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Abstract. In this paper, we examine the interior transmission problem for Maxwell’s
equations in the case where both € and u, the physical parameters of the scattering
medium, differ from ey and pg modeling the background medium. Using the T-
coercivity method, we propose an alternative approach to the classical techniques
to prove that this problem is of Fredholm type and that the so-called transmission
eigenvalues form at most a discrete set. The T-coercivity approach allows us to deal
with cases where € — ¢p and p — pg can change sign. We also provide results of
localization and Faber-Krahn type inequalities for the transmission eigenvalues.
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1. Introduction

The term “interior transmission eigenvalue problem” refers to a family of spectral
problems which appear in scattering theory. In particular, they arise when one is
interested in the reconstruction of an inclusion embedded in a background medium from
multi-static measurements of scattered fields at a given frequency. These problems,
unlike conventional transmission problems, involve two similar PDEs in the same
domain, coupled via transmission conditions on the boundary. The values of the
frequency for which the homogeneous interior transmission problem admits nontrivial
solutions are called transmission eigenvalues. More physically, transmission eigenvalues
can be seen as frequencies for which there exists an incident field, superposition of
incident plane waves, such that the corresponding scattered field is arbitrary small. An
important issue is to prove that transmission eigenvalues form at most a discrete set
with infinity as the only accumulation point.

In this paper, we will concentrate on interior transmission eigenvalue problems in
electromagnetism. The permittivity and permeability of the scattering medium are
denoted ¢ and i whereas the physical parameters of the background medium are ¢
and po. To simplify the notations, we introduce A and N such that ¢ = ¢y N and
i = pg A7t Research has focused primarily on the case where the scattering medium
is characterized by one contrast function: A # Id, N = Id or A = Id, N # Id. Both
the scalar [16, 27, 17, 18] and Maxwell [20, 11, 7] problems have been widely studied
but questions remain open. We note that a nice step forward was made recently by
Sylvester for the scalar problem in the case A = Id, N = nld, n being a scalar function.
In [28], he indeed proved that the eigenvalues form at most a discrete set as soon as
n — 1 is positive (or negative) in a neighbourhood of the boundary. To our knowledge,
it is still an open problem to prove an equivalent result when A # Id, N = Id.

In practice, it is quite restrictive to model the scattering medium by only one
parameter. Therefore, some authors have introduced an interior transmission eigenvalue
problem with A # Id and N # Id [6, 21, 13]. From a technical point of view, the
sesquilinear form associated with the natural variational formulation of this interior
transmission problem exhibits a sign-changing in its principal part. Consequently,
the associated operator is not strongly elliptic and its study is not standard. One
observes an equivalent difficulty in the study of the transmission problem between a
dielectric and a negative metamaterial in the time-harmonic regime. To tackle it, we
can use the T-coercivity technique [5, 2, 4, 8, 10]. The idea consists in testing, in
variational formulations, not directly against the field, but against a simple geometrical
transformation of the field. This allows one to restore some properties of positivity for
the associated operators. In [4], thanks to this simple approach, we have been able to
extend the results of [6, 13] for the scalar problem associated with (2): only the values of
A — Id in a neighbourhood of the boundary actually matter for determining whether or
not the problem is of Fredholm type. In this paper, we complete the results obtained in
[13] for the Maxwell problem. More precisely, we prove, using the T-coercivity method,
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that this problem is of Fredholm type and that transmission eigenvalues form at most a
discrete set in situations for which A — Id and N — Id are either positive or negative in
a neighbourhood of the boundary and can change sign inside the domain. Under more
restrictive conditions on A and N, we also provide estimates for the first eigenvalue.

Another important question for these interior transmission eigenvalue problems is
to prove the existence of transmission eigenvalues which can then help in determining the
values of the physical parameters of the inclusion. This question will not be dealt with
here. Indeed, up to now, the T-coercivity approach appears inefficient to show these kind
of results because the formulation we work on, although it presents some useful property
of positivity, is not symmetric. This prevents using the nice min-maz arguments (see
(18,12, 9]). Hence, the question of existence of real transmission eigenvalues when A—1Id
or N — Id change sign, both for scalar and Maxwell problems, remains open.

This paper is organized as follows. In section 2, we formulate the interior
transmission eigenvalue problem in some “H (curl)” type space X. We then present
the idea of the T-coercivity studying the scalar problem which appears in the Helmholtz
decomposition of X. Although we can restore some positivity property using the T-
coercivity approach in X, this is not sufficient to apply the analytic Fredholm theorem
because X is not compactly imbedded in L?(D) x L*(D) (D is the domain). Hence,
we introduce in section 3 a formulation of the transmission eigenvalue problem in Xy,
which is the space “orthogonal” to gradients in the Helmholtz decomposition. The next
section is dedicated to prove a result of compact imbedding of X into L*(D) x L*(D).
Then, we proceed to the study of the interior transmission eigenvalue problem using the
analytical Fredholm theorem in the case where A < A*Id in a neighbourhood of the
boundary, where A* is a constant such that A* < 1. In section 6, we summarize the
equivalent results when A,Id < A in a neighbourhood of the boundary, with 1 < A,.
Finally, we discuss the cases where A—Id and/or N —Id change sign in a neighbourhood
of the boundary.

