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Lecture 4: A Decision Procedure for the
Theory of Equality
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Main goals for today

In class!:

o How to decide the T-satisfiability for quantifier-free formula in the Equality

IMain references:
@ The Calculus of Computation [Bradley and Manna, 2007], Chapter 9 (Section 9.1, 9.2, 9.3)
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Main goals for today

In class!:
o How to decide the T-satisfiability for quantifier-free formula in the Equality
In the tutorial:

@ Implement the decision procedure

IMain references:
@ The Calculus of Computation [Bradley and Manna, 2007], Chapter 9 (Section 9.1, 9.2, 9.3)
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© A Decision Procedure for the Theory of Equality
o Tg-satisfiability
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Why the Theory of Equality Tg7?

@ Base theory: in most cases we assume the equality predicate = to be part of
any theory (i.e., interpreted as equality)
Also called Theory of Equality and Uninterpreted Functions (EUF)
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Why the Theory of Equality 7¢?

@ Base theory: in most cases we assume the equality predicate = to be part of
any theory (i.e., interpreted as equality)
Also called Theory of Equality and Uninterpreted Functions (EUF)
o We use T¢ to combine different theories (i.e., exchanging equalities)
@ We use Tg in the “layered” approach:
> We can first check if a formula is satisfiable considering all the function

symbols “uninterpreted”
» If the formula is unsatisfiable with Tg, then the formula is unsatisfiable in the

“original” theory.
Example from [Barrett et al., 2009]:

ax(f(b)+f(c))=dA—-(bx(f(a)+f(c))=d)na=b

Already unsatisfiable if we consider * and + as an uninterpreted function.
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Why the Theory of Equality 7¢?

@ Base theory: in most cases we assume the equality predicate = to be part of
any theory (i.e., interpreted as equality)
Also called Theory of Equality and Uninterpreted Functions (EUF)
o We use T¢ to combine different theories (i.e., exchanging equalities)
@ We use Tg in the “layered” approach:
> We can first check if a formula is satisfiable considering all the function
symbols “uninterpreted”
> If the formula is unsatisfiable with Tg, then the formula is unsatisfiable in the
“original” theory.
Example from [Barrett et al., 2009]:

ax(f(b)+f(c))=dA—-(bx(f(a)+f(c))=d)na=b

Already unsatisfiable if we consider * and + as an uninterpreted function.
» Tg solver is “cheap”, so we can run it before calling more expensive theory
solvers.
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Theory of Equality

The Theory of Equality functions Tg is defined as:
o the signature g :={=,a,b,c,...,f,g,h,....,p,q,r,...}
» = is a binary predicate and is interpreted as the equality
» all the other function symbols in ¢ are not interpreted
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Theory of Equality

The Theory of Equality functions Tg is defined as:
o the signature g :={=,a,b,c,...,f,g,h,....,p,q,r,...}
» = is a binary predicate and is interpreted as the equality
» all the other function symbols in X ¢ are not interpreted

o the set of axioms A:

Q Vx.x=x [reflexivity]
Q Vx,yx=y—y=x [symmetry]
Q Vx,y,z((x=yANy=2) = x=2) [transitivity]
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Theory of Equality

The Theory of Equality functions 7 is defined as:
o the signature g :={=,a,b,c,...,f,g,h,....,p,q,r,...}
» = is a binary predicate and is interpreted as the equality
» all the other function symbols in X ¢ are not interpreted

o the set of axioms A:

Q Vx.x=x [reflexivity]
Q Vx,yx=y—y=x [symmetry]
Q Vx,y,z((x=yAy=2z) = x=2) [transitivity]

@ Function and predicate congruence
* For each n € N and n-ary function symbol f:

n
VX17~~-»me17-~~:}’n~(/\xi:Xj) = f(x1,. ., xn) = f(y1,-- -, ¥n)
i=1
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Theory of Equality

The Theory of Equality functions 7 is defined as:
o the signature g :={=,a,b,c,...,f,g,h,....,p,q,r,...}
» = is a binary predicate and is interpreted as the equality
» all the other function symbols in X ¢ are not interpreted

o the set of axioms A:

