9), (a,%)) = 0} = {0}.

Theor em3! (p, ¢) solution with continuous dependence on S iff (inf-sup)+(solv) hold.
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Variational formulation

® The mixed form of the problem (Source) can be rewritten in| H(div,R) x L?(R) |
Find (p, ¢) € H(div,R) x L*(R)|V(q,v) € H(div,R) x L?(R):

_/Rp—lp.q+/Rdivq¢+/Rdiva+/Rza¢¢:/RSf@b-

® Notations: let X := H(div,R) x L?(R). The VF writes:
Find (p, ¢) € X [V(q,¢) € X:

(P9 (@) = [ Sy
R
® Recall the Banach-Nefas-Babuska conditions:
® (inf-sup) 3k > 0|V(p, ) € X, I(q,¢) € X:
lc((p, @), (a,¥))] = «&[|(p, @)|[x |[(a,¥)]]x;
® (solv) {(a,v) € X|V(p, ) € X, c((p,9), (a,%)) = 0} = {0}.

Theor em3! (p, ¢) solution with continuous dependence on S iff (inf-sup)+(solv) hold.
Proposi ti on The VF is well-posed and its solution solves (Source).

llllllllll
............

GDR MaNu, Nov. 2017 —p. 12/21



Error estimates-1

- N

® Introduce (Q});, C H(div,R) and (Ly,); C L?(R) with the approximability property:

vae H(v ), tim (in fla=anlaran ) ) =0

v e L2(R), Jim (L int o= vallo) =o.

We require that div Qj, C Ly, and that L;, includes piecewise constant functions.
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Error estimates-1
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® Introduce (Q});, C H(div,R) and (L) C L?(R) with an approximability property.
We require that div Qj, C L,,, and that L;, includes piecewise constant functions.

® Define X;, = {(an,¥r) € Qn x Ly}, endowed with || - ||x. The discrete VF writes:
Find (pr, ¢rn) € Xn [V(an,¥n) € Xp!

C((ph>¢h),(Qh,¢h))Z/Rsflbh-
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Error estimates-1
L -

® Introduce (Q});, C H(div,R) and (L) C L?(R) with an approximability property.
We require that div Qj, C L,,, and that L;, includes piecewise constant functions.

® Define X;, = {(an,¥r) € Qn x Ly}, endowed with || - ||x. The discrete VF writes:
Find (pr, ¢rn) € Xn [V(an,¥n) € Xp!

C((ph>¢h),(Qh,¢h))Z/Rsflbh-

® This is a conforming discretization, so one can use Strang’s Lemmas if

a discrete inf-sup condition holds |.
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Error estimates-1

-

® Introduce (Q});, C H(div,R) and (L) C L?(R) with an approximability property.
We require that div Qj, C L,,, and that L;, includes piecewise constant functions.

® Define X;, = {(an,¥r) € Qn x Ly}, endowed with || - ||x. The discrete VF writes:

Find (pr, ¢rn) € Xy |V(an, ¥r) € Xp:

C((ph>¢h),(Qh,¢h))Z/Rsflbh-

We choose the Raviart-Thomas FE, defined
(for instance) on rectangular cuboids.
The order of the FE is denoted by m.
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Error estimates-2

-

® Approximability of low-regularity solutions (rymqz < 1/2):

® letqe H"(R),suchthatdivqg € H*(R), 0 < 7,5 < rmaz and IlIzprq be its RT
interpolant :

h"|q|r + h||divqllo,
hs|div qls.

la — IIrTdallo

S
[div(q —Irra)llo <

® Lety € H'(R) and I1% be its L?-orthogonal projection on piecewise constant
functions e — 9% |0 S Al
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® Approximability of low-regularity solutions (rymqz < 1/2):

Error estimates-2

® letqe H"(R),suchthatdivqg € H*(R), 0 < 7,5 < rmaz and IlIzprq be its RT

interpolant

la — IIrTdallo
||div (g — IIr7a)||o

S
S

h"|q|r + h||divqllo,

he|divqls.

® Lety € H'(R) and I1% be its L?-orthogonal projection on piecewise constant

functions

®» Theorem
It holds:

¢ — dnllo + [P — PrllH(div ,R)

|¢ — @nllo

I = T1%]lo S h9h.

