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How can we find the differential invariant?
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<latexit sha1_base64="b1iLNKisLQnhcnv+PGEli3pQmxY=">AAACJ3icbVBdS8MwFE39nPNr6qMvwSEIwkhFUEFx6IuPE5wbrGWkabqFpWlJUrGU/Rxf/Cu+iKjoo//ErOvD3LwQOPecc5Ob48WcKY3QtzU3v7C4tFxaKa+urW9sVra271WUSEKbJOKRbHtYUc4EbWqmOW3HkuLQ47TlDa5HeuuBSsUicafTmLoh7gkWMIK1obqVSwTP4SN0OBY+zJz8wkxSfwgRvIDpsFDGrkNoT/TpqO9WqqiG8oKzwC5AFRTV6FbeHD8iSUiFJhwr1bFRrN0MS80Ip8OykygaYzLAPdoxUOCQKjfL9xrCfcP4MIikOULDnJ2cyHCoVBp6xhli3VfT2oj8T+skOjh1MybiRFNBxg8FCYc6gqPUoM8kJZqnBmAimdkVkj6WmGiTbdmEYE9/eRY0j2pnNXR7XK1fFWmUwC7YAwfABiegDm5AAzQBAU/gBbyDD+vZerU+ra+xdc4qZnbAn7J+fgEW+aE2</latexit><latexit sha1_base64="b1iLNKisLQnhcnv+PGEli3pQmxY=">AAACJ3icbVBdS8MwFE39nPNr6qMvwSEIwkhFUEFx6IuPE5wbrGWkabqFpWlJUrGU/Rxf/Cu+iKjoo//ErOvD3LwQOPecc5Ob48WcKY3QtzU3v7C4tFxaKa+urW9sVra271WUSEKbJOKRbHtYUc4EbWqmOW3HkuLQ47TlDa5HeuuBSsUicafTmLoh7gkWMIK1obqVSwTP4SN0OBY+zJz8wkxSfwgRvIDpsFDGrkNoT/TpqO9WqqiG8oKzwC5AFRTV6FbeHD8iSUiFJhwr1bFRrN0MS80Ip8OykygaYzLAPdoxUOCQKjfL9xrCfcP4MIikOULDnJ2cyHCoVBp6xhli3VfT2oj8T+skOjh1MybiRFNBxg8FCYc6gqPUoM8kJZqnBmAimdkVkj6WmGiTbdmEYE9/eRY0j2pnNXR7XK1fFWmUwC7YAwfABiegDm5AAzQBAU/gBbyDD+vZerU+ra+xdc4qZnbAn7J+fgEW+aE2</latexit><latexit sha1_base64="b1iLNKisLQnhcnv+PGEli3pQmxY=">AAACJ3icbVBdS8MwFE39nPNr6qMvwSEIwkhFUEFx6IuPE5wbrGWkabqFpWlJUrGU/Rxf/Cu+iKjoo//ErOvD3LwQOPecc5Ob48WcKY3QtzU3v7C4tFxaKa+urW9sVra271WUSEKbJOKRbHtYUc4EbWqmOW3HkuLQ47TlDa5HeuuBSsUicafTmLoh7gkWMIK1obqVSwTP4SN0OBY+zJz8wkxSfwgRvIDpsFDGrkNoT/TpqO9WqqiG8oKzwC5AFRTV6FbeHD8iSUiFJhwr1bFRrN0MS80Ip8OykygaYzLAPdoxUOCQKjfL9xrCfcP4MIikOULDnJ2cyHCoVBp6xhli3VfT2oj8T+skOjh1MybiRFNBxg8FCYc6gqPUoM8kJZqnBmAimdkVkj6WmGiTbdmEYE9/eRY0j2pnNXR7XK1fFWmUwC7YAwfABiegDm5AAzQBAU/gBbyDD+vZerU+ra+xdc4qZnbAn7J+fgEW+aE2</latexit>
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3A
<latexit sha1_base64="F4m/h0FL8AmA5gnZLTGgYTIIsbk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUUG9VLx4rGltoY9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x+3HQ6oOBx3szzMwLUykMuu6XU1hYXFpeKa6W1tY3NrfK2zv3Jsk04z5LZKKbITVcCsV9FCh5M9WcxqHkjXBwNfYbj1wbkag7HKY8iGlPiUgwila6PX646JQrbtWdgPwl3oxUYIZ6p/zZ7iYsi7lCJqkxLc9NMcipRsEkH5XameEpZQPa4y1LFY25CfLJqSNyYJUuiRJtSyGZqD8nchobM4xD2xlT7Jt5byz+57UyjM6CXKg0Q67YdFGUSYIJGf9NukJzhnJoCWVa2FsJ61NNGdp0SjYEb/7lv8Q/qp5X3ZuTSu1ylkYR9mAfDsGDU6jBNdTBBwY9eIIXeHWk8+y8Oe/T1oIzm9mFX3A+vgEm9o09</latexit><latexit sha1_base64="F4m/h0FL8AmA5gnZLTGgYTIIsbk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUUG9VLx4rGltoY9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x+3HQ6oOBx3szzMwLUykMuu6XU1hYXFpeKa6W1tY3NrfK2zv3Jsk04z5LZKKbITVcCsV9FCh5M9WcxqHkjXBwNfYbj1wbkag7HKY8iGlPiUgwila6PX646JQrbtWdgPwl3oxUYIZ6p/zZ7iYsi7lCJqkxLc9NMcipRsEkH5XameEpZQPa4y1LFY25CfLJqSNyYJUuiRJtSyGZqD8nchobM4xD2xlT7Jt5byz+57UyjM6CXKg0Q67YdFGUSYIJGf9NukJzhnJoCWVa2FsJ61NNGdp0SjYEb/7lv8Q/qp5X3ZuTSu1ylkYR9mAfDsGDU6jBNdTBBwY9eIIXeHWk8+y8Oe/T1oIzm9mFX3A+vgEm9o09</latexit><latexit sha1_base64="F4m/h0FL8AmA5gnZLTGgYTIIsbk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUUG9VLx4rGltoY9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x+3HQ6oOBx3szzMwLUykMuu6XU1hYXFpeKa6W1tY3NrfK2zv3Jsk04z5LZKKbITVcCsV9FCh5M9WcxqHkjXBwNfYbj1wbkag7HKY8iGlPiUgwila6PX646JQrbtWdgPwl3oxUYIZ6p/zZ7iYsi7lCJqkxLc9NMcipRsEkH5XameEpZQPa4y1LFY25CfLJqSNyYJUuiRJtSyGZqD8nchobM4xD2xlT7Jt5byz+57UyjM6CXKg0Q67YdFGUSYIJGf9NukJzhnJoCWVa2FsJ61NNGdp0SjYEb/7lv8Q/qp5X3ZuTSu1ylkYR9mAfDsGDU6jBNdTBBwY9eIIXeHWk8+y8Oe/T1oIzm9mFX3A+vgEm9o09</latexit>
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Decomposing the state space: Semialgebraic Decomposition

