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Course Outline

Main goals of the course:
@ Know the main principles behind logical agents in Al and System verification;
@ To be able to model decision problems using logical formulas;
@ Know the solving algorithms for SAT and SMT solvers.

Remarks:

@ consider unquantified logical formula

@ consider exhaustive semantic methods
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Intelligent agents
Examples

Mobile robot: Perception — Decision — Action
Software model agent: Belief — Desire — Intention

Architecture de contrdle
Perceptions

Décisions

Actions

Modeles internes

In this course

internal model is based on logical formula J
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Motivations

We are interested in

@ having an approach to automate the reasoning

in order to produce autonomous agent.

In particular, we will consider on knowledge-based agent. It is based on two

elements:

Inference engine

Knowledge base

~e=——— domain-independent algorithms

—~=———— domain-specific content

o Knowledge base (set of sentences in a formal language) i.e. what the agent

knows

@ Inference engine i.e. a capability to deduce new information
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Simple knowledge-based agent

function KB-AGENT( percept) returns an action
static: KB, a knowledge base
t, a counter, initially 0, indicating time

TELL(KB, MAKE-PERCEPT-SENTENCE( percept, t))
action < ASK(KB, MAKE-ACTION-QUERY(t))
TELL(KB, MAKE- ACTION-SENTENCE(action, t))
t—t+1

return action

The agent shall:
@ Represent states (symbolic representation of the world) and actions
@ Incorporate new perceptions
o Update internal representations of the world

@ Deduce appropriate actions

Propositional logic will help to perform all these actions
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Lecture 1: Propositional logic |

o Propositional logic
@ Syntax and Semantics
@ Satisfiability, Validity and Entailment
@ Normal forms
@ Tseitin's transform

@ Model checking
@ Theorem proving
@ Encoding
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Syntax of PL

The Backus-Naur Form (BNF) of the grammar PL is:
P:Z:T|J_|id|ﬁP|Pl/\PQ‘Pl\/P2|P1 - P2‘P1 — P,

We denote by PL the set of all well written PL formula.
Vocabulary

Atom is of two kinds

o truth symbols L, F, 0 (false) or T, T, 1 (true)
@ ident or propositional variables p, g, r, s, ...taken into a
countable set V

Literal is an atom « or its negation —«

Formula are made of atom associated to logical connectors:
- (negation), A (conjunction), V (disjunction), = (implication),
and <= (if and only if).
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Syntax of PL — 2

We define the relative precedence of the logical operators from highest to lowest
as follows

- N\,V, =, <

Moreover, = and <= are associative to the right, so

p=qg=r = p= (g =r)

Example

o F:(pAq = pV-q)=(pAq) = (pV(q)) J
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Semantics of PL

An interpretation / is a (partial) mapping from V to truth value {0,1} = B.

Example

I {p—=0;g—1r—1;...}

Definition

The semantics or the meaning of a PL formula F is its truth value with respect to
a given interpretation /

vy

We will denote by [-JpL the semantic function of PL formula, i.e.,

[[-]]pLipﬁ—)(V—)B)—)B
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Inductive definition of []pL

Following the structure of a PL formula F, the semantic function []p. is defined
as followed

o if F =1 then [F]pL(/) =0 for all /

if F =T then [F]pL(/) =1 for all /

if F=id eV then [F]pL(/) = I(id)

if F=-F then [F]pL(!) = not [F]pL(/)

if F=F1AFpthen [Flpc(!) = [F]ec(!) and [F2]lpL(/)

if F=FV F,then [Flp (1) = [F]ec(!) or [F2]lec(])

if F=F = Fthen [Flp(!) = [-F1 V F2leL(])

if F=F <= Fythen [Flp()=[(FA = FR)A(F2 = F)]eL())

Remark there is a difference between syntax and semantics notations.
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Semantics of Boolean operator