Let0 < s < rmazx-

N
N

h [1Slls,

h2s ||Sf||s-

|
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Error estimates-2

-

® Approximability of low-regularity solutions (rymqz < 1/2):

® letqe H"(R),suchthatdivqg € H*(R), 0 < 7,5 < rmaz and IlIzprq be its RT
interpolant :

h"|q|r + h||divqllo,
hs|div qls.

la — IIrTdallo

S
[div(q —Irra)llo <

® Lety € H'(R) and I1% be its L?-orthogonal projection on piecewise constant

functions | — T%%|lo < ha|s.
® Theorem Let0 < s < Tmaz-
It holds:
|6 — dnllo + 1P — Prlla@v,r) < k7 IStlls
[l — énllo S R ISyls.
— Aubin-Nitsche estimate for ||¢ — ¢ ||o: no improvement when the solution is smooth;
however one can adapt for low-regularity solutions.
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— How to use the error estimates for the eigenproblem?
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| nterlude

— How to use the error estimates for the eigenproblem?

#® Define the bounded, compact operator

B:L*(R) — L*R)

Sy + ¢ solution to problem (Source)
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| nterlude

— How to use the error estimates for the eigenproblem?

#® Define the bounded, compact operator

B:L*(R) — L*R)

Sy + ¢ solution to problem (Source)

® Spectral theoremThere exists a sequence of strictly positive eigenvalues
(Ak) k>0, all with finite multiplicity, such that limg_, 4 oo Az = +00.
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| nterlude

— How to use the error estimates for the eigenproblem?

#® Define the bounded, compact operator

B:L*(R) — L*R)

Sy + ¢ solution to problem (Source)

® Spectral theoremThere exists a sequence of strictly positive eigenvalues
(Ak) k>0, all with finite multiplicity, such that limg_, 4 oo Az = +00.

As a consequence, k. s ¢ = 1/ ming g Ag is well-defined.
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| nterlude

— How to use the error estimates for the eigenproblem?

#® Define the bounded, compact operator

B:L*(R) — L*R)

Sy + ¢ solution to problem (Source)

® Spectral theoremThere exists a sequence of strictly positive eigenvalues
(Ak) k>0, all with finite multiplicity, such that limg_, 4 oo Az = +00.

As a consequence, k. s ¢ = 1/ ming g Ag is well-defined.

— How to guarantee spectral correctness? ,
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| nterlude

— How to use the error estimates for the eigenproblem?

#® Define the bounded, compact operator

B:L*(R) — L*R)

Sy + ¢ solution to problem (Source)

® Spectral theoremThere exists a sequence of strictly positive eigenvalues
(Ak) k>0, all with finite multiplicity, such that limg_, 4 oo Az = +00.

As a consequence, k. s ¢ = 1/ ming g Ag is well-defined.

— How to guarantee spectral correctness? ,

#® Convergence in operator norm of the discrete operators (B, ), to B.
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| nterlude

— How to use the error estimates for the eigenproblem?

#® Define the bounded, compact operator

B:L*(R) — L*R)

Sy + ¢ solution to problem (Source)

® Spectral theoremThere exists a sequence of strictly positive eigenvalues
(Ak) k>0, all with finite multiplicity, such that limg_, 4 oo Az = +00.

As a consequence, k. s ¢ = 1/ ming g Ag is well-defined.

— How to guarantee spectral correctness? ,

#® Convergence in operator norm of the discrete operators (B, ), to B.
Difficulty: convergence requires that Sy € H°(R) for some s > 0.
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| nterlude

— How to use the error estimates for the eigenproblem?

#® Define the bounded, compact operator

B:L*(R) — L*R)

Sy + ¢ solution to problem (Source)

® Spectral theoremThere exists a sequence of strictly positive eigenvalues
(Ak) k>0, all with finite multiplicity, such that limg_, 4 oo Az = +00.

As a consequence, k. s ¢ = 1/ ming g Ag is well-defined.

— How to guarantee spectral correctness? ,

(NO!) Convergence in operator norm of the discrete operators (B )y to B.
Difficulty: convergence requires that Sy € H°(R) for some s > 0.

#® Derive error estimates for the operator B; : H*(R) — H*(R) for s > 0.
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Error estimates-3

- N

® Theorem Let0 < s < Tmaz-
Provided the meshes are r egul ar T, it holds:

|6 —onlls < h°[ISylls.
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Error estimates-3

® Theorem Let0 < s < Tmaz-
Provided the meshes are r egul ar T, it holds:

|6 —onlls < h°[ISylls.

® CorollaryLet0< s < Tmaz.
Provided the meshes are r egul ar ™, one has convergence in operator norm:

||Bs - Bs,h

lcHs(R) SRS

Spectral correctness is guaranteed.

_ |
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Error estimates-3

® Theorem Let0 < s < Tmaz-
Provided the meshes are r egul ar T, it holds:

|6 —onlls < h°[ISylls.