2. Setting of the problem

2.1. Basic definitions

Consider D C R? a bounded simply connected domain with Lipschitz connected
boundary dD. The unit outward normal vector to D will be denoted v. We study the
problem of scattering of the electric field in the time-harmonic regime by an inclusion
whose permeability and permittivity are given by (x) = g9 N(x) and pu(x) = po A(z) ™.
To simplify the presentation, we assume that €y and p are constant but considering a
background medium which is not homogeneous would only induce minor corrections in
the analysis we provide. Here, A, N € L>®(D,C3*3) are matrix valued functions such
that A(x) and N(x) are hermitian for almost all @ € D. Furthermore, we suppose that
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A~ N~ e [*(D,C**3) and we denote

A_:= inf inf -A(x)) >0 AL = su su CA(x)E) < 00 ;
f it (€ A@E) P g AD<s
N_:= inf inf (¢-N(x)f)>0 and N,:= sup sup (&-N(z)E) < <.
z€D £eC? [¢]=1 @D £cC3|¢|=1

In this paper, A, > 1, A* <1, N, > 1 and N* < 1 will be constants which will allow to
state some assumptions on the values of A and N in a neighborhood of the boundary.
On the other hand, ¥ will always refer to a neighbourhood of 9D, i.e. an open set of
R? such that 9D C (¥ N D).

If 0 is an open subset of R3 we denote indistinctly (-,)s the inner products of
L*(0) := L*(0,C) and L*(0) := L*(0,C?), and | - || the associated norms. We also
denote H'(D) instead of H'(D,C). The space H(curl, D) is defined as the closure of
€>(D,C?) for the norm

|w|| 7 (eurt,0) = (u,u)%?curlvm with (w,V)H(curt,p) == (4, v)p + (curlu, curlv)p.

The subset of the elements of H (curl, D) such that the tangential trace vanishes on
0D is denoted Hy(curl, D).

Hy(curl,D) :={v e H(curl,D)|v xv=0o0ndD}.
The tangential trace is well-defined (see for example [19] or [26]).

Definition 2.1 The elements k € C such that there exists a pair (u,w) # (0,0) solving
the problem

Find (u,w) € H(curl, D) x H(curl, D) such that:

curl (Acurlu) — k*Nu =0 in D

curl curl w — k*w =0 wmD (2)
v X (u—w) = on 0D
v X (Acurlu — curlw) =0 ondD

are called transmission eigenvalues.

Here, w and u denote respectively the incident electric field which does not scatter and
the total electric field inside the inclusion. One classically proves that (u,w) satisfies

(2) if and only if (u,w) satisfies the problem

Find (u,w) € X such that, for all (v/,w’) € X,

Acurlu - curld —curlw - curlw' de =k* | Nu-u —w - w' dz, (3)
D D

with X := {(u,w) € H(curl,D) x H(curl,D)|u — w € Hy(curl,D)}. Let us
introduce the sesquilinear form on X x X
ap((u, w), (v, w')) = (Acurlu,curlu’)p — (curlw, curlw’)p
—k? ((Nu,u')p — (w,w')p).
We remark that if (u, w) satisfies problem (3), then for all (p,v) € H'(D)x H*(D) such
that ¢ —+ € H}(D) (in this case, (V, Vib) € X because (Vi — Vb)) x v =0 on dD),

we have

k* ((Nu,V)p — (w,Vi))p) = 0. (4)
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This leads us to introduce the spaces

S ={(g,¥) € H{(D) x HY(D) | — ¢ € H}(D) and (¢, 1)ap = (¥, 1)ap = 0};
Xo = {(u,w) € X |(Nu,Vo)p — (w,Vi)p =0, ¥(p,¢) € S} (5)

Here, (-, )sp denotes the inner product of L?*(9D). The condition (¢, 1)sp = (1, 1)sp =
0 for elements (¢,1) of S is only used to set the constants: if (cj,c) € SN C?

then ¢; = ¢ = 0. One can check that ((¢,v), (¢, ¢")) = ((e,¥), (¢, ¢¥))s =
(Vo,V¢')p + (Vi,Vi')p defines an inner product on S. Let us state a lemma

characterizing the elements of Xj.
Lemma 2.2 Let (u,w) be an element of X. The pair (u,w) belongs to Xq if and only
if div(Nu) =divw =01in D andv- (Nu —w) =0 on 0D.
Proof Consider (u,w) an element of Xy. By definition, one has
(N’LL, VSO)D - (’ll], Vw>D - 07 v(@ﬂ/’) €S
Taking, (9, 4) = (¢,0) (resp. (¢,1) = (0,0)) for ¢ € %*(D), one finds div (Nu) = 0
(resp. divw = 0). Now, if ¢ € H'(D), one can write
(v (Nu—w), C)H*1/2(6D),H1/2(8D)
= (div(Nu—w),()p + (Nu—w,V()p
= (N, V(€= A))p — (w, V(€ = A¢))p = 0.
Above, A¢ is the number ((,1)ap/(1, 1)ap.
Reciprocally, if (u, w) € X satisfies div (Nu) = divw =0in D and v - (Nu — w) = 0,
then for (p,1) € S, one has
(Nu, Vo)p = (w, Vi) p
= (v N%‘P)H—l/z’(aD),Hl/?(aD) — (v w?¢>H—1/2(8D),H1/2(6D)
(v (Nu—w), 90>H*1/2(6D),H1/2(8D) = 0.
This ends the proof. =
Now, let us consider the scalar problem

Find (¢,v) € S such that, for all (¢’,¢') € S,
| NV T V0 b = (), o

D
where f € S’ (the topological dual space to S). The study of this problem will be useful
for two reasons. First, in the sequel, we will need informations about Xy N V.S, which
is exactly equal to the set of the gradients of the elements of the kernel of (6). Secondly,
this will allow us to present the T-coercivity technique on a very simple case.