The semantics of PL formula is based on the semantics of Boolean operator. It is
given by the Truth Tables
p, g are propositional variables

plqg|notp|pandg|porg
00 1 0 0
0|1 1 0 1
111 0 1 1
110 0 0 1

And we use rules as

e p = qgq=-pVg
°op = qg=(p = q)A (g = p)
to define the Truth value of = and <—
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Example

Inputs:

o PL formula F:(p = q)Ap

o Interpretation / : {p+—1;q— 0}
Output: Truth value

[Flpc(!) = [(p = q) ApleL())
[(p = q)lec(!) and [p]pc(/)
[

(=pVq)pL(/) and 1

= ([=PleL(1) or [qlpL(1)) and 1
= (not [p]pL(/) or 0) and 1

= ((not 1) or 0) and 1
=(0or0)and1l

=0and1

=0
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Satisfiability, Validity

Definition: Satisfiability

A PL formula F is satisfiable iff 3/ such that [F]pL(/) = 1. F is unsatisfiable iff
V/, [[F]]pL(/) =0or ﬁ/, [[F]]PL(/) =1

y

Definition: Validity
F is valid or a theorem, iff VI, [FlpL(/) =1

A strong link between validity and satisfiability
F is valid iff —=F is unsatisfiable

Definition: Equivalence

F1 and F, are equivalent, ie., F; = F;
ift VI, [Fi]eL(!) = [Fa]ler()
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Entailment or Logical consequence
We denote by M(a) the set of all models of a i.e.
M(a) = {I - [alpL(1) = 1}
We can express logical consequence or entailment denoted by
aEb iff  M(a) C M(b)

In other words, a entails b iff b is true in all interpretations which make a true.

Example

In arithmetic, we have
x=0Fxy=0

For Knowledge-Based Agent

What we want is KB |= g (g is goal for a robot)

Alexandre Chapoutot and Sergio Mover (EN¢Decision Procedures for Artificial Intelligence’ 2022-2023 14 /36



Entailment as satisfiability

For any PL formula a and b, to show

aEb

we can

@ from a validity point of view
alEb iff (a = b)is valid
e from an unsatisfiability point of view (proof by contradiction)

alE b iff (aA-b)is unsatisfiable

We will see two simple procedures: model checking and resolution method.
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Vocabulary

A Clause

is a disjunction of literals, e.g.,

K=aVv-bVvcVvd

which is also denoted by K = {a, —b, ¢, d}

A cube

is a conjunction of literals, e.g.,
C=liNbAN---NL,

also denoted by C = {¢1,05,...,4,}
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Normal forms — NNF

Negative Normal Form (NNF)

Negation connectors only appear in front of literals and —, V, and A are the only
available connectors.

Construction rules:
o = fF~F, AT~ 1, —l~sT
~(F1V F2) ~ ~FL A=Fp
(A F)~—FV-F
L= FHL~-FRVFHK
Fi <= R~ (R = R)ANFR = F)
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Example of NNF transformation

Transformation of F : =(P = —(P A Q)) in NNF

) F’:ﬂ(—!P\/—\(P/\Q))
o F":==PA-=(PAQ)
o F" :PAPAQR

Hence F" is equivalent to F but in NNF
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Normal forms — DNF

Disjunctive normal form (DNF)

Disjunction of conjunctions of literals (or disjunction of cubes)

\/ ¢t forall literals  £;
i

Constructions rules:
@ Transform F into NNF
) (Fl V Fg) A F3 ~> (Fl AN F3) \Y (F2 AN F3)
e Fi A (F2 \Y F3) ~ (Fl A F2) V (Fl AN F3)
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Example of DNF transformation

Transformation of F : (Q1 V —==@2) A (-Ri = R) in DNF

o Fli(Q1VQ)A(RLV R:)
e F" . (Ql A (Rl V Rz)) Vv (Qg AN (Rl V Rz))
o F': (Ql A\ Rl) \Y (Ql A R2) V (Qz A Rl) V (Qz A Rz)