 3Sogokon, Ghorbal, Jackson, Platzer, VMCAI 2016

A = {x, y, x+ 1, y + 1}
<latexit sha1_base64="2M4jhW4zmOe6QdkZzAqWCbNXZu0=">AAAB/XicbVBNS8NAEN3Ur1q/ouLJy2JRhJaSiKAehKoXjxWMLTShbLabdulmE3Y30hAK/hUvHlS8+j+8+W/ctjlo64OBx3szzMzzY0alsqxvo7CwuLS8Ulwtra1vbG6Z2zsPMkoEJg6OWCRaPpKEUU4cRRUjrVgQFPqMNP3BzdhvPhIhacTvVRoTL0Q9TgOKkdJSx9w7uoKX0M2G1bQ6rNhVmFZsd9Qxy1bNmgDOEzsnZZCj0TG/3G6Ek5BwhRmSsm1bsfIyJBTFjIxKbiJJjPAA9UhbU45CIr1scv4IHmqlC4NI6OIKTtTfExkKpUxDX3eGSPXlrDcW//PaiQrOvYzyOFGE4+miIGFQRXCcBexSQbBiqSYIC6pvhbiPBMJKJ1bSIdizL88T56R2UbPuTsv16zyNItgHB+AY2OAM1MEtaAAHYJCBZ/AK3own48V4Nz6mrQUjn9kFf2B8/gD+g5Mi</latexit><latexit sha1_base64="2M4jhW4zmOe6QdkZzAqWCbNXZu0=">AAAB/XicbVBNS8NAEN3Ur1q/ouLJy2JRhJaSiKAehKoXjxWMLTShbLabdulmE3Y30hAK/hUvHlS8+j+8+W/ctjlo64OBx3szzMzzY0alsqxvo7CwuLS8Ulwtra1vbG6Z2zsPMkoEJg6OWCRaPpKEUU4cRRUjrVgQFPqMNP3BzdhvPhIhacTvVRoTL0Q9TgOKkdJSx9w7uoKX0M2G1bQ6rNhVmFZsd9Qxy1bNmgDOEzsnZZCj0TG/3G6Ek5BwhRmSsm1bsfIyJBTFjIxKbiJJjPAA9UhbU45CIr1scv4IHmqlC4NI6OIKTtTfExkKpUxDX3eGSPXlrDcW//PaiQrOvYzyOFGE4+miIGFQRXCcBexSQbBiqSYIC6pvhbiPBMJKJ1bSIdizL88T56R2UbPuTsv16zyNItgHB+AY2OAM1MEtaAAHYJCBZ/AK3own48V4Nz6mrQUjn9kFf2B8/gD+g5Mi</latexit><latexit sha1_base64="2M4jhW4zmOe6QdkZzAqWCbNXZu0=">AAAB/XicbVBNS8NAEN3Ur1q/ouLJy2JRhJaSiKAehKoXjxWMLTShbLabdulmE3Y30hAK/hUvHlS8+j+8+W/ctjlo64OBx3szzMzzY0alsqxvo7CwuLS8Ulwtra1vbG6Z2zsPMkoEJg6OWCRaPpKEUU4cRRUjrVgQFPqMNP3BzdhvPhIhacTvVRoTL0Q9TgOKkdJSx9w7uoKX0M2G1bQ6rNhVmFZsd9Qxy1bNmgDOEzsnZZCj0TG/3G6Ek5BwhRmSsm1bsfIyJBTFjIxKbiJJjPAA9UhbU45CIr1scv4IHmqlC4NI6OIKTtTfExkKpUxDX3eGSPXlrDcW//PaiQrOvYzyOFGE4+miIGFQRXCcBexSQbBiqSYIC6pvhbiPBMJKJ1bSIdizL88T56R2UbPuTsv16zyNItgHB+AY2OAM1MEtaAAHYJCBZ/AK3own48V4Nz6mrQUjn9kFf2B8/gD+g5Mi</latexit>

0 < x ^ 0 < y ^ 0 < x+ 1 ^ 0 < y + 1
<latexit sha1_base64="sN6FVTxhJG+028cUIelKug9QyAk=">AAACGXicbZDLSgMxFIbPeK31NurSTbAIglBmRFDBRdGNywrWFtqhZDKZNjSTGZKMdCh9Dje+ihsXKi515duYtrPoxQOBL/9/Dsn5/YQzpR3n11paXlldWy9sFDe3tnd27b39RxWnktAaiXksGz5WlDNBa5ppThuJpDjyOa37vduRX3+iUrFYPOgsoV6EO4KFjGBtpLbtOuga9VGLYxGgEWdT3EenyJ3xzL1tl5yyMy60CG4OJcir2ra/W0FM0ogKTThWquk6ifYGWGpGOB0WW6miCSY93KFNgwJHVHmD8WpDdGyUAIWxNEdoNFanJwY4UiqLfNMZYd1V895I/M9rpjq89AZMJKmmgkweClOOdIxGOaGASUo0zwxgIpn5KyJdLDHRJs2iCcGdX3kRamflq7Jzf16q3ORpFOAQjuAEXLiACtxBFWpA4Ble4R0+rBfrzfq0viatS1Y+cwAzZf38ASQ5muM=</latexit><latexit sha1_base64="sN6FVTxhJG+028cUIelKug9QyAk=">AAACGXicbZDLSgMxFIbPeK31NurSTbAIglBmRFDBRdGNywrWFtqhZDKZNjSTGZKMdCh9Dje+ihsXKi515duYtrPoxQOBL/9/Dsn5/YQzpR3n11paXlldWy9sFDe3tnd27b39RxWnktAaiXksGz5WlDNBa5ppThuJpDjyOa37vduRX3+iUrFYPOgsoV6EO4KFjGBtpLbtOuga9VGLYxGgEWdT3EenyJ3xzL1tl5yyMy60CG4OJcir2ra/W0FM0ogKTThWquk6ifYGWGpGOB0WW6miCSY93KFNgwJHVHmD8WpDdGyUAIWxNEdoNFanJwY4UiqLfNMZYd1V895I/M9rpjq89AZMJKmmgkweClOOdIxGOaGASUo0zwxgIpn5KyJdLDHRJs2iCcGdX3kRamflq7Jzf16q3ORpFOAQjuAEXLiACtxBFWpA4Ble4R0+rBfrzfq0viatS1Y+cwAzZf38ASQ5muM=</latexit><latexit sha1_base64="sN6FVTxhJG+028cUIelKug9QyAk=">AAACGXicbZDLSgMxFIbPeK31NurSTbAIglBmRFDBRdGNywrWFtqhZDKZNjSTGZKMdCh9Dje+ihsXKi515duYtrPoxQOBL/9/Dsn5/YQzpR3n11paXlldWy9sFDe3tnd27b39RxWnktAaiXksGz5WlDNBa5ppThuJpDjyOa37vduRX3+iUrFYPOgsoV6EO4KFjGBtpLbtOuga9VGLYxGgEWdT3EenyJ3xzL1tl5yyMy60CG4OJcir2ra/W0FM0ogKTThWquk6ifYGWGpGOB0WW6miCSY93KFNgwJHVHmD8WpDdGyUAIWxNEdoNFanJwY4UiqLfNMZYd1V895I/M9rpjq89AZMJKmmgkweClOOdIxGOaGASUo0zwxgIpn5KyJdLDHRJs2iCcGdX3kRamflq7Jzf16q3ORpFOAQjuAEXLiACtxBFWpA4Ble4R0+rBfrzfq0viatS1Y+cwAzZf38ASQ5muM=</latexit>