2.2. Outline of the T-coercivity technique: study of the scalar problem

Define the sesquilinear form b((p, ¥), (¢', 1)) = / NV -V¢' =V - V' de and, with
D
the help of the Riesz representation theorem, the operator % from S to S such that,

V((p,0), (¢, 9") € S xS, (Blp, ), (¢, ¢)s = bl(w,¥), (¢, ¢)).
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Notice that b is not coercive on S (nor “coercivetcompact”). The idea of the T-

coercivity (see [5, 2, 4]) consists in considering an equivalent formulation to (6) replacing
b by b” defined by

b (0, 0): (¢ 0") = (9, ), (' 0), V(¢ ¢') €8,
where T is an ad hoc isomorphism of S. Indeed, (p,%) satisfies b((p,¥), (¢', ")) =
f(¢', ") for all (¢, ') € S if, and only if, it satisfies b ((p, ), (¢',¥")) = f(T(L', "))
for all (¢',¢") € S. Let us consider for example T'(¢,v) = (¢ — 29, —1)). Notice that
(0 =2¢) = (=v) = ¢ —v € Hy(D) and (v — 2, 1)ap = (—¥, 1)ap = 0, 50 T(ip, ) € S.
Moreover, since 1% = Id, T is an isomorphism of S.
For all (p,%) € S and all n > 0, one has, using Young’s inequality,

b7 (0, ¥), (@, )] ((NVo, Vo) + (Vi), Vi) p = 2(NVep, Vi) pl

(NVe, Vo) + (Vi), Vi) p = 2|(NVe, Vi) p|

(NVe,Vo)p + (V, V) p = n(NVe, Vo) p —n H(NV, V)b
(1 =m(NVep, Vo)p + (1 = N )(Vi), Vi) p.

Suppose that N, < 1. Taking 5 such that N, < n < 1, one proves that b is coercive

VvV IV IV

on S. Using Lax-Milgram theorem and since 7' is an isomorphism of S, one deduces
that the operator Z is an isomorphism of S when N, < 1. Working in the same way
with T'(p, 1) = (¢, =Y + 2¢) to deal with the case 1 < N_, one can state the following
lemma.

Lemma 2.3 Assume that Ny <1 or1 < N_. Then the operator A associated with the
scalar problem (6) is an isomorphism of S.

Now, we wish to weaken the assumption on V.

Proposition 2.4 Assume there ezists a neighbourhood ¥ of 0D such that the function
N satisfies N < N*Id < Id or Id < N,Id < N a.e. on DNY¥. Then the operator %
associated with the scalar problem (6) satisfies the equality B = % + & where . is an
isomorphism of S and & a compact operator of S.

Remark 2.5 Under the assumptions of Proposition 2.4, one has classically (see
[30, 25]) the alternative:

e cither A is injective and then this operator is an isomorphism of S;

e or A has a non empty kernel of finite dimension ker B = span((1,¥1), ..., (en, ¥UN))
and then the problem (6) has a solution (defined up to a linear combination of the
elements of ker ) if and only if the source term f satisfies the compatibility con-
ditions f((pg,¥x)) =0 fork=1...N.

Proof Let y € (D, [0;1]) be a cut-off function with support in # N'D equal to 1 in a
neighbourhood of dD. Let us focus on the case N < N*Id < Id a.e. on D N ¥ . Define
T(p, ) = (¢ —2x¥, —). Given (¢,v) € S, one checks that T'(p,1) € S. Also, there
holds 72 = Id so T is an isomorphism of S. For all ((p,v), (¢',¢')) € S x S, one has

b ((0,9), (¢, "))
(NV, Vo' )p 4 (VY,VY')p = 2(NVp, V(x¥'))p
= (NVe,V¢')p + (V,V')p = 2(NxVp,Vi')p — 2(NVp, V' VX)bp.
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Define the continuous operator .# from S to S such that for all ((p, ), (¢',¢')) € Sx S,

(‘ﬁ((pa ¢>7 T(Spla W))S = (NV()O, VSOI)D + (vwa VZ//)D - Q(NXV()Ov V?//)D-

Let us prove that .# is an isomorphism. For all (¢,v) € S, using Young’s inequality,
one can write for all n > 0

2[(NxV, Vip)p| = 2|(NxVe, Vi) y| < n(NVe, V), +n ' N*(Vi, Vib)y.
We deduce

(F (0, 9), T(p, ) (NVe,Vo)p + (Vi), Vib)p = 2[(Nx Ve, Vi) p|

(NVQ, Vo) py7 + (VU V) 7

+(L=n)(NVe, Vo) + (1 =07 N*)(Ve), Vi)

Taking 7 such that N* < n < 1, this proves that ((p,¥),(¢,¢))
(I (p,), T(¢,1)))s is coercive. Thus, .# is an isomorphism from S. Now, define

H =B — 7. For all ((p,v), (1)) € S xS, there holds
(Ji/(<)07 ¢)> T(Sola 1/)/))5 - _2<NVS07 ¢/VX>D

Let us show that .# is a compact operator. Consider a bounded sequence (¢, ¥m)
of elements of S. Define (¢),,v),) = T (Ym,¥m). The sequence (1) is
bounded in S because T~! and % are continuous operators. Since the imbedding of S in

>
>

L?3(D) x L?*(D) is compact, we can extract a subsequence from (©,,,%,) (still denoted
(©m,¥m)) such that (! ! ) converges in L*(D) x L*(D). Define oy, = @1 — ©m,
Ui = Yy — Yy, and Y, = 1p) — ). One has

(A (L Yim)s H (P Yim)) s = =2(NVpim, U1, VX)p < C |11y, |lp-

Thus, the sequence J£ (pim, Yin) is a Cauchy sequence of S, so it converges. This proves
that £ is a compact operator of S. One proceeds in the same way to deal with the
case Id < N,Id < N a.e. on D N¥ working this time with T(p, ) = (¢, =¥ + 2x¢).
|

3. A sufficient condition for the discreteness of transmission eigenvalues

Let us go back to the study of problem (3). If T' is an isomorphism of X, then (u,w)
is a solution of (3) if and only if (u,w) satisfies

af (u,w), (v, w)) := ap((w,w), T(uw',w')) =0, V(u,w)ecX. (7)

Again, as for the scalar problem, the idea is to use an ad hoc isomorphism T of X
to restore some property of positivity for the principal part of af. However, this is
not enough to apply the analytic Fredholm theorem because the imbedding of X in
L?*(D) x L*(D) is not compact. Classically for Maxwell’s equations, the compactness
will be obtained by taking into account the free divergence condition working in the
space Xo. If k is a non-trivial transmission eigenvalue, we know, according to (4),
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that the associated pair of eigenvectors belongs to Xg. This leads us to introduce the
problem