Hence F" is equivalent to F but in DNF
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Normal forms — CNF

Conjunctive normal form (CNF)

Conjunction of disjunctions of literals (or conjunction of clauses)

AV i forall literals  £;
i

Constructions rules:
@ Transform F into NNF
) (Fl A\ Fg) V F3 ~ (Fl \Y F3) N (F2 \Y F3)
e FLV (F2 N F3) ~ (Fl \Y F2) A (Fl \Y F3)
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Example of CNF transformation

Transformation of F : (Q1 A ==@2) V (-R1 = Rx) in CNF

o F': (Ql AN Qz)\/ (Rl vV Rz)
o F": (@ V(RLVR))A(QV (R V Ry))

Hence F” is equivalent to F but in CNF
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Normal form and Tseitin

Regular rules (de Morgan, etc.) to transform a PL formula in CNF can increase
the number of terms (exponentially).

Example
@ Input: a DNF formula
(i Ay1) V(e Ay2) V(3 Ays3)

the equivalent CNF is

aVxeVx3)AaVxaVys)A(xaVxsVy)A(xVys Vys)A
(X2\/X3\/y1)/\(X2\/y1 Vy3)/\(X3 \/y]_ \/yz)/\(yl\/yz \/y3)

v

Consequence

We need an other method to transform logical formula into CNF
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Equisatifiable formula

Tseitin transformation produces a CNF formula F’ from F which grows linearly
but it will be only equisatifiable, i.e., F is satisfiable iff F’ is satisfiable.

The idea is to add new variables:

o AA B = X and the CNF formula is produced
(FAV-BVX)A(AV-X)A(BV-X)
Derivation:
» X is true when A and B are true, X is false when either A or B is false
» So (X = (AAB))A(=X = (-AV—=B))
» (=XV(AAB)A(XV-AV-B)
o AV B = X and the CNF formula is produced
(AVBV-X)A(RAV X)A (=B V X)

Consequence

We have a linear growing formula in the number of operators but the number of
variables increases
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Example of Tseitin transformation

Transformation of F: (AA B)V C in CNF

@ AN B is transformed into
x1, (FAV =BV x1)) A(AV —x1) A (BV —x1)

and we have to treat x; V C

@ x; V C is transformed into

X2, (X1 v CV ﬁX2) N (—|X1 \Y XQ) A\ (—\C V XQ)/\
(_\A VBV Xl) AN (A V ﬂxl) A (B vV _|X1)

© and at the end, the CNF is

X2 N\ (X1 vV CV _\Xz) N (ﬂxl vV X2) A (_\C vV Xz)/\
(mAV =BV x1)A(AV —x1) A(BV —xq)
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Algorithm for Tseitin's transformation

This can be defined by a recursive function tseitin

tseitin(f) is defined by
e tseitin(p) = (p,0)
o tseitin(—f): let (p’, ¢’) = tseitin(f) then return (—p’, c’)
o tseitin(fy V f): let (p1, c1) = tseitin(f1), (p2, c2) = tseitin(fz) and p a new
literal then return p, (=pV p1 V p2) A (pV =p1) A (p|=p2) A ct A )
o tseitin(fi A f2): let (p1, c1) = tseitin(f1), (p2, c2) = tseitin(f) and p a new
literal then return (p,(pV =p1 V=p2) A (mpV p1) A(mpV p2) A A &)
e tseitin(fi = f): let (p1, c1) = tseitin(f), (p2, c2) = tseitin(fz) and p a
new literal then return (p, (-pV =p1 Vp2) A(pV p1) A(pV —p2) Aci A )
o tseitin(fh < £): let (p1,c1) = tseitin(f1), (p2, c2) = tseitin(f2) and p a new
literal then return
(P, (=pV =PV p2) A(=pV pLV—p2) A(PV p1V p2) A(PV —p1V —p2) At Acz)
The final CNF is given by