Q Vx.x=x [reflexivity]
Q Vx,yx=y—y=x [symmetry]
Q Vx,y,z((x=yAy=2z) = x=2) [transitivity]

@ Function and predicate congruence
* For each n € N and n-ary function symbol f:

n
VX17~~-»me17-~~:}’n~(/\xi:Xj) = f(x1,. ., xn) = f(y1,-- -, ¥n)
i=1

* For each n € N and n-ary predicate symbol p:

n
VXL~-~7Xn7}’17~~~7)/n-(/\xi :Xj) = p(x1,- -5 %n) <> P(Y1,- -5 ¥n)
i=1
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Some concrete examples

a#£b

Is sat? Is valid?
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Some concrete examples

a#£b

Is sat? Yes Is valid? No

a=bAb=c+ f(c)="f(a)

Is sat? Is valid?
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Some concrete examples

a#£b

Is sat? Yes Is valid? No

a=bAb=c+ f(c)="f(a)

Is sat? Yes Is valid? Yes

a=bAb=c = g(f(a),b) = g(f(c),a)

Is sat? Is valid?

Some examples are from [Bradley and Manna, 2007] and [Barrett et al., 2009]
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Some concrete examples

a#£b

Is sat? Yes Is valid? No

a=bAb=c+ f(c)="f(a)

Is sat? Yes Is valid? Yes

a=bAb=c = g(f(a),b) = g(f(c),a)

Is sat? Yes Is valid? Yes
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Our settings

@ The problem we solve today: is a ¥ g-formula Tg-satisfiable?

@ We consider a conjunction of theory literals where atoms are equalities

x=yAf(x) =y A (=f(g(xy)) = f(x))

We can enumerate such conjunctions for an arbitrary ¥ g-formula using the
lazy approach.
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Our settings

@ The problem we solve today: is a ¥ g-formula Tg-satisfiable?

@ We consider a conjunction of theory literals where atoms are equalities

x=yAf(x) =y A (=f(g(xy)) = f(x))

We can enumerate such conjunctions for an arbitrary ¥ g-formula using the
lazy approach.

@ Here we do not consider predicates.
In general: replace predicates with functions to get an equisatisfiable formula

Example

P, Y)NQ(f) AN f(x)=y = flx,y)=vi Afg(f(y))=vr Af(x) =y

vr is a fresh value, f,, g, are fresh function symbols. Intuitively, the
transformation assumes that:
Vx,y.p(x,y) ¢ fr(x,y) = vy and Vx.q(x) < fe(x) = vr
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© A Decision Procedure for the Theory of Equality

@ Deciding Tg via Congruence Closure
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A first intuition about deciding T¢ formulas?

¢ = f(f(f(a))) = a A f(F(F(F(£(a))))) = an—f(a) = a

e From f(f(f(a))) = a:
» Substitute f(f(f(a))) with a in F(f(f(f(f(a))))) =a
> Infer new equality f(f(a)) = a

2Example 9.1 from [Bradley and Manna, 2007]
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A first intuition about deciding T¢ formulas?

¢ = f(f(f(a))) = a A f(F(F(F(£(a))))) = an—f(a) = a

e From f(f(f(a))) = a:
» Substitute f(f(f(a))) with a in F(f(f(f(f(a))))) =a
> Infer new equality f(f(a)) = a
e From f(f(a)) = a:
» Substitute f(f(a)) with ain f(f(f(a))) = a
> Infer new equality: f(a) = a

2Example 9.1 from [Bradley and Manna, 2007]
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A first intuition about deciding T¢ formulas?

¢ = f(f(f(a))) = a A f(F(F(F(£(a))))) = an—f(a) = a

e From f(f(f(a))) = a:
» Substitute f(f(f(a))) with a in F(f(f(f(f(a))))) =a
> Infer new equality f(f(a)) = a
e From f(f(a)) = a:
» Substitute f(f(a)) with ain f(f(f(a))) = a
> Infer new equality: f(a) = a

@ We have both f(a) = a and —=f(a) = a: contradiction. So, ¢ is unsatisfiable.