Find (u,w) € Xy such that, for all (v, w’) € X, (8)

ag ((u, w), (u', ) = I((w', w')),
where [ € X' (the topological dual space to Xp). Define the operator & from X to
X such that, for all ((u,w), (v, w')) € Xo x X,

(! (w, w), (w0, W) Heurt,)2 = ag, ((u, w), (u', w)). (9)
If (u,w) is a pair of eigenvectors associated with the transmission eigenvalue k # 0,
then we have «7F (u,w) = 0. Consequently, to show that the interior transmission
eigenvalues form at most a discrete set, it is sufficient to prove that <7 is injective for
all £ € C\. where . is a discrete (or empty) set of the complex plane. In the next

section, we prove a result of compact imbedding of X into L*(D) x L*(D) so that, as
previously announced, we can use the analytic Fredholm theorem.

Remark 3.1 Assume that the scalar operator A is an isomorphism of S (a sufficient
condition for this assumption to be satisfied is Ny <1 or 1 < N_). Then one can easily
show that if T is not injective, then k is a transmission eigenvalue. In this case, k # 0
is a transmission eigenvalue if and only if /T is not injective.

4. Study of the space X

4.1. Compactness property of Xo

Theorem 4.1 Assume that there exists a neighbourhood ¥ of 0D such that the function
N satisfies N < N*Id < Id or Id < N,Id < N a.e. on DNY. Then Xg is compactly
imbedded in L*(D) x L*(D).

Proof Define the classical spaces, for £ € L>(D,C),

Vn(& D) (= {ue€ H(curl,D)|div({u)=0in D, u xn =0on 0D},

V(& D) = {ue€ H(curl, D)|div(fu)=0in D, {u-n=0on 0D} .

Consider a bounded sequence (w,,, w,,) of elements of Xy. According to Lemma 2.2,
one has div (Nu,, + w,,) = 0 in D which has a connected boundary. Hence, there exists
(see theorem 3.12 in [1]) an element s,, € V1(1; D) such that Nu,, + w,, = curl s,,.
On the other hand, since div (Nu,, — w,,) = 0 in the simply connected domain D and
v-(Nu, —w,) = 0on dD (again Lemma 2.2), there exists according to theorem
3.17 in [1] an element d,, € V 5(1; D) such that Nu,, — w,, = curld,,. Then de-
fine ¢, := (8, + d,)/2 and ¥, := (8, — d,,)/2. One has u,, = N~'curl ¢,, and
w,, =curly,,.

Let us show that we can extract subsequences from (curly,,) and (curl,,) which
converge in L*(D). Define the space

Xo:={(p,¥) € X|dive =divep=0in D, v-(p+1) =0 on dD}. (10)



ITEP for Maxwell’s equations and T'-coercivity 9

In Lemma 4.2 below, we prove that X is compactly imbedded in L*(D) x L*(D)
and that the map (p,%) — (|lcurl p||? + |curl1p||%)? defines on this space a
norm equivalent to the canonical norm. Consequently, the sequence (¢,,,,,) is
bounded in X, and there is a subsequence (still denoted (¢,,,,,)) which converges
in L*(D) x L*(D). Define ¢, := ¢, — @,., Yy, = W, — P, W = U — Uy, and
Wy, := w; — w,,. Then, we write

curl N"teurl g, = curluy,

curl curl vy, = curlw,,.

(11)

Consider, as for the study of the scalar problem, a cut-off function y € €>=(D,[0;1])
with support in # N D and equal to 1 in a neighbourhood of dD. Let us study the case
Id < N,Id < N a.e. on DNY. Multiply the equations (11) respectively by ¢;,,, —2x%¥,,
and 1, (to deal with the case N < N*Id < Id a.e. on D N¥, just multiply by ¢,,,
and v, — 2x¥,,,). Integrating by parts, we find

(N_]'C'U,’l"l Lplm? C'U,’rl ((le - 2X¢lm))D (12)
+ <I/ X (Nilclu”rl Solm)7 (V X (‘le - 2X¢lm)) X V>8D = (C’U/I"l Uim, Pim — QX”’blm)D

and

(curlp,,, curl,,)p + (v x curl,,,, (v X P,,,) X V),

= (curlwy,, ¥;,,)p- (13)

Since N~ 'eurl ¢, — curl,, = w;, — w,, the function N~'eurl ¢, — curl 1,
belongs to Ho(curl, D). Remembering that ¢, — ¥, € Ho(curl, D), we obtain

(vx (Nteurl @,,,), (v X (@ — 2XW%10)) X V)gp + (v X curlp,,, (v X 4,,) X V)5
= (v X curl Yy, (v X (=@y,)) X V)op + (v X curlapy,, (v X @p,,) X V)yp = 0.
Therefore, adding up (12) and (13) leads to
(N"teurl ¢, curl v,.)p + (curl v, curl ¥,,)p

—2|(N~eurl ¢y, curl (x¥,,,)) p| (14)
< C (HC’U/I"l ulm”D”‘leHD + ||C’U/I"l ulmHDlemHD + ||C’U/l"l wlmHDlemHD)

But, for all a > 0, 8 > 0, we have, according to Young’s inequality,

N~ curl @, curl (x1,,,))p|

2|(
2 ’(X N_l curl Pim> curl Ttblm)D‘ + 2 ’(N_l curl Pim> VX X ¢lm)D’

IN

< a(N'teurly,, curl p,,)y + a (Nt eurl vy, curl ¢,y
+8 (N~ eurl gy, curl ¢y, )y + 87H(NTHVX X y), VXX Py) 7

a (N~ teurl ¢, curl ¢,y + a "Nt (curla,,, curl i, )y

+B (Nt eurl g, curl p,,)y + C B (¥, ¥1,)r

(15)