Polynomials for the 
abstraction

Check the existence of a 
transition between 

abstract states

0 < x ^ 0 = y ^ 0 < x+ 1 ^ 0 < y + 1
<latexit sha1_base64="b1iLNKisLQnhcnv+PGEli3pQmxY=">AAACJ3icbVBdS8MwFE39nPNr6qMvwSEIwkhFUEFx6IuPE5wbrGWkabqFpWlJUrGU/Rxf/Cu+iKjoo//ErOvD3LwQOPecc5Ob48WcKY3QtzU3v7C4tFxaKa+urW9sVra271WUSEKbJOKRbHtYUc4EbWqmOW3HkuLQ47TlDa5HeuuBSsUicafTmLoh7gkWMIK1obqVSwTP4SN0OBY+zJz8wkxSfwgRvIDpsFDGrkNoT/TpqO9WqqiG8oKzwC5AFRTV6FbeHD8iSUiFJhwr1bFRrN0MS80Ip8OykygaYzLAPdoxUOCQKjfL9xrCfcP4MIikOULDnJ2cyHCoVBp6xhli3VfT2oj8T+skOjh1MybiRFNBxg8FCYc6gqPUoM8kJZqnBmAimdkVkj6WmGiTbdmEYE9/eRY0j2pnNXR7XK1fFWmUwC7YAwfABiegDm5AAzQBAU/gBbyDD+vZerU+ra+xdc4qZnbAn7J+fgEW+aE2</latexit><latexit sha1_base64="b1iLNKisLQnhcnv+PGEli3pQmxY=">AAACJ3icbVBdS8MwFE39nPNr6qMvwSEIwkhFUEFx6IuPE5wbrGWkabqFpWlJUrGU/Rxf/Cu+iKjoo//ErOvD3LwQOPecc5Ob48WcKY3QtzU3v7C4tFxaKa+urW9sVra271WUSEKbJOKRbHtYUc4EbWqmOW3HkuLQ47TlDa5HeuuBSsUicafTmLoh7gkWMIK1obqVSwTP4SN0OBY+zJz8wkxSfwgRvIDpsFDGrkNoT/TpqO9WqqiG8oKzwC5AFRTV6FbeHD8iSUiFJhwr1bFRrN0MS80Ip8OykygaYzLAPdoxUOCQKjfL9xrCfcP4MIikOULDnJ2cyHCoVBp6xhli3VfT2oj8T+skOjh1MybiRFNBxg8FCYc6gqPUoM8kJZqnBmAimdkVkj6WmGiTbdmEYE9/eRY0j2pnNXR7XK1fFWmUwC7YAwfABiegDm5AAzQBAU/gBbyDD+vZerU+ra+xdc4qZnbAn7J+fgEW+aE2</latexit><latexit sha1_base64="b1iLNKisLQnhcnv+PGEli3pQmxY=">AAACJ3icbVBdS8MwFE39nPNr6qMvwSEIwkhFUEFx6IuPE5wbrGWkabqFpWlJUrGU/Rxf/Cu+iKjoo//ErOvD3LwQOPecc5Ob48WcKY3QtzU3v7C4tFxaKa+urW9sVra271WUSEKbJOKRbHtYUc4EbWqmOW3HkuLQ47TlDa5HeuuBSsUicafTmLoh7gkWMIK1obqVSwTP4SN0OBY+zJz8wkxSfwgRvIDpsFDGrkNoT/TpqO9WqqiG8oKzwC5AFRTV6FbeHD8iSUiFJhwr1bFRrN0MS80Ip8OykygaYzLAPdoxUOCQKjfL9xrCfcP4MIikOULDnJ2cyHCoVBp6xhli3VfT2oj8T+skOjh1MybiRFNBxg8FCYc6gqPUoM8kJZqnBmAimdkVkj6WmGiTbdmEYE9/eRY0j2pnNXR7XK1fFWmUwC7YAwfABiegDm5AAzQBAU/gBbyDD+vZerU+ra+xdc4qZnbAn7J+fgEW+aE2</latexit>

Abstract state



3A
<latexit sha1_base64="F4m/h0FL8AmA5gnZLTGgYTIIsbk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUUG9VLx4rGltoY9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x+3HQ6oOBx3szzMwLUykMuu6XU1hYXFpeKa6W1tY3NrfK2zv3Jsk04z5LZKKbITVcCsV9FCh5M9WcxqHkjXBwNfYbj1wbkag7HKY8iGlPiUgwila6PX646JQrbtWdgPwl3oxUYIZ6p/zZ7iYsi7lCJqkxLc9NMcipRsEkH5XameEpZQPa4y1LFY25CfLJqSNyYJUuiRJtSyGZqD8nchobM4xD2xlT7Jt5byz+57UyjM6CXKg0Q67YdFGUSYIJGf9NukJzhnJoCWVa2FsJ61NNGdp0SjYEb/7lv8Q/qp5X3ZuTSu1ylkYR9mAfDsGDU6jBNdTBBwY9eIIXeHWk8+y8Oe/T1oIzm9mFX3A+vgEm9o09</latexit><latexit sha1_base64="F4m/h0FL8AmA5gnZLTGgYTIIsbk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUUG9VLx4rGltoY9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x+3HQ6oOBx3szzMwLUykMuu6XU1hYXFpeKa6W1tY3NrfK2zv3Jsk04z5LZKKbITVcCsV9FCh5M9WcxqHkjXBwNfYbj1wbkag7HKY8iGlPiUgwila6PX646JQrbtWdgPwl3oxUYIZ6p/zZ7iYsi7lCJqkxLc9NMcipRsEkH5XameEpZQPa4y1LFY25CfLJqSNyYJUuiRJtSyGZqD8nchobM4xD2xlT7Jt5byz+57UyjM6CXKg0Q67YdFGUSYIJGf9NukJzhnJoCWVa2FsJ61NNGdp0SjYEb/7lv8Q/qp5X3ZuTSu1ylkYR9mAfDsGDU6jBNdTBBwY9eIIXeHWk8+y8Oe/T1oIzm9mFX3A+vgEm9o09</latexit><latexit sha1_base64="F4m/h0FL8AmA5gnZLTGgYTIIsbk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUUG9VLx4rGltoY9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x+3HQ6oOBx3szzMwLUykMuu6XU1hYXFpeKa6W1tY3NrfK2zv3Jsk04z5LZKKbITVcCsV9FCh5M9WcxqHkjXBwNfYbj1wbkag7HKY8iGlPiUgwila6PX646JQrbtWdgPwl3oxUYIZ6p/zZ7iYsi7lCJqkxLc9NMcipRsEkH5XameEpZQPa4y1LFY25CfLJqSNyYJUuiRJtSyGZqD8nchobM4xD2xlT7Jt5byz+57UyjM6CXKg0Q67YdFGUSYIJGf9NukJzhnJoCWVa2FsJ61NNGdp0SjYEb/7lv8Q/qp5X3ZuTSu1ylkYR9mAfDsGDU6jBNdTBBwY9eIIXeHWk8+y8Oe/T1oIzm9mFX3A+vgEm9o09</latexit>