2Example 9.1 from [Bradley and Manna, 2007]
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A first intuition about deciding T¢ formulas?

¢ = f(f(f(a)) = a A f(F(£(F(f(a))))) = an—f(a) = a

e From f(f(f(a))) = a:
» Substitute f(f(f(a))) with a in f(F(f(f(f(a))))) =a
> Infer new equality f(f(a)) = a
e From f(f(a)) = a
» Substitute f(f(a)) with ain f(f(f(a))) = a
> Infer new equality: f(a) = a
@ We have both f(a) = a and —=f(a) = a: contradiction. So, ¢ is unsatisfiable.

Use the equalities to infer new equalities, applying the Tg axioms, and then check
for contradictions with the inequalities

2Example 9.1 from [Bradley and Manna, 2007]
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Decision procedure for Tg

¢:=[s1=t1,...5m = tm, 7(Sm+1 = tms1), ... 7(Sn = ta)]
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Decision procedure for Tg

¢ = [51 =t,...5m = tm7_'(5m+1 = tm+1)’ .- '_'(S" = t")]

@ Apply the Tg axioms (relfexivity, symmetry, transitivity, and congruence) to
the existing equalities, inferring a set of new equalities.

> Since the possible terms in ¢ are finite, then also the number of inferred
equalities are finite.
» So, this enumeration terminates.
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Decision procedure for Tg

¢ :=[s1="t1,...Sm = tm, (Smt1 = tmi1), ... (Sn = tn)]

@ Apply the Tg axioms (relfexivity, symmetry, transitivity, and congruence) to
the existing equalities, inferring a set of new equalities.
> Since the possible terms in ¢ are finite, then also the number of inferred
equalities are finite.
» So, this enumeration terminates.

@ For every inequality —s; = t; (i € [m+ 1, n]), check if s; = t; is in the set of
inferred equalities.

> If we find such —s; = t; and s; = t;, then ¢ is unsatisfiable
» Otherwise, ¢ is satisfiable
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Decision procedure for Tg

¢ :=[s1="t1,...Sm = tm, (Smt1 = tmi1), ... (Sn = tn)]

@ Apply the Tg axioms (relfexivity, symmetry, transitivity, and congruence) to
the existing equalities, inferring a set of new equalities.

> Since the possible terms in ¢ are finite, then also the number of inferred
equalities are finite.
» So, this enumeration terminates.

This is called congruence closure

@ For every inequality —s; = t; (i € [m+ 1, n]), check if s; = t; is in the set of
inferred equalities.

> If we find such —s; = t; and s; = t;, then ¢ is unsatisfiable
» Otherwise, ¢ is satisfiable
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Equivalence and Congruence Relations

@ Sis aset, and R is a binary relation over S
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Equivalence and Congruence Relations

@ Sis aset, and R is a binary relation over S

@ R is an equivalence relation if:
> Reflexivity: Vs € S.(s1,51) € R

» Symmetry: Vsi,s; € S.(s1,%) € R
> Transitivity: Vs1,s2,s3 € S.((51,52) € RA(s2,83) € R) = (s1,83) € R
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Equivalence and Congruence Relations

@ Sis aset, and R is a binary relation over S
@ R is an equivalence relation if:

> Reflexivity: Vs € S.(s1,51) € R
> Symmetry: Vs, s € S.(s1,52) € R
» Transitivity: Vsi,s2,s3 € S.((s1,52) € RA(s2,83) € R) = (s1,83) € R

@ R is a congruence relation if:

» R is an equivalence relation, and
» for every the n-ary functions f:

VSt ... Sy t1,. .., th € R. /\ (si,t) € R— (f(s1,...,50), F(t1,...,ta)) €R
i€[1,n]

The Tg axioms express a congruence relation between terms
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Equivalence and Congruence Classes

@ [s]r is an equivalence (resp. congruence) class under the equivalence (resp.
congruence) relation R:

[slr:={s" €S| (s,s') € R}

Example: ¢ :=f(a,b) =an-(f(f(a,b), b) = a)
S = {set of sub-terms of ¢} = {a, b, f(a, b), f(f(a, b), b)}
[a]= = {f(a, b),a,f(f(a,b),b)}
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Equivalence and Congruence Classes

@ [s]r is an equivalence (resp. congruence) class under the equivalence (resp.
congruence) relation R:

[slr:={s" €S| (s,s') € R}

Example: ¢ :=f(a,b) =an—(f(f(a,b),b) = a)
S = {set of sub-terms of ¢} = {a, b, f(a, b), f(f(a, b), b)}
[al= = {f(a, b), a, f((a, b), b)}

o A partition P of the set S is P C 2° such that:
> US’GPSI =S and V51,5 € P(Sl ;é S—=5NSs = @)

Example:  {{a},{b},{f(a, b)},{f(f(a,b),b)}}
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Equivalence and Congruence Classes

@ [s]g is an equivalence (resp. congruence) class under the equivalence (resp.
congruence) relation R:

[slr:={s" €S| (s,s') € R}
Example: ¢ :=f(a,b) =an-(f(f(a,b), b) = a)
S = {set of sub-terms of ¢} = {a, b, f(a, b), f(f(a, b), b)}
[a]= = {f(a, b),a,f(f(a,b),b)}

o A partition P of the set S is P C 2° such that:
> US’GPSI =S and V51,5 € P(Sl ;é S—=5NSs = @)

Example:  {{a}, {b},{f(a, b)},{f(f(a, b), b)}}
@ The quotient S/R is the partition of S formed by the equivalence classes of S
under R:

S/R:={[s]lr|s€S}

Example: {[a]=, [b]=}
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Congruence Closure

@ Ry refines Ry (Ry = Ry) if:

Vs, € 5.(51,52) €ER — (51,52) R,
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Congruence Closure

] Rl refines R2 (Rl = Rl) if:

Vs, € S.(S]_,Sz) €ER — (51,52) R,

e RC is the congruence closure for the congruence relation R if
» R=<R¢
» for all R’ such that R < R’, we either have R’ = R or R¢ < R.
R€ is the "smallest” congruence relation.
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Congruence Closure

] Rl refines R2 (Rl = Rl) if:

Vs, € 5.(51,52) €ER — (51,52) R,

e RC is the congruence closure for the congruence relation R if
» R=<R¢
» for all R’ such that R < R’, we either have R’ = R or R¢ < R.
R€ is the "smallest” congruence relation.

Computing the congruence closure:

@ Start with the finest congruence relation (every element in its own
congruence class)
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Congruence Closure

] Rl refines R2 (Rl = Rl) if:

Vs, € 5.(51,52) €ER — (51,52) R,

e RC is the congruence closure for the congruence relation R if
» R=<R¢
» for all R’ such that R < R’, we either have R’ = R or R¢ < R.
R€ is the "smallest” congruence relation.

Computing the congruence closure:

@ Start with the finest congruence relation (every element in its own
congruence class)
@ For each equality s; = t;, merge the congruence classes for [s;]g and [ti]g:

» First union the elements of [si]z and [tj]r, to define the new class [si]r
» Then, propagate the congruences that arise between the new pairs of elements
in the union
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Te-Satisfiability

¢ = [51 =t,...53 = tm,_‘(5m+1 = fm+1), .. .“(Sn = tn)]

@ Construct the congruence closure of {s; = t1,...5, = tm}, over the
sub-terms of ¢.