IN
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with C' > 0 which only depends on x and N. Plugging (15) in (14), we obtain

(N~ teurl p,,, curl Cim)p\7 + (curlyy,, curlp,, )7
+(1 —a = B) (N teurl ¢, curl v,y
+(1 — a N7 Y (curl,,, curl,,)y (16)
< C(lleurlwmllplleimllp + llcurl win| bl o + [[cwrl wm || o1, o
+ 87 1YulD)-

Since 1 < N,, we can choose a < 1 such that (1 —a !N 1) > 0. Taking 0 < 8 < 1 —a,
we obtain the estimate

leurl o, |I5 + lleurl ey, |5, < C(lleurlwm| plle,llp + lewrl wm bl
+ llewrl winl| pl[$u,l1o + 1%u15)-

Thus, the sequences (curlp,,) and (curlap,,) are Cauchy sequences for the L?(D
norm. This proves that (t,,w,) = (N 'curlp,,, curlp,,) converges in L*(D) x
L*(D). m

Lemma 4.2 The space X defined in (10) is compactly imbedded in L*(D) x L*(D).
Moreover, the map (p,%) — (|lcurlo|? + |curlp|%)Y? defines on Xy a norm
equivalent to the canonical norm.

Proof Let (¢,,,%,,) be a bounded sequence of elements of X,. The sequences
(@ — ¥,,) and (p,, + 1,,) are respectively bounded in V y(1; D) and V(1; D).
According to the Weber theorem [29], we can extract from (¢,, — %,,) and (p,, + ¥,,)
subsequences which converge in L*(D). Writing, ¢,, = (@,,+%,,)/2+(@,,—,,)/2 and
YV, = (@ + ) /2— (@, —,,)/2, this proves that we can extract a subsequence from
(@, ¥,,) Which converges in L?(D) x L*(D). Moreover, since the map v + ||curlv|p
defines a norm on V 5 (1; D) and V¢(1; D), we obtain the second part of the lemma.
[

4.2. Equivalent norms on Xg

In this paragraph, we want to determine under which criterion the map (u,w) —
(|lcurl u|)? + |[curl w||%)'/? defines on X a norm which is equivalent to the canonical
norm.

Proposition 4.3 Suppose there exists a neighbourhood ¥ of 0D such that the function
N satisfies N < N*Id < Id or Id < N,Id < N a.e. on DN . Suppose also that the
operator B associated with the scalar problem (6) is injective (Vker 8 = XoNVS =
{0}). Then the map (u,w) ~ (|curlul} + ||curlw|%)Y? defines on Xo a norm
equivalent to the canonical norm.

Definition 4.4 Under the assumptions of Proposition 4.3, we will denote Cp > 0
the smallest constant such that

[ullp + wl} < Cr(leurlul}, + [leurlw|p),  V(u,w) € Xo.  (17)
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Proof of Proposition 4.3 It is sufficient to prove that (17) holds for some Cp > 0.
Suppose there exists a sequence (w,,, w,,) of elements of X such that

VYm € N, ||um||2D + ||wm||%j =1 and liin |curl um||% + ||curl 'wm||% = 0.
m oo

By Theorem 4.1, we can extract from (u,,,w,,) a sequence (still denoted (u,,, w,,))
which converges to some (u,w) € Xo in L*(D) x L*(D). By construction, one has
lull} + |lw]|% = 1 and curlu = curlw = 0. Since 9D is simply connected, one
deduces (see [14], theorem 8) that there exists (¢,1) € S such that (u, w) = (V, V).
We then notice that Z(Vy, Vi) = (0,0). Since we have supposed that % was injective,
one deduces (u,w) = (0,0). This leads to a contradiction because we must have
lulp + wllh, = 1. -

5. Case A < A*Id, with A* < 1, in a neighbourhood of the boundary

Let us go back to the study of the operator & defined in (9), where, for the moment,
T is an abstract isomorphism of X. In this paragraph, we suppose there exists a

neighbourhood ¥ of 0D such that A < A*Id a.e. in ¥, with A* < 1. Again,
X € €><(D,[0;1]) designates a cut-off function with support in # N D and equal to
1 in a neighbourhood 0D. Define the operator T : X — X such that

T(u,w) = (u—2yw, —w). (18)

It is an isomorphism because T? = Id.

5.1. Fredholm property for the operator </F

Lemma 5.1 Assume that A < A*Id < Id and N < N*Id < Id a.e. on DNY. Then
there exists k = ix, with k € R, such that the operator T is an isomorphism of Xj.

Proof Let us show that the sesquilinear form al. is coercive for some £ € R. For all
(u,w) € Xo, one can write
|afi((w, w), (u, w))]
= |(Acurlu,curlu)p + (curl w, curl w)p — 2(Acurl u, curl (yw))p
+ 12 (Nu, u)p + (w, w)p — 2(Nu, xw)p)| (19)

(Acurlu, curlu)p + (curl w,curl w)p + x* (Nu,u)p + (w, w)p)

Y

=2 [(Acurl u, curl (yw))p| — 2k |( Nu, xyw)p| .
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But, for all n > 0, o > 0, one has, according to Young’s inequality,

2 |(Acurl u, curl (xyw))p|

< 2|(xAcurlu, curlw)p| + 2|(Acurlu, Vx x w)p|

< n(Acurlu,curlu)y + 17 (Acurl w, curl w)y (20)
+a (Acurlu,curlu)y + a ' (A(Vx x w),Vx X w)y

< n(Acurlu,curlu)y +n'A* (curl w, curl w)y
+a (Acurlu,curlu)y + Ca™! (w,w)y

with C' > 0 which only depends on x and on A. On the other hand, for all 5 > 0,
2[(Nu, xw)p| < B(Nu,u)y + 7 (Nw,w)y (21)
< B(Nu,u)y + SIN*(w,w)y.