abstract states…Defines

Decomposing the state space: Semialgebraic Decomposition

 3Sogokon, Ghorbal, Jackson, Platzer, VMCAI 2016

This is a predicate abstraction

A = {x, y, x+ 1, y + 1}
<latexit sha1_base64="2M4jhW4zmOe6QdkZzAqWCbNXZu0=">AAAB/XicbVBNS8NAEN3Ur1q/ouLJy2JRhJaSiKAehKoXjxWMLTShbLabdulmE3Y30hAK/hUvHlS8+j+8+W/ctjlo64OBx3szzMzzY0alsqxvo7CwuLS8Ulwtra1vbG6Z2zsPMkoEJg6OWCRaPpKEUU4cRRUjrVgQFPqMNP3BzdhvPhIhacTvVRoTL0Q9TgOKkdJSx9w7uoKX0M2G1bQ6rNhVmFZsd9Qxy1bNmgDOEzsnZZCj0TG/3G6Ek5BwhRmSsm1bsfIyJBTFjIxKbiJJjPAA9UhbU45CIr1scv4IHmqlC4NI6OIKTtTfExkKpUxDX3eGSPXlrDcW//PaiQrOvYzyOFGE4+miIGFQRXCcBexSQbBiqSYIC6pvhbiPBMJKJ1bSIdizL88T56R2UbPuTsv16zyNItgHB+AY2OAM1MEtaAAHYJCBZ/AK3own48V4Nz6mrQUjn9kFf2B8/gD+g5Mi</latexit><latexit sha1_base64="2M4jhW4zmOe6QdkZzAqWCbNXZu0=">AAAB/XicbVBNS8NAEN3Ur1q/ouLJy2JRhJaSiKAehKoXjxWMLTShbLabdulmE3Y30hAK/hUvHlS8+j+8+W/ctjlo64OBx3szzMzzY0alsqxvo7CwuLS8Ulwtra1vbG6Z2zsPMkoEJg6OWCRaPpKEUU4cRRUjrVgQFPqMNP3BzdhvPhIhacTvVRoTL0Q9TgOKkdJSx9w7uoKX0M2G1bQ6rNhVmFZsd9Qxy1bNmgDOEzsnZZCj0TG/3G6Ek5BwhRmSsm1bsfIyJBTFjIxKbiJJjPAA9UhbU45CIr1scv4IHmqlC4NI6OIKTtTfExkKpUxDX3eGSPXlrDcW//PaiQrOvYzyOFGE4+miIGFQRXCcBexSQbBiqSYIC6pvhbiPBMJKJ1bSIdizL88T56R2UbPuTsv16zyNItgHB+AY2OAM1MEtaAAHYJCBZ/AK3own48V4Nz6mrQUjn9kFf2B8/gD+g5Mi</latexit><latexit sha1_base64="2M4jhW4zmOe6QdkZzAqWCbNXZu0=">AAAB/XicbVBNS8NAEN3Ur1q/ouLJy2JRhJaSiKAehKoXjxWMLTShbLabdulmE3Y30hAK/hUvHlS8+j+8+W/ctjlo64OBx3szzMzzY0alsqxvo7CwuLS8Ulwtra1vbG6Z2zsPMkoEJg6OWCRaPpKEUU4cRRUjrVgQFPqMNP3BzdhvPhIhacTvVRoTL0Q9TgOKkdJSx9w7uoKX0M2G1bQ6rNhVmFZsd9Qxy1bNmgDOEzsnZZCj0TG/3G6Ek5BwhRmSsm1bsfIyJBTFjIxKbiJJjPAA9UhbU45CIr1scv4IHmqlC4NI6OIKTtTfExkKpUxDX3eGSPXlrDcW//PaiQrOvYzyOFGE4+miIGFQRXCcBexSQbBiqSYIC6pvhbiPBMJKJ1bSIdizL88T56R2UbPuTsv16zyNItgHB+AY2OAM1MEtaAAHYJCBZ/AK3own48V4Nz6mrQUjn9kFf2B8/gD+g5Mi</latexit>

0 < x ^ 0 < y ^ 0 < x+ 1 ^ 0 < y + 1
<latexit sha1_base64="sN6FVTxhJG+028cUIelKug9QyAk=">AAACGXicbZDLSgMxFIbPeK31NurSTbAIglBmRFDBRdGNywrWFtqhZDKZNjSTGZKMdCh9Dje+ihsXKi515duYtrPoxQOBL/9/Dsn5/YQzpR3n11paXlldWy9sFDe3tnd27b39RxWnktAaiXksGz5WlDNBa5ppThuJpDjyOa37vduRX3+iUrFYPOgsoV6EO4KFjGBtpLbtOuga9VGLYxGgEWdT3EenyJ3xzL1tl5yyMy60CG4OJcir2ra/W0FM0ogKTThWquk6ifYGWGpGOB0WW6miCSY93KFNgwJHVHmD8WpDdGyUAIWxNEdoNFanJwY4UiqLfNMZYd1V895I/M9rpjq89AZMJKmmgkweClOOdIxGOaGASUo0zwxgIpn5KyJdLDHRJs2iCcGdX3kRamflq7Jzf16q3ORpFOAQjuAEXLiACtxBFWpA4Ble4R0+rBfrzfq0viatS1Y+cwAzZf38ASQ5muM=</latexit><latexit sha1_base64="sN6FVTxhJG+028cUIelKug9QyAk=">AAACGXicbZDLSgMxFIbPeK31NurSTbAIglBmRFDBRdGNywrWFtqhZDKZNjSTGZKMdCh9Dje+ihsXKi515duYtrPoxQOBL/9/Dsn5/YQzpR3n11paXlldWy9sFDe3tnd27b39RxWnktAaiXksGz5WlDNBa5ppThuJpDjyOa37vduRX3+iUrFYPOgsoV6EO4KFjGBtpLbtOuga9VGLYxGgEWdT3EenyJ3xzL1tl5yyMy60CG4OJcir2ra/W0FM0ogKTThWquk6ifYGWGpGOB0WW6miCSY93KFNgwJHVHmD8WpDdGyUAIWxNEdoNFanJwY4UiqLfNMZYd1V895I/M9rpjq89AZMJKmmgkweClOOdIxGOaGASUo0zwxgIpn5KyJdLDHRJs2iCcGdX3kRamflq7Jzf16q3ORpFOAQjuAEXLiACtxBFWpA4Ble4R0+rBfrzfq0viatS1Y+cwAzZf38ASQ5muM=</latexit><latexit sha1_base64="sN6FVTxhJG+028cUIelKug9QyAk=">AAACGXicbZDLSgMxFIbPeK31NurSTbAIglBmRFDBRdGNywrWFtqhZDKZNjSTGZKMdCh9Dje+ihsXKi515duYtrPoxQOBL/9/Dsn5/YQzpR3n11paXlldWy9sFDe3tnd27b39RxWnktAaiXksGz5WlDNBa5ppThuJpDjyOa37vduRX3+iUrFYPOgsoV6EO4KFjGBtpLbtOuga9VGLYxGgEWdT3EenyJ3xzL1tl5yyMy60CG4OJcir2ra/W0FM0ogKTThWquk6ifYGWGpGOB0WW6miCSY93KFNgwJHVHmD8WpDdGyUAIWxNEdoNFanJwY4UiqLfNMZYd1V895I/M9rpjq89AZMJKmmgkweClOOdIxGOaGASUo0zwxgIpn5KyJdLDHRJs2iCcGdX3kRamflq7Jzf16q3ORpFOAQjuAEXLiACtxBFWpA4Ble4R0+rBfrzfq0viatS1Y+cwAzZf38ASQ5muM=</latexit>