@ If any of the atoms in the inequalities s; = t;, for i € [m+ 1, n], is such that
s; and t; are in the same congruence class, then returns unsatisfiable

© Otherwise, return satisfiable
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Example - congruence closure computation

¢ = f(a,b)=an—f(f(ab),b)=a
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Example - congruence closure computation

¢ = f(a,b)=aA—f(f(ab),b)=a

1. Finest partition of sub-terms:

{{a}, {b}, {f(a b)}, {f(f(a b), b)}}
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Example - congruence closure computation

¢ = f(a,b)=aA—f(f(ab),b)=a
1. Finest partition of sub-terms:

{{a}, {b}, {f(a b)}, {f(f(a b), b)}}
2. From the equality f(a, b) = a, we merge {a} and {f(a, b)}

{{a,f(a,b)}, {b}, {f(f(a b), b)}}
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Example - congruence closure computation

¢ = f(a,b)=aA—f(f(ab),b)=a
1. Finest partition of sub-terms:
{{a}, {b}, {f(a b)}, {f(f(a b), b)}}
2. From the equality f(a, b) = a, we merge {a} and {f(a, b)}
{{a,f(a,b)}, {b}, {f(f(a b), b)}}
3. Apply congruence - f(a, b) = f(f(a, b), b):
{{a.f(a,b) f(f(a,b), b)}, {b}}

This partition is the congruence closure.
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Example - congruence closure computation

¢ :=f(a,b) = aA—f(f(a,b),b) =
1. Finest partition of sub-terms:
{{a}, {b}, {f(a b)}, {f(f(a b), b)}}
2. From the equality f(a, b) = a, we merge {a} and {f(a, b)}
{{a,f(a,b)}, {b}, {f(f(a, b), b)}}
3. Apply congruence - f(a, b) = f(f(a, b), b):
{{a.f(a,b) f(f(a,b), b)}, {b}}

This partition is the congruence closure.

Is ¢ satisfiable? No, since ¢ requires —f(f(a, b), b) = a, but f(f(a, b), b) and a

are in the same congruence class.
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Example - congruence closure computation (2)

¢:=rf3a)=aAf(f(f}(a))=an—f(a)=a
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Example - congruence closure computation (2)

¢:=f3a)=anf(f(f}(a)=an—f(a)=a
1. Finest partition of sub-terms (notation: fO(v) = v and fk = f(fk=1(v))):

{{a}. {f(a)}. {F2(a)} {FP (@)} {2} {1
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Example - congruence closure computation (2)
¢:=f3a)=anf(f(f}(a)=an—f(a)=a
1. Finest partition of sub-terms (notation: fO(v) = v and fk = f(fk=1(v))):

{{a}. {f(a)}. {F2(a)} {FP (@)} {2} {1

2. From the equality f3(a) = a, we merge {a} and f3(a):

{{a.(@)}, {f(a)}, {F(a)}. {3} {F(2)}}
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Example - congruence closure computation (2)

¢:=f3a)=anf(f(f}(a)=an—f(a)=a
1. Finest partition of sub-terms (notation: fO(v) = v and fk = f(fk=1(v))):

{{a}. {f(a)}. {F2(a)} {FP (@)} {2} {1

2. From the equality f3(a) = a, we merge {a} and f3(a):

{{a.(@)}, {f(a)}, {F(a)}. {3} {F(2)}}
)
(

3. Apply congruence - f(a

{{a,f?

= £(£(2)) = F*(a):
)} {f(a). P (@)}, {2(a)1 ()1}
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Example - congruence closure computation (2)

¢:=f3a)=anf(f(f}(a)=an—f(a)=a

1. Finest partition of sub-terms (notation: fO(v) = v and fk = f(fk=1(v))):

{{a}. {f(a)}.{f*(a)} {F(a)}. {F*(a)}, {F*(a)}}
2. From the equality 3(a) = a, we merge {a} and f3(a):
{{a.@)}, {f(a)}, {F*(a)}, {F*(a)}. {F*(a)}}
3. Apply congruence - f(a) = f(f3(a)) = f*(a):
{{a.f*(a)}, {f(a), F*(a)}, {F*(a)}. {f*(a)}}
4. From congruence we have f(f(a)) = f(f*(a)) = f>(a):
{{a,f3(a)}, {f(a), F(a)}, {f(a), F°(a)}}
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Example - congruence closure computation (2)

¢:=f3a)=anf(f(f}(a)=an—f(a)=a

1. Finest partition of sub-terms (notation: fO(v) = v and fk = f(fk=1(v))):
{{a}. {f(a)}.{f*(a)} {F(a)}. {F*(a)}, {F*(a)}}