® CorollaryLet0< s < Tmaz.
Provided the meshes are r egul ar ™, one has convergence in operator norm:

< hS.

|1Bs — Bs,nllcas(r)y) S

Spectral correctness is guaranteed.

® Optimal convergence rate. We follow
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Error estimates-3

® Theorem Let0 < s < Tmaz-
Provided the meshes are r egul ar T, it holds:

|6 —onlls < h°[ISylls.

® CorollaryLet0< s < Tmaz.
Provided the meshes are r egul ar ™, one has convergence in operator norm:

|Bs — Bs., N

lc(rs(R)) S

Spectral correctness is guaranteed.

® Optimal convergence rate. We follow

® ) is asimple eigenvalue, with £\ C ﬂ PH'TS(R).
0<s<w)
® letw:=min(wy,m + 1) (we use RT finite elements of order m).

® [t holds:
A= An| S B
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Outline

®» Context
® |ow-regularity solutions
® Mixed formulation and error estimates

® Numerical illustrations (with DD+L?-jumps, a la )
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Numerical results- Source problem
f 37‘20 T

> =
(0.0) !
D, =D Dy =1
Rl R2
(~1,-1) (1,-1)
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Numerical results- Source problem

-

rz=0
(—1,1) (1,1)
R4 733
Dy—=1 Dy =D
(0,0)
D, =D Dy =1
Rl R2

(_17 _1)

(17—1)

Nested grids with 4 subdomains, h; = hg3 = 1/2h, ha = hy = h:

Tmaz = 0.45 (D = 7.35)

Tmaz = 0.20 (D ~ 399)

1/h
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|é — @nllo
5.25¢3
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h0.90

lp — Pallo
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h0‘46

¢ — énllo
3.06 e 2

2.37 ¢ 2

1.83¢ 2
h0'36
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4.29¢1

3.72¢1

3.21e 1
h0'21
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Dy—=1 Dy =D
(0,0)
D, =D Dy =1
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Non-nested grids with 4 subdomains, hy = hs = 2/3 h, ho = hg = h:

Tmaz = 0.45 (D = 7.35)

Tmaz = 0.20 (D ~ 399)

1/h
48
96
192

rate

¢ — dnllo
5.11¢-3

2.71e=3

1.44 ¢ 3
h0‘92

IP — Phllo
9.63e 2

7.02¢ 2

5.12¢ 2
h0‘46

¢ — énllo
3.04 ¢ 2

2.34 ¢ 2

1.80 e 2
h0'38

P — Prllo
4.39¢1

3.80e 1

3.29¢1
h0'20
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Numerical results - Eigenproblem
B N

R4 Rs
he he he he
Ds=1 Ds =D
he hp hi he
(07 0) hc hF hF hC
D1 = D DQ - ]_
h h h h
R, R, c c c c

(—1,-1) (1,—-1)

Solve the diffusion equation with Neumann bc, 642 ~ 0.39 (D = 0.1).
Compare the computed eigenvalues to
Error on the first eigenvalues, excluding the first — trivial — one:

_ | An,i — i
by .

_ |
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............

z=0
(—1,1) (1,1)
Ry Rs
Dy=1 D3 =D
(0,0)
D1 = D DQ - ]_
R Ro

(_17 _1)

Nested grids with 16 subdomains, hr = 1/2h, hc = h (rmaz ~ 0.39):

(17_1)

Numerical results - Eigenproblem

he he he he
he hp hp he
he hp hp he
he he he he

1/h €)q €)g €)g €xy
8 8.82¢ % | 2.74e72 | 1.57e~3 | 5.22¢73
16 | 2.21e=% | 1.62e72 | 3.93e~% | 1.31le3
24 | 9.83¢7° | 1.19¢72 | 1.75¢~* | 5.05¢*
rate h2 RO-74 h? h?

-
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Outline

® Context

® |ow-regularity solutions

® Mixed formulation and error estimates

® Numerical illustrations (with DD+L?-jumps)

® Concluding remarks
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Conclusion/Per spectives

- N

® Numerical analysis OK for the source and eigen- problems.
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Conclusion/Per spectives
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® Numerical analysis OK for the source and eigen- problems.

® Extension (1):

® Classical and DD + L2-jumps methods OK for low-regularity solutions ; for DD +
L?-jumps method, crosspoints are allowed

® Parallelization OK

® Extension (2):

® Mathematical and numerical analysis OK for the fully discretized (ie. the SPN
multigroup egs.) eigenproblem

® Extension (3): post-doc proposal

® Computations using numerical homogenization (MS-FEM or HMM).
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