Polynomials for the 
abstraction

Check the existence of a 
transition between 

abstract states

0 < x ^ 0 = y ^ 0 < x+ 1 ^ 0 < y + 1
<latexit sha1_base64="b1iLNKisLQnhcnv+PGEli3pQmxY=">AAACJ3icbVBdS8MwFE39nPNr6qMvwSEIwkhFUEFx6IuPE5wbrGWkabqFpWlJUrGU/Rxf/Cu+iKjoo//ErOvD3LwQOPecc5Ob48WcKY3QtzU3v7C4tFxaKa+urW9sVra271WUSEKbJOKRbHtYUc4EbWqmOW3HkuLQ47TlDa5HeuuBSsUicafTmLoh7gkWMIK1obqVSwTP4SN0OBY+zJz8wkxSfwgRvIDpsFDGrkNoT/TpqO9WqqiG8oKzwC5AFRTV6FbeHD8iSUiFJhwr1bFRrN0MS80Ip8OykygaYzLAPdoxUOCQKjfL9xrCfcP4MIikOULDnJ2cyHCoVBp6xhli3VfT2oj8T+skOjh1MybiRFNBxg8FCYc6gqPUoM8kJZqnBmAimdkVkj6WmGiTbdmEYE9/eRY0j2pnNXR7XK1fFWmUwC7YAwfABiegDm5AAzQBAU/gBbyDD+vZerU+ra+xdc4qZnbAn7J+fgEW+aE2</latexit><latexit sha1_base64="b1iLNKisLQnhcnv+PGEli3pQmxY=">AAACJ3icbVBdS8MwFE39nPNr6qMvwSEIwkhFUEFx6IuPE5wbrGWkabqFpWlJUrGU/Rxf/Cu+iKjoo//ErOvD3LwQOPecc5Ob48WcKY3QtzU3v7C4tFxaKa+urW9sVra271WUSEKbJOKRbHtYUc4EbWqmOW3HkuLQ47TlDa5HeuuBSsUicafTmLoh7gkWMIK1obqVSwTP4SN0OBY+zJz8wkxSfwgRvIDpsFDGrkNoT/TpqO9WqqiG8oKzwC5AFRTV6FbeHD8iSUiFJhwr1bFRrN0MS80Ip8OykygaYzLAPdoxUOCQKjfL9xrCfcP4MIikOULDnJ2cyHCoVBp6xhli3VfT2oj8T+skOjh1MybiRFNBxg8FCYc6gqPUoM8kJZqnBmAimdkVkj6WmGiTbdmEYE9/eRY0j2pnNXR7XK1fFWmUwC7YAwfABiegDm5AAzQBAU/gBbyDD+vZerU+ra+xdc4qZnbAn7J+fgEW+aE2</latexit><latexit sha1_base64="b1iLNKisLQnhcnv+PGEli3pQmxY=">AAACJ3icbVBdS8MwFE39nPNr6qMvwSEIwkhFUEFx6IuPE5wbrGWkabqFpWlJUrGU/Rxf/Cu+iKjoo//ErOvD3LwQOPecc5Ob48WcKY3QtzU3v7C4tFxaKa+urW9sVra271WUSEKbJOKRbHtYUc4EbWqmOW3HkuLQ47TlDa5HeuuBSsUicafTmLoh7gkWMIK1obqVSwTP4SN0OBY+zJz8wkxSfwgRvIDpsFDGrkNoT/TpqO9WqqiG8oKzwC5AFRTV6FbeHD8iSUiFJhwr1bFRrN0MS80Ip8OykygaYzLAPdoxUOCQKjfL9xrCfcP4MIikOULDnJ2cyHCoVBp6xhli3VfT2oj8T+skOjh1MybiRFNBxg8FCYc6gqPUoM8kJZqnBmAimdkVkj6WmGiTbdmEYE9/eRY0j2pnNXR7XK1fFWmUwC7YAwfABiegDm5AAzQBAU/gBbyDD+vZerU+ra+xdc4qZnbAn7J+fgEW+aE2</latexit>

Abstract state
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 4

Discrete transition systemS = hX, I(X), T (X,X 0)i
<latexit sha1_base64="lb6Ztz3zZNjAQq7wYZduKw+3scc=">AAACDHicbVDLSsNAFJ3UV62vqEs3g1VsoZREBHUhFN3ormJjA20ok+mkHTqZhJmJUEJ/wI2/4saFils/wJ1/4zTtQlsPXDiccy/33uPHjEplWd9GbmFxaXklv1pYW9/Y3DK3d+5llAhMHByxSLg+koRRThxFFSNuLAgKfUaa/uBq7DcfiJA04g01jIkXoh6nAcVIaaljHtzBC9hmiPcYgW4F3pTccgU2Sm7FPSrDtsiMjlm0qlYGOE/sKSmCKeod86vdjXASEq4wQ1K2bCtWXoqEopiRUaGdSBIjPEA90tKUo5BIL82+GcFDrXRhEAldXMFM/T2RolDKYejrzhCpvpz1xuJ/XitRwZmXUh4ninA8WRQkDKoIjqOBXSoIVmyoCcKC6lsh7iOBsNIBFnQI9uzL88Q5rp5XrduTYu1ymkYe7IF9UAI2OAU1cA3qwAEYPIJn8ArejCfjxXg3PiatOWM6swv+wPj8AVMtmCQ=</latexit><latexit sha1_base64="lb6Ztz3zZNjAQq7wYZduKw+3scc=">AAACDHicbVDLSsNAFJ3UV62vqEs3g1VsoZREBHUhFN3ormJjA20ok+mkHTqZhJmJUEJ/wI2/4saFils/wJ1/4zTtQlsPXDiccy/33uPHjEplWd9GbmFxaXklv1pYW9/Y3DK3d+5llAhMHByxSLg+koRRThxFFSNuLAgKfUaa/uBq7DcfiJA04g01jIkXoh6nAcVIaaljHtzBC9hmiPcYgW4F3pTccgU2Sm7FPSrDtsiMjlm0qlYGOE/sKSmCKeod86vdjXASEq4wQ1K2bCtWXoqEopiRUaGdSBIjPEA90tKUo5BIL82+GcFDrXRhEAldXMFM/T2RolDKYejrzhCpvpz1xuJ/XitRwZmXUh4ninA8WRQkDKoIjqOBXSoIVmyoCcKC6lsh7iOBsNIBFnQI9uzL88Q5rp5XrduTYu1ymkYe7IF9UAI2OAU1cA3qwAEYPIJn8ArejCfjxXg3PiatOWM6swv+wPj8AVMtmCQ=</latexit><latexit sha1_base64="lb6Ztz3zZNjAQq7wYZduKw+3scc=">AAACDHicbVDLSsNAFJ3UV62vqEs3g1VsoZREBHUhFN3ormJjA20ok+mkHTqZhJmJUEJ/wI2/4saFils/wJ1/4zTtQlsPXDiccy/33uPHjEplWd9GbmFxaXklv1pYW9/Y3DK3d+5llAhMHByxSLg+koRRThxFFSNuLAgKfUaa/uBq7DcfiJA04g01jIkXoh6nAcVIaaljHtzBC9hmiPcYgW4F3pTccgU2Sm7FPSrDtsiMjlm0qlYGOE/sKSmCKeod86vdjXASEq4wQ1K2bCtWXoqEopiRUaGdSBIjPEA90tKUo5BIL82+GcFDrXRhEAldXMFM/T2RolDKYejrzhCpvpz1xuJ/XitRwZmXUh4ninA8WRQkDKoIjqOBXSoIVmyoCcKC6lsh7iOBsNIBFnQI9uzL88Q5rp5XrduTYu1ymkYe7IF9UAI2OAU1cA3qwAEYPIJn8ArejCfjxXg3PiatOWM6swv+wPj8AVMtmCQ=</latexit>