2. From the equality 3(a) = a, we merge {a} and f3(a):

{{a.@)}, {f(a)}, {F*(a)}, {F*(a)}. {F*(a)}}
3. Apply congruence - f(a) = f(f3(a)) = f*(a):

{{a.f*(a)}, {f(a), F*(a)}, {F*(a)}. {f*(a)}}
4. From congruence we have f(f(a)) = f(f*(a)) = f>(a):
{{a,f*(a)}, {f(a). f*(a)}. {f*(a),F*(a)}}

5. From the equality °(a) = a:

{{a.f*(a).F*(a), °(a)}}. {f(a). F*(a)}}
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3. Apply congruence - f(a) = f(f3(a)) = f*(a):
{{a,f*(a)}, {f(a),f*(a)}, {F*(a)}, {F*(a)}}
4. From congruence we have f(f(a)) = f(f*(a)) = f>(a):
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Example - congruence closure computation (2)

¢:=f3a)=anf(f(f3(a)=an—f(a)=a
We have the congruence closure:
{{a. f(a), f*(a), *(a), f*(a). F*(a)}}

We have —f(a) = a, but a and f(a) are in the same congruence class, so ¢ is
unsatisfiable!
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© A Decision Procedure for the Theory of Equality

@ An algorithm to computing congruence closure
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Congruence Closure via DAG

¢:=f(x,y) =xANh(y) =g(x) Nf(f(x,y),y) =z N —g(x) = g(2)
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Congruence Closure via DAG

¢:=f(x,y) =xAh(y) =g(x) Nf(f(x,y),y) =z N —g(x) = g(2)

A. merge(5,5)
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Congruence Closure via DAG

¢:=f(x,y) =xANh(y) =g(x) Nf(f(x,y),y) =z N —g(x) = g(2)

A. merge(5,5)

@ B. merge(1,5)
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Congruence Closure via DAG

¢:=f(x,y) =xAh(y) =g(x) Nf(f(x,y),y) =z N —g(x) = g(2)

A. merge(5,5)
B. merge(1,5)
C. merge(2,3)
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Congruence Closure via DAG

¢:=f(x,y) =xAh(y) =g(x) Nf(f(x,y),y) =z N —g(x) = g(2)
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=
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Congruence Closure via DAG

¢:=f(x,y) =xANh(y) =g(x) Nf(f(x,y),y) =z N —g(x) = g(2)
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Congruence Closure via DAG

¢:="f(x,y) =xANh(y) =g(x) Nf(f(x,y),y) =z A —g(x) = g(2)

Chapoutot and Mover (ENSTA Paris) Efficient resolution of logical models 2020-2021 20 / 30



Congruence Closure via DAG

¢:="f(x,y) =xANh(y) =g(x) Nf(f(x,y),y) =z A —g(x) = g(2)

This is what you will implement in the tutorial
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A DAG data structure congruence closure

Node {

id : integer;

// id of the class representative
find : integer;

// name of the node

name : string;

// ids of the children

args : list of integers;

// ids of the class parents
parents : list of integers;

}
Node for f(x,y)
Node {
id = 6
Olo
name : f;
args : [6,7];

parents : [1];
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UNION/FIND functions

procedure NODE(i) Returns the node that has the id i

procedure FIND(i)

n = NODE(i)

if n.find =i then Returns the id of the equivalence class
return i for the node i.

else

return FIND(n.find)

procedure UNION(i1,i2)
nl = NODE(il)
n2 = NODE(i2)
nl.find = n2.find Computes the union of il and i2
n2.parents =
nl.parents U n2.parents
nl.parents = []
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UNION/FIND example

Node {
id = 5
find = 5
name : f;
args : [6,7];

parents : [1];

UNION(6,5)

Node {
id = 56
find = 6
name : f;
args : [6,7];
parents : [1;

Node {
id = 6
find = 6
name : Xx;
args : [J1;

parents : [5];

Node {
id = 6
find = 6
name : X;
args : [];

parents : [5,1];

FIND(5) now returns node 6

Efficient resolution of logical models
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CONGRUENT function

Returns true if the node in il and in i2 are congruent

procedure CONGRUENT(i1,i2)

nl = NODE(i1)

n2 = NODE(i2)

if nl.name # n2.name then
return False

else if len(nl.args) # len(n2.args) then
return False

else if len(nl.args) # len(n2.args) then
return Vi € {1,..., len(nl.args)}.