B
Thus, plugging (20) and (21) in (19), one obtains, for all n > 0, a > 0, 5 > 0,

|af((u, w), (u, w))]
> (Acurlu,curl “)DW + (curl w, curl 'w)D\?
2 (N, ) iy + (w0, w) ) (22)
+(1—=n—a)(Acurlu,curlu)y + (1 — n7'A*)(curl w, curl w)y
i1 = B)(Nu, )y + (52(1— 57 N*) — Cat) (w, w)y.
Let us choose first 7 > 0 to have both (1 —7) > 0 and (1 — ' A*) > 0 (recall that
A* < 1). Then, let us take a > 0 such that (1 —7—«) > 0. Finally, let us choose 5 > 0

so that (1 — ) >0 and (1 — 87! N*) > 0 (recall that N* < 1). It just remains to take
a value of k sufficiently large (in absolute value) to obtain

‘CLZ;((’U,, ’lU), (’U/, ’U)))| >c (HU’H%-I(CUH,D) + HwH%—I(curl,D)>
where c is a constant independent of (u,w) € Xg. Thus, for a value of k large enough,
al. is coercive. With the Lax-Milgram theorem, one can then conclude that 7T is an

isomorphism of X for such a k. =
We deduce the

Theorem 5.2 Assume that A < A*Id < Id a.e. on DN Y. Assume also that
N < N*Id < Id or Id < N,Id < N a.e. on DNY. Then for all k € C, the
operator X satisfies the equality T = & + ;. where & is an isomorphism of X
that is independent of k, and %, is a compact operator of Xg.

Proof Introduce .# the operator such that, for all ((u,w), (v, w’)) € Xo x X,
(j(ua ’l,U), (ula /I'U/))H(cu'r'l,D)2 = ai/{,l/?((uy w)a T(’U,/, w/))7 (23)
with T" defined in (18) and

Gi12((w, w), (v, w')) = (Acurlu,curlu’)p — (curlw,curlw’)p
+KJ2 ((271u7 u/)D - (w> w/)D) :
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According to Lemma 5.1 (notice that 2711d < Id), we can choose k € R such that .&
is an isomorphism of Xgy. Since, by assumption, N < N*Id < Id or Id < N, Id < N
a.e. on DN, Theorem 4.1 indicates that the imbedding of X¢ in L*(D) x L*(D) is
compact. This proves that @ — .# is a compact operator of Xo. ®

5.2. Discreteness of the transmission eigenvalues

Suppose the assumptions of Theorem 5.2 to be true. Reintroduce . : Xo — X the
isomorphism defined in (23). For all ((u, w), (v/,w’)) € X x Xo, one has

(f — ) (u,w), (W, W) g(cur,p2 = —k* (Nu,u)p + (w,w')p — 2(Nu, xw')p)

—K? ((27111’7 u/)D + (’UJ, w/)D - 2(27111,7 Xw/)D) :
This leads us to define the operators % and ¥ from Xy to Xg such that, for all
((u, w), (v, w')) € Xo x Xo,

(F (u,w), (W, W) m(eurt,py2 = — (Nu, u')p + (w,w')p — 2(Nu, xw')p);
(@ (u, w), (W, W) geur,p2 = =K (27w, w')p + (w,w')p — 227 u, xw')p) .

Onehas ' = I+ k27 +9 & X I =1d+ K F I +9.97. Here, Id denotes
the identity operator of Xg. According to Theorem 4.1, under the assumptions of
Theorem 5.2, the imbedding of X in L*(D) x L*(D) is compact. Consequently .#,
¢ and thus ZF.#7!, 477! are compact operators from Xy to Xo. In addition, the
map k — k2.Z 71 +94 771 from C to the Banach space of bounded operators from X
to X is polynomial and so analytic. Thanks to the analytical Fredholm theorem (see
[15, theorem 8.26] or [23, corollary 1.1.1]), one distinguishes two cases for the family of
operators { T 7 1}cc or equivalently for the family of operators { T }rec. Either,
for all k € C, & is not injective. Or there exists k& € C such that 4T is injective
and then @I is injective for all k € C\.¥ where . is a discrete (or empty) set of the
complex plane.

Theorem 5.3 Assume that A < A*Id < Id and N < N*Id < Id a.e. on DNY'. Then
the set of transmission eigenvalues is at most discrete in C.

Proof Lemma 5.1 ensures that there exists £ € R such that 7T is an isomorphism
of Xp. Thus, & is injective for all k € C\.¥ where .# is a discrete (or empty) set of
the complex plane. For k € C\.7, this implies that the only solution of the problem (7)
(and consequently of the problems (2) and (3)) is the zero solution. m

Theorem 5.4 Assume that A, < 1. Suppose also that the operator % associated
with the scalar problem (6) is injective (a sufficient condition for this assumption to
be satisfied is Ny <1 or 1 < N_). Then the set of transmission eigenvalues is at most
discrete in C.

Proof Using the proof of Lemma 5.1 with x = 1, one finds there exist two constants
(4, Cy > 0 independent of k such that, for all (u,w) € X,

|ai ((uw, ), (u,w))| > Ci([leurlull}, + eurl w|h) — Colk*(ul}, + [lwll)-
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Using the Proposition 4.3 on equivalent norms on Xy, one deduces that af is coercive
on Xo x X for k> < C1/(Cy Cp), where Cp is defined in (17). Thus, the operator o7
is an isomorphism of X for small values (in modulus) of k. One can conclude using
the analytical Fredholm theorem. m

5.8. Localization of the transmission eigenvalues

Now, using a trick from [22] (see the proof of theorem 3.6.1 p.102), we show a result of
localization of the transmission eigenvalues.

Theorem 5.5 Assume that A < A*Id < Id and N < N*Id < Id a.e. on DN7V.
Then there exist positive constants p and 0 such that if k € C satisfies |k| > p and
|Re k| < 0 |Smk| then k is not a transmission eigenvalue.