Example from Kroening, SSFT12 

X :={x, y}
I(X) :=x = 2 ^ y = 0

T (X,X 0) :=(x = 2 ! (x0 = 2 ^ y < 2))^
(x = 1 ! x0 = 1)^
y0 = y + 1 ^ y < 3

<latexit sha1_base64="KwESLT+H8VwSMVTJE0/3jt7CAYg="></latexit><latexit sha1_base64="KwESLT+H8VwSMVTJE0/3jt7CAYg="></latexit><latexit sha1_base64="KwESLT+H8VwSMVTJE0/3jt7CAYg="></latexit>
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Discrete transition systemS = hX, I(X), T (X,X 0)i
<latexit sha1_base64="lb6Ztz3zZNjAQq7wYZduKw+3scc=">AAACDHicbVDLSsNAFJ3UV62vqEs3g1VsoZREBHUhFN3ormJjA20ok+mkHTqZhJmJUEJ/wI2/4saFils/wJ1/4zTtQlsPXDiccy/33uPHjEplWd9GbmFxaXklv1pYW9/Y3DK3d+5llAhMHByxSLg+koRRThxFFSNuLAgKfUaa/uBq7DcfiJA04g01jIkXoh6nAcVIaaljHtzBC9hmiPcYgW4F3pTccgU2Sm7FPSrDtsiMjlm0qlYGOE/sKSmCKeod86vdjXASEq4wQ1K2bCtWXoqEopiRUaGdSBIjPEA90tKUo5BIL82+GcFDrXRhEAldXMFM/T2RolDKYejrzhCpvpz1xuJ/XitRwZmXUh4ninA8WRQkDKoIjqOBXSoIVmyoCcKC6lsh7iOBsNIBFnQI9uzL88Q5rp5XrduTYu1ymkYe7IF9UAI2OAU1cA3qwAEYPIJn8ArejCfjxXg3PiatOWM6swv+wPj8AVMtmCQ=</latexit><latexit sha1_base64="lb6Ztz3zZNjAQq7wYZduKw+3scc=">AAACDHicbVDLSsNAFJ3UV62vqEs3g1VsoZREBHUhFN3ormJjA20ok+mkHTqZhJmJUEJ/wI2/4saFils/wJ1/4zTtQlsPXDiccy/33uPHjEplWd9GbmFxaXklv1pYW9/Y3DK3d+5llAhMHByxSLg+koRRThxFFSNuLAgKfUaa/uBq7DcfiJA04g01jIkXoh6nAcVIaaljHtzBC9hmiPcYgW4F3pTccgU2Sm7FPSrDtsiMjlm0qlYGOE/sKSmCKeod86vdjXASEq4wQ1K2bCtWXoqEopiRUaGdSBIjPEA90tKUo5BIL82+GcFDrXRhEAldXMFM/T2RolDKYejrzhCpvpz1xuJ/XitRwZmXUh4ninA8WRQkDKoIjqOBXSoIVmyoCcKC6lsh7iOBsNIBFnQI9uzL88Q5rp5XrduTYu1ymkYe7IF9UAI2OAU1cA3qwAEYPIJn8ArejCfjxXg3PiatOWM6swv+wPj8AVMtmCQ=</latexit><latexit sha1_base64="lb6Ztz3zZNjAQq7wYZduKw+3scc=">AAACDHicbVDLSsNAFJ3UV62vqEs3g1VsoZREBHUhFN3ormJjA20ok+mkHTqZhJmJUEJ/wI2/4saFils/wJ1/4zTtQlsPXDiccy/33uPHjEplWd9GbmFxaXklv1pYW9/Y3DK3d+5llAhMHByxSLg+koRRThxFFSNuLAgKfUaa/uBq7DcfiJA04g01jIkXoh6nAcVIaaljHtzBC9hmiPcYgW4F3pTccgU2Sm7FPSrDtsiMjlm0qlYGOE/sKSmCKeod86vdjXASEq4wQ1K2bCtWXoqEopiRUaGdSBIjPEA90tKUo5BIL82+GcFDrXRhEAldXMFM/T2RolDKYejrzhCpvpz1xuJ/XitRwZmXUh4ninA8WRQkDKoIjqOBXSoIVmyoCcKC6lsh7iOBsNIBFnQI9uzL88Q5rp5XrduTYu1ymkYe7IF9UAI2OAU1cA3qwAEYPIJn8ArejCfjxXg3PiatOWM6swv+wPj8AVMtmCQ=</latexit>

Example from Kroening, SSFT12 

p1 := x > y

p2 := y = 0
<latexit sha1_base64="ZI+ObXINv2yAxyOBHtJsikq9fm4=">AAACA3icbVDLSsNAFJ3UV42vqMtuBovFVUmK4AMqRTcuKxhbaEKZTCft0MmDmYkYQhdu/BU3LlTc+hPu/BsnbRbaeuDCmXPuZe49XsyokKb5rZWWlldW18rr+sbm1vaOsbt3J6KEY2LjiEW86yFBGA2JLalkpBtzggKPkY43vsr9zj3hgkbhrUxj4gZoGFKfYiSV1DcqtdiC5034AC9g6jh6LW7kzxQ2odk3qmbdnAIuEqsgVVCg3Te+nEGEk4CEEjMkRM8yY+lmiEuKGZnoTiJIjPAYDUlP0RAFRLjZ9IgJPFTKAPoRVxVKOFV/T2QoECINPNUZIDkS814u/uf1EumfuhkN40SSEM8+8hMGZQTzROCAcoIlSxVBmFO1K8QjxBGWKjddhWDNn7xI7Eb9rG7eHFdbl0UaZVABB+AIWOAEtMA1aAMbYPAInsEreNOetBftXfuYtZa0YmYf/IH2+QO/1pPg</latexit><latexit sha1_base64="ZI+ObXINv2yAxyOBHtJsikq9fm4=">AAACA3icbVDLSsNAFJ3UV42vqMtuBovFVUmK4AMqRTcuKxhbaEKZTCft0MmDmYkYQhdu/BU3LlTc+hPu/BsnbRbaeuDCmXPuZe49XsyokKb5rZWWlldW18rr+sbm1vaOsbt3J6KEY2LjiEW86yFBGA2JLalkpBtzggKPkY43vsr9zj3hgkbhrUxj4gZoGFKfYiSV1DcqtdiC5034AC9g6jh6LW7kzxQ2odk3qmbdnAIuEqsgVVCg3Te+nEGEk4CEEjMkRM8yY+lmiEuKGZnoTiJIjPAYDUlP0RAFRLjZ9IgJPFTKAPoRVxVKOFV/T2QoECINPNUZIDkS814u/uf1EumfuhkN40SSEM8+8hMGZQTzROCAcoIlSxVBmFO1K8QjxBGWKjddhWDNn7xI7Eb9rG7eHFdbl0UaZVABB+AIWOAEtMA1aAMbYPAInsEreNOetBftXfuYtZa0YmYf/IH2+QO/1pPg</latexit><latexit sha1_base64="ZI+ObXINv2yAxyOBHtJsikq9fm4=">AAACA3icbVDLSsNAFJ3UV42vqMtuBovFVUmK4AMqRTcuKxhbaEKZTCft0MmDmYkYQhdu/BU3LlTc+hPu/BsnbRbaeuDCmXPuZe49XsyokKb5rZWWlldW18rr+sbm1vaOsbt3J6KEY2LjiEW86yFBGA2JLalkpBtzggKPkY43vsr9zj3hgkbhrUxj4gZoGFKfYiSV1DcqtdiC5034AC9g6jh6LW7kzxQ2odk3qmbdnAIuEqsgVVCg3Te+nEGEk4CEEjMkRM8yY+lmiEuKGZnoTiJIjPAYDUlP0RAFRLjZ9IgJPFTKAPoRVxVKOFV/T2QoECINPNUZIDkS814u/uf1EumfuhkN40SSEM8+8hMGZQTzROCAcoIlSxVBmFO1K8QjxBGWKjddhWDNn7xI7Eb9rG7eHFdbl0UaZVABB+AIWOAEtMA1aAMbYPAInsEreNOetBftXfuYtZa0YmYf/IH2+QO/1pPg</latexit>