Let (/,c) = tseitin(f) then the CNFis ¢Ac
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How to assert validity/satisfiability

We want to prove « = 8
o Model checking

» Enumerate all the valuation of o and check if produce true value
» For entailment, check that all models of « is also a model for 8

@ Theorem proving

> Search for a sequence of proof steps goind from « to 3 (inference rule)
» For example, Modus ponens rule from P A (P = Q) we can infer Q
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A simple decision procedure

Based on Truth Table a simple algorithm to decide if a PL formula F is satisfiable
can be given.

let rec sat f =
if f =T then true
else if f = 1L then false

else
let p = choose(vars(f)) in
(sat f{p—T}) or (sat f{p— L})

See Lecture 2 for an improved algorithm (CDCL)
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Resolution method

We can see this method as a generalization of the modus ponens rule.

A refutation method
To prove a formula F, we refute —F that is —F is unsatisfiable. J
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Resolution method — rules

Let two clauses

C= {X,fl,...,gn}
C={z0,. .. 0}

From resolution principle, the clause C A C’ is equi-satifiable of
R={l,....00,0,....00}

R is named the resolvent of C and C’ in regards of x

Remark C and C’ cannot be true in the same time because of x. The
satisfiability of C A C’ depends on the truth value of other variables.
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Resolution method — rules cont’

Definition: Fusion

{815615627 ©o0o 7£n}
is equi-satifiable to
{l1,02,...,0,}

Definition: Tautology

{217 €17£27 S 7£n}
is equi-satifiable to {T}

Definition: Subsomption

(Cvc)ync

is equi-satifiable to C
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Examples

Modus ponens
{=P,Q} AP
Q

General rules
{=S,-P,Q,R} N{Q,P, T}
{ﬂ57 Qa R7 T}

A small refutation proof
{=P,=Q, R}AN{=R} AN {=P, Q} AN{P}
{=P,-Q} A {-P,Q} AN {P}
{=P} A {P}
{}
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Unsatisfiability proof with resolution method

Resolution method can be used to eliminate variable one at a time.

The principle is the following: repeat
@ Choose a variable x
o Compute resolvent for each couple of clauses {x, A} and {x, B}
@ Remove all clauses containing x or X

If the empty clause is found then the formula is UNSAT otherwise the formula is
SAT.

The resolution method is complete and correct, i.e. it is a decision procedure.
But very bad complexity on high dimensional problem, algorithm spends a lot of
time to choose variables to compute resolvent
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What is an encoding?

@ SAT solvers only consider CNF propositional formulas as input

@ To solve combinatorial problems with SAT solvers, constraints have to be
represented in this language

@ An encoding of a problem P (i.e. a set of constraints) into a propositional
formula F that expresses P,
so that there is a bijection solutions to P and models of F
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The n-Queens problem. n =2

Let P;; the proposition which is true when a queen is at column i and row j on
the chess board.

We consider simplest problem of 2 queens on a board of dimension 2 x 2.
Stating the constraints:

@ Only one queen per column
C = (P1,1 xor P12) A (P21 xor Pp5)

=(PiaVPi2) NP1V P12) A(Pa1V Pa2) A(=Pap V —Pap)
@ Only one queen per row

C = (Pl,l Xor P2’1) A\ (P172 Xor P2’2)

(P11VPai)AN(=P11V —=P21)A(P12V Pap) A(=P12V —P22)
@ Only one queen per diagonal

C = (P11 x0or Pao) A (P1p xor P 1)
= (P171 vV P2,2) A (—'P171 \ _‘PQ,Q) A (PLQ vV P2,1) A (—|P172 V —\P271)

Solution of the problem
A valuation of variables which makes C A R A D true. J
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Problem solving with Propositional Logic

Design/Prove flow

Problem — PL formula — CNF — Inference engine — Yes/No

Encoding

Is a complete problem and many techniques have been developped
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