Proof Let k = ik, k € R. Lemma 5.1 shows that, for || sufficiently large, one has
the estimate, for all (u,w) € X,

|ai; ((w, w), (w, w))| > Ci(lewrlu|[] + [lewrlwl|b) + Co w*(ullh, + wl}), (24)

where the constants C; > 0, 'y > 0 are independent of .

Let us consider now k = ik e? with 6 € [—7/2;7/2]. One checks that
i (w, ), (u, w)) — ag ((w,w), (w,w))| < Oy L= | ([lul|}, + [|wl]p). (25)
with C3 > 0 independent of k. Combining (24) and (25), one finds
(s 0), ()| S
> [t (ww), (ww)] — Con? |1 =] (Julfy + Jwl})
> Ci(llewrtul} + [leurlw(}) + (Co — Cs |1 — e2?[)s2(|ullp, + [|wl[5)-

Taking 6 sufficiently small to have, for example, C3 |1 — ¢*?| < C3/2, one then deduces
the result. m

5.4. An estimate for the first transmission eigenvalue

Theorem 5.6 Assume that A, < 1. Assume also that the operator % associated
with the scalar problem (6) is injective (a sufficient condition for this assumption
to be satisfied is Ny < 1 or 1 < N_). If k € C satisfies the estimate |k|*> <
(A_(1 — /A}))/(Cp max(Ny,1)(1 + /Ny)), with Cp defined in (17), then k is not
a transmission eigenvalue.
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Proof Following the lines of the proof of Lemma 5.1 with y = 1, one can write, for
all (u, w) € X,
|af ((u, w), (u, w))]
= |(Acurlu,curlu)p + (curl w, curl w)p — 2(Acurl u, curl w)p

—k* ((Nu,u)p + (w,w)p — 2(Nu,w)p)|

> (Acurlu,curlu)p + (curl w, curl w)p — 2|(Acurl u, curl w)p|
—|k[* (Nw, w)p + (w, w)p + 2| (Nu, w)p|)
> (1—-+vAD((Acurlu, curlu)p + (curl w, curl w)p)

—[k[*(1+ VN (Nu, u)p + (w, w)p).
Therefore, for k € C such that k> < (A_(1 — /A}))/(Cp max(N,,1)(1++/Ny)), ar

1s coercive. m

6. Case A, Id < A, with 1 < A,, in a neighbourhood of the boundary

In this paragraph, we suppose that there exists a neighbourhood ¥ of 0D such that
A dd < A ae. in ¥, with 1 < A,. Again, x € €><(D,[0;1]) designates a cut-off
function with support in ¥ N D equal to 1 in a neighbourhood of D. Define the
operator T' : X — X such that T(u,w) = (u,—w + 2xu). It is an isomorphism
because T? = Id. As in the previous section, we prove the following results.

Theorem 6.1 Assume that Id < A, ld < A a.e. on DN7Y. Assume also that
N < N*Id < Id or Id < N,JId < N a.e. on DNY. Then for all k € C, the
operator AT satisfies the equality Y = & + ¥}, where & is an isomorphism of Xo
that is independent of k, and J#}, is a compact operator of Xg.

Theorem 6.2 Assume that Id < A, Jd < A and Id < N, Id < N a.e. on DNY. Then
the set of transmission eigenvalues is at most discrete in C. Moreover, there exists
positive constants p and § such that if k € C satisfies |k| > p and |Re k| < § |Sm k| then
k is not a transmission eigenvalue.

Theorem 6.3 Assume that 1 < A_. Assume also that the operator A associated
with the scalar problem (6) is injective (a sufficient condition for this assumption
to be satisfied is Ny < 1 or 1 < N_). Then the set of transmission eigenvalues
is at most discrete in C. Moreover, if k € C satisfies the estimate |k|> < (1 —
1/vVAZ)/(Cp max(Ny,1)(1 + 1/v/N_)), with Cp defined in (17), then k is not a
transmaission eigenvalue.

7. Discussion

All over this paper, we have been obliged to suppose that A—Id and N — I d were positive
or negative in a neighbourhood of the boundary to use the T-coercivity technique. A
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natural question then is: what happens if A — I'd and/or N — Id change sign in a
neighbourhood of the boundary?
In [24], using the Shapiro-Lopatinskii condition, the authors provide necessary and
sufficient conditions for ellipticity of the scalar interior transmission problem associated
with (2) in the case where A and N are smooth. Actually, when A — Id changes
sign, or worse, vanishes in a neighbourhood of the boundary, as written in [4], we
think there are geometries and values of A for which the scalar interior transmission
problem is not Fredholm in H! because of the appearance of “strong” singularitiesf. This
result is proved in [2] for the transmission problem between a dielectric and a negative
metamaterial, and in [3], we derive a functional framework in which Fredholmness is
recovered. To be precise, let us mention that the situation we studied in these two articles
corresponds to a situation where A—Id changes sign in one point of the boundary for the
scalar interior transmission problem. The case where A — Id vanishes on a non-empty
open subset of the boundary is much more intricate and the definition of a functional
framework in which Fredholmness could be recovered, as it has been done naturally in
the very particular case A = Id, is an open problem.

For the Maxwell problem, the situation is even more obscure. Indeed, the coefficient
N also matters in establishing the Fredholm property because it determines whether
or not the perturbation of the principal part is compact. The determination of
an appropriate functional framework to study the interior transmission problem for
Maxwell’s equations when A — Id and/or N — Id change sign/vanish on the boundary
is far from being clear.

Acknowledgments

The author is very grateful to Anne-Sophie Bonnet-Ben Dhia, Patrick Ciarlet and
Houssem Haddar for useful discussions.

References

[1] C. Amrouche, C. Bernardi, M. Dauge, and V. Girault. Vector potentials in three-dimensional
non-smooth domains. Math. Meth. Appl. Sci., 21:823-864, 1998.