Set of 
predicates

X :={x, y}
I(X) :=x = 2 ^ y = 0

T (X,X 0) :=(x = 2 ! (x0 = 2 ^ y < 2))^
(x = 1 ! x0 = 1)^
y0 = y + 1 ^ y < 3

<latexit sha1_base64="KwESLT+H8VwSMVTJE0/3jt7CAYg="></latexit><latexit sha1_base64="KwESLT+H8VwSMVTJE0/3jt7CAYg="></latexit><latexit sha1_base64="KwESLT+H8VwSMVTJE0/3jt7CAYg="></latexit>
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Discrete transition systemS = hX, I(X), T (X,X 0)i
<latexit sha1_base64="lb6Ztz3zZNjAQq7wYZduKw+3scc=">AAACDHicbVDLSsNAFJ3UV62vqEs3g1VsoZREBHUhFN3ormJjA20ok+mkHTqZhJmJUEJ/wI2/4saFils/wJ1/4zTtQlsPXDiccy/33uPHjEplWd9GbmFxaXklv1pYW9/Y3DK3d+5llAhMHByxSLg+koRRThxFFSNuLAgKfUaa/uBq7DcfiJA04g01jIkXoh6nAcVIaaljHtzBC9hmiPcYgW4F3pTccgU2Sm7FPSrDtsiMjlm0qlYGOE/sKSmCKeod86vdjXASEq4wQ1K2bCtWXoqEopiRUaGdSBIjPEA90tKUo5BIL82+GcFDrXRhEAldXMFM/T2RolDKYejrzhCpvpz1xuJ/XitRwZmXUh4ninA8WRQkDKoIjqOBXSoIVmyoCcKC6lsh7iOBsNIBFnQI9uzL88Q5rp5XrduTYu1ymkYe7IF9UAI2OAU1cA3qwAEYPIJn8ArejCfjxXg3PiatOWM6swv+wPj8AVMtmCQ=</latexit><latexit sha1_base64="lb6Ztz3zZNjAQq7wYZduKw+3scc=">AAACDHicbVDLSsNAFJ3UV62vqEs3g1VsoZREBHUhFN3ormJjA20ok+mkHTqZhJmJUEJ/wI2/4saFils/wJ1/4zTtQlsPXDiccy/33uPHjEplWd9GbmFxaXklv1pYW9/Y3DK3d+5llAhMHByxSLg+koRRThxFFSNuLAgKfUaa/uBq7DcfiJA04g01jIkXoh6nAcVIaaljHtzBC9hmiPcYgW4F3pTccgU2Sm7FPSrDtsiMjlm0qlYGOE/sKSmCKeod86vdjXASEq4wQ1K2bCtWXoqEopiRUaGdSBIjPEA90tKUo5BIL82+GcFDrXRhEAldXMFM/T2RolDKYejrzhCpvpz1xuJ/XitRwZmXUh4ninA8WRQkDKoIjqOBXSoIVmyoCcKC6lsh7iOBsNIBFnQI9uzL88Q5rp5XrduTYu1ymkYe7IF9UAI2OAU1cA3qwAEYPIJn8ArejCfjxXg3PiatOWM6swv+wPj8AVMtmCQ=</latexit><latexit sha1_base64="lb6Ztz3zZNjAQq7wYZduKw+3scc=">AAACDHicbVDLSsNAFJ3UV62vqEs3g1VsoZREBHUhFN3ormJjA20ok+mkHTqZhJmJUEJ/wI2/4saFils/wJ1/4zTtQlsPXDiccy/33uPHjEplWd9GbmFxaXklv1pYW9/Y3DK3d+5llAhMHByxSLg+koRRThxFFSNuLAgKfUaa/uBq7DcfiJA04g01jIkXoh6nAcVIaaljHtzBC9hmiPcYgW4F3pTccgU2Sm7FPSrDtsiMjlm0qlYGOE/sKSmCKeod86vdjXASEq4wQ1K2bCtWXoqEopiRUaGdSBIjPEA90tKUo5BIL82+GcFDrXRhEAldXMFM/T2RolDKYejrzhCpvpz1xuJ/XitRwZmXUh4ninA8WRQkDKoIjqOBXSoIVmyoCcKC6lsh7iOBsNIBFnQI9uzL88Q5rp5XrduTYu1ymkYe7IF9UAI2OAU1cA3qwAEYPIJn8ArejCfjxXg3PiatOWM6swv+wPj8AVMtmCQ=</latexit>

Example from Kroening, SSFT12 

p1 := x > y

p2 := y = 0
<latexit sha1_base64="ZI+ObXINv2yAxyOBHtJsikq9fm4=">AAACA3icbVDLSsNAFJ3UV42vqMtuBovFVUmK4AMqRTcuKxhbaEKZTCft0MmDmYkYQhdu/BU3LlTc+hPu/BsnbRbaeuDCmXPuZe49XsyokKb5rZWWlldW18rr+sbm1vaOsbt3J6KEY2LjiEW86yFBGA2JLalkpBtzggKPkY43vsr9zj3hgkbhrUxj4gZoGFKfYiSV1DcqtdiC5034AC9g6jh6LW7kzxQ2odk3qmbdnAIuEqsgVVCg3Te+nEGEk4CEEjMkRM8yY+lmiEuKGZnoTiJIjPAYDUlP0RAFRLjZ9IgJPFTKAPoRVxVKOFV/T2QoECINPNUZIDkS814u/uf1EumfuhkN40SSEM8+8hMGZQTzROCAcoIlSxVBmFO1K8QjxBGWKjddhWDNn7xI7Eb9rG7eHFdbl0UaZVABB+AIWOAEtMA1aAMbYPAInsEreNOetBftXfuYtZa0YmYf/IH2+QO/1pPg</latexit><latexit sha1_base64="ZI+ObXINv2yAxyOBHtJsikq9fm4=">AAACA3icbVDLSsNAFJ3UV42vqMtuBovFVUmK4AMqRTcuKxhbaEKZTCft0MmDmYkYQhdu/BU3LlTc+hPu/BsnbRbaeuDCmXPuZe49XsyokKb5rZWWlldW18rr+sbm1vaOsbt3J6KEY2LjiEW86yFBGA2JLalkpBtzggKPkY43vsr9zj3hgkbhrUxj4gZoGFKfYiSV1DcqtdiC5034AC9g6jh6LW7kzxQ2odk3qmbdnAIuEqsgVVCg3Te+nEGEk4CEEjMkRM8yY+lmiEuKGZnoTiJIjPAYDUlP0RAFRLjZ9IgJPFTKAPoRVxVKOFV/T2QoECINPNUZIDkS814u/uf1EumfuhkN40SSEM8+8hMGZQTzROCAcoIlSxVBmFO1K8QjxBGWKjddhWDNn7xI7Eb9rG7eHFdbl0UaZVABB+AIWOAEtMA1aAMbYPAInsEreNOetBftXfuYtZa0YmYf/IH2+QO/1pPg</latexit><latexit sha1_base64="ZI+ObXINv2yAxyOBHtJsikq9fm4=">AAACA3icbVDLSsNAFJ3UV42vqMtuBovFVUmK4AMqRTcuKxhbaEKZTCft0MmDmYkYQhdu/BU3LlTc+hPu/BsnbRbaeuDCmXPuZe49XsyokKb5rZWWlldW18rr+sbm1vaOsbt3J6KEY2LjiEW86yFBGA2JLalkpBtzggKPkY43vsr9zj3hgkbhrUxj4gZoGFKfYiSV1DcqtdiC5034AC9g6jh6LW7kzxQ2odk3qmbdnAIuEqsgVVCg3Te+nEGEk4CEEjMkRM8yY+lmiEuKGZnoTiJIjPAYDUlP0RAFRLjZ9IgJPFTKAPoRVxVKOFV/T2QoECINPNUZIDkS814u/uf1EumfuhkN40SSEM8+8hMGZQTzROCAcoIlSxVBmFO1K8QjxBGWKjddhWDNn7xI7Eb9rG7eHFdbl0UaZVABB+AIWOAEtMA1aAMbYPAInsEreNOetBftXfuYtZa0YmYf/IH2+QO/1pPg</latexit>