FIND(n1.args[i]) = FIND(n2.args[i])

2020-2021
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CONGRUENT example

n5 := { né := { nl := {
id = 6 id = 6 id = 1
find = 6 find = 6 find = 1
name : f; name : X; name : f;
args : [6,7]; args : [1; args : [5,7];
parents : [1]; parents : [5,1]; parents : [];

} } }

Execution of CONGRUENT(1,5)

- n1 = NODE(1)

- n5 = NODE(5)

- nl.name == == nb.name

A - len(nl.args) == len(n2.args)

- FIND(6) == 6 == FIND(5)
7

e e - FIND(7) == 7 == FIND(7)

So node 1 and 5 are congruent.
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MERGE function

Merge the congruent classes of the node il and node i2

procedure MERGE(i1,i2)
if FIND(i1) # FIND(i2) then

P1 = NODE(FIND(il)).parents

P2 = NODE(FIND(i2)).parents

UNION(i1, i2)

for t1,t2 € P x P, do

if FIND(t1) # FIND(t2) and CONGRUENT(t1,t2) then
MERGE(t1,t2)
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MERGE example

n5 := { n6 := { nl := {
id = 6 id = 6 id = 1
find = 5 find = 6 find = 1
name : f; name : X; name : f;
args : [6,7]; args : [1; args : [5,7];
parents : [1]; parents : [5]; parents : [1;
} } }

Execution of MERGE(5,6)
- FIND(5) != FIND(6)
- P1 = [1]
- P2 = [5]
- UNION(5,6) - example we saw earlier
- P1 x P2 = [(1,5)]
- FIND(1) != FIND(5)

- CONGRUENT(1,5)
=> So we recursively merge 1 and 5: MERGE(1,5)

=> 1,5,6 are in the same congruence class
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Revisiting the decision procedure using the union-find
algorithm

¢:=[s1=t1,...5m = tm, 7(Sm+1 = tmi1), ... 7(Sp = tn)]

@ Construct the DAG G

@ For all (s;, t;) € [1, m] call MERGE( s;, t;) — (in practice the id of s; and t;)
© If for any inequalities (s;, t;) € [m+ 1, n]:

» FIND(s;) = FIND(t;), then return unsatisfiable
@ Otherwise return satisfiable.
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Revisiting the decision procedure using the union-find
algorithm

¢ :=[s1="t1,...5Sm = tm, (Smt1 = tmt1), ... (sn = tn)]

© Construct the DAG G
@ For all (s;, t;) € [1, m] call MERGE( s;, t;) — (in practice the id of s; and t;)
@ If for any inequalities (s;, t;) € [m+ 1, n|:
> FIND(s;) = FIND(t;), then return unsatisfiable
@ Otherwise return satisfiable.
Properties:

@ The algorithm is sound and complete for quantifier-free conjunctive
> g-formulas.

o This algorithm runs in time O(e?) for O(n) merges
More efficient algorithms exists that run in O(elog e) for O(n) merges (e.g.,
see [Detlefs et al., 2005])
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To sum up

What did we see today?

@ We can decide the Tg-satisfiability of a conjunctive formula ¢ computing the
congruence closure:

» We use a graph (UNION/FIND data structures) to represent and merge
congruence classes
» We obtain the congruence classes from the equalities in ¢

» Once we ave the congruence classes, we check for inconsistencies with the
inequalities of ¢

@ The computation is efficient (there are some optimization that can run in
polynomial time (O(nlog n)))

Next week: how to decide consistency for the theory of linear arithmetic
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