[2] A-S. Bonnet-Ben Dhia, L. Chesnel, and P. Ciarlet Jr. T-coercivity for scalar
interface  problems between dielectrics and metamaterials. http://hal.archives-
ouvertes.fr/docs/00/56/43/12/PDF/BoCC10b-HAL.pdf, 2011.

[3] A-S. Bonnet-Ben Dhia, L. Chesnel, and X. Claeys. Radiation condition for a
non-smooth interface between a dielectric and a metamaterial. http://hal.archives-
ouvertes.fr/docs/00/65/10/08/PDF/BoChCl11.pdf, 2011.

[4] A.-S. Bonnet-Ben Dhia, L. Chesnel, and H. Haddar. On the use of T-coercivity to study the
Interior Transmission Eigenvalue Problem. C. R. Acad. Sci., Ser. I, 340:647-651, 2011.

[5] A.-S. Bonnet-Ben Dhia, P. Ciarlet Jr., and C.M. Zwolf. Time harmonic wave diffraction problems

T Remark that for the scalar problem, since the imbedding of H!(D) in L?(D) is compact, only the
function A, which appears in the principal part of the operator, matters in the Fredholmness property.



ITEP for Maxwell’s equations and T-coercivity 17

in materials with sign-shifting coefficients. J. Comput. Appl. Math, 234:1912-1919, 2010.
Corrigendum J. Comput. Appl. Math., 234:2616, 2010.

[6] F. Cakoni, D. Colton, and H. Haddar. The linear sampling method for anisotropic media. .J.
Comput. Appl. Math, 146(2):285-299, 2002.

[7] F. Cakoni, D. Colton, and H. Haddar. The computation of lower bounds for the norm of the
index of refraction in an anisotropic media from far field data. Jour. Integral Equations and
Applications, 21:203-227, 2009.

[8] F. Cakoni, A. Cossonniere, and H. Haddar. Transmission eigenvalues for inhomogeneous media
containing obstacles. Submitted.

[9] F. Cakoni, D. Gintides, and H. Haddar. The existence of an infinite discrete set of transmission
eigenvalues. SIAM J. Math. Anal., 42:237-255, 2010.

[10] F. Cakoni and H. Haddar. Transmission eigenvalues in inverse scattering theory. Submitted.

[11] F. Cakoni and H. Haddar. A variational approach for the solution of the electromagnetic interior
transmission problem for anisotropic media. Inverse Problems and Imaging, 1(3):443-456, 2007.

[12] F. Cakoni and H. Haddar. On the existence of transmission eigenvalues in an inhomogeneous
medium. Applicable Analysis, 88(4):475-493, 2009.

[13] F. Cakoni and A. Kirsch. On the interior transmission eigenvalue problem. Int. Jour. Comp. Sci.
Math., 3(1-2):142-167, 2010.

[14] M. Cessenat. Mathematical methods in electromagnetism: linear theory and applications. Series
on advances in mathematics for applied sciences. World Scientific, 1996.

[15] D. Colton and R. Kress. Inverse Acoustic and Electromagnetic Scattering Theory, 2nd edition,
volume 93 of Applied Mathematical Sciences. Springer, New York, 1998.

[16] D. Colton and P. Monk. The inverse scattering problem for time-harmonic acoustic waves in
an inhomogeneous medium. The Quarterly journal of Mechanics and Applied Mathematics,
41(1):97-125, 1988.

[17] D. Colton and L. Paivédrinta. Transmission eigenvalues and a problem of Hans Lewy. J. Comput.
Appl. Math, 117(2):91-104, 2000.

[18] D. Colton, L. Paivérinta, and J. Sylvester. The interior transmission problem. Inverse Problems
and Imaging, 1(1):13, 2007.

[19] V. Girault and P.-A. Raviart. Finite element methods for Navier-Stokes equations, volume 5 of
Springer Series in Computational Mathematics. Springer-Verlag, Berlin, 1986.

[20] H. Haddar. The interior transmission problem for anisotropic Maxwell’s equations and its
applications to the inverse problem. Math. Meth. Appl. Sci., 27(18):2111-2129, 2004.

[21] A. Kirsch. An integral equation approach and the interior transmission problem for Maxwell’s
equations. Inverse Problems and Imaging, 1(1):159-179, 2007.

[22] V. A. Kozlov, V. G. Maz’ya, and J. Rossmann. Flliptic Boundary Value Problems in Domains
with Point Singularities, volume 52 of Mathematical Surveys and Monographs. AMS, Providence,
1997.

[23] V.A. Kozlov, V.G. Maz’ya, and J. Rossmann. Spectral problems associated with corner singularities
of solutions to elliptic equations, volume 85 of Mathematical Surveys and Monographs. AMS,
Providence, 2001.

[24] E. Lakshtanov and B. Vainberg. Ellipticity in the interior transmission problem in anisotropic
media. preprint arXiw:1108.5987v1.

[25] W. McLean. Strongly elliptic systems and boundary integral equations. Cambridge University
Press, Cambridge, 2000.

[26] P. Monk. Finite element methods for Mazwell’s equations. Numerical Mathematics and Scientific
Computation. Oxford University Press, New York, 2003.

[27] B.P. Rynne and B.D. Sleeman. The interior transmission problem and inverse scattering from
inhomogeneous media. SIAM J. Math. Anal., 22:1755-1762, 1991.

[28] J. Sylvester. Discreteness of transmission eigenvalues via upper triangular compact operators.
SIAM J. Math. Anal., 44:341-354, 2012.



ITEP for Maxwell’s equations and T-coercivity 18

[29] C. Weber. A local compactness theorem for Maxwell’s equations. Math. Meth. Appl. Sci., 2:12-25,
1980.
[30] J. Wloka. Partial Differential Equations. Cambridge Univ. Press, 1987.