Set of 
predicates

p1 ^ p2
<latexit sha1_base64="pHEAiDL91mxrUSpp4FcgSIWokUA=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWMLaQhrLZbNqlm82yuxFK6M/w4kHFq//Gm//GbZuDtj4YeLw3w8y8SHKmjet+O5W19Y3Nrep2bWd3b/+gfnj0qLNcEeqTjGeqF2FNORPUN8xw2pOK4jTitBuNb2d+94kqzTLxYCaShikeCpYwgo2VAumhPsciRrI1qDfcpjsHWiVeSRpQojOof/XjjOQpFYZwrHXgudKEBVaGEU6ntX6uqcRkjIc0sFTglOqwmJ88RWdWiVGSKVvCoLn6e6LAqdaTNLKdKTYjvezNxP+8IDfJVVgwIXNDBVksSnKOTIZm/6OYKUoMn1iCiWL2VkRGWGFibEo1G4K3/PIq8VvN66Z7f9Fo35RpVOEETuEcPLiENtxBB3wgkMEzvMKbY5wX5935WLRWnHLmGP7A+fwBaY+QOQ==</latexit><latexit sha1_base64="pHEAiDL91mxrUSpp4FcgSIWokUA=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWMLaQhrLZbNqlm82yuxFK6M/w4kHFq//Gm//GbZuDtj4YeLw3w8y8SHKmjet+O5W19Y3Nrep2bWd3b/+gfnj0qLNcEeqTjGeqF2FNORPUN8xw2pOK4jTitBuNb2d+94kqzTLxYCaShikeCpYwgo2VAumhPsciRrI1qDfcpjsHWiVeSRpQojOof/XjjOQpFYZwrHXgudKEBVaGEU6ntX6uqcRkjIc0sFTglOqwmJ88RWdWiVGSKVvCoLn6e6LAqdaTNLKdKTYjvezNxP+8IDfJVVgwIXNDBVksSnKOTIZm/6OYKUoMn1iCiWL2VkRGWGFibEo1G4K3/PIq8VvN66Z7f9Fo35RpVOEETuEcPLiENtxBB3wgkMEzvMKbY5wX5935WLRWnHLmGP7A+fwBaY+QOQ==</latexit><latexit sha1_base64="pHEAiDL91mxrUSpp4FcgSIWokUA=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWMLaQhrLZbNqlm82yuxFK6M/w4kHFq//Gm//GbZuDtj4YeLw3w8y8SHKmjet+O5W19Y3Nrep2bWd3b/+gfnj0qLNcEeqTjGeqF2FNORPUN8xw2pOK4jTitBuNb2d+94kqzTLxYCaShikeCpYwgo2VAumhPsciRrI1qDfcpjsHWiVeSRpQojOof/XjjOQpFYZwrHXgudKEBVaGEU6ntX6uqcRkjIc0sFTglOqwmJ88RWdWiVGSKVvCoLn6e6LAqdaTNLKdKTYjvezNxP+8IDfJVVgwIXNDBVksSnKOTIZm/6OYKUoMn1iCiWL2VkRGWGFibEo1G4K3/PIq8VvN66Z7f9Fo35RpVOEETuEcPLiENtxBB3wgkMEzvMKbY5wX5935WLRWnHLmGP7A+fwBaY+QOQ==</latexit>

¬p1 ^ ¬p2
<latexit sha1_base64="WwmXuvozvu4eYmJWd472/WoKAaE=">AAAB/XicbVBNS8NAEJ3Ur1q/ouLJy2IRPJWkCOqt6MVjBWMLTSibzaZdutmE3Y1QQsG/4sWDilf/hzf/jds2B219MPD2vRl25oUZZ0o7zrdVWVldW9+obta2tnd29+z9gweV5pJQj6Q8ld0QK8qZoJ5mmtNuJilOQk474ehm6nceqVQsFfd6nNEgwQPBYkawNlLfPvIFHaDMRT7HIkLzV7Nv152GMwNaJm5J6lCi3be//CgleUKFJhwr1XOdTAcFlpoRTic1P1c0w2SEB7RnqMAJVUExW3+CTo0SoTiVpoRGM/X3RIETpcZJaDoTrIdq0ZuK/3m9XMeXQcFElmsqyPyjOOdIp2iaBYqYpETzsSGYSGZ2RWSIJSbaJFYzIbiLJy8Tr9m4ajh35/XWdZlGFY7hBM7AhQtowS20wQMCBTzDK7xZT9aL9W59zFsrVjlzCH9gff4AtXqUOg==</latexit><latexit sha1_base64="WwmXuvozvu4eYmJWd472/WoKAaE=">AAAB/XicbVBNS8NAEJ3Ur1q/ouLJy2IRPJWkCOqt6MVjBWMLTSibzaZdutmE3Y1QQsG/4sWDilf/hzf/jds2B219MPD2vRl25oUZZ0o7zrdVWVldW9+obta2tnd29+z9gweV5pJQj6Q8ld0QK8qZoJ5mmtNuJilOQk474ehm6nceqVQsFfd6nNEgwQPBYkawNlLfPvIFHaDMRT7HIkLzV7Nv152GMwNaJm5J6lCi3be//CgleUKFJhwr1XOdTAcFlpoRTic1P1c0w2SEB7RnqMAJVUExW3+CTo0SoTiVpoRGM/X3RIETpcZJaDoTrIdq0ZuK/3m9XMeXQcFElmsqyPyjOOdIp2iaBYqYpETzsSGYSGZ2RWSIJSbaJFYzIbiLJy8Tr9m4ajh35/XWdZlGFY7hBM7AhQtowS20wQMCBTzDK7xZT9aL9W59zFsrVjlzCH9gff4AtXqUOg==</latexit><latexit sha1_base64="WwmXuvozvu4eYmJWd472/WoKAaE=">AAAB/XicbVBNS8NAEJ3Ur1q/ouLJy2IRPJWkCOqt6MVjBWMLTSibzaZdutmE3Y1QQsG/4sWDilf/hzf/jds2B219MPD2vRl25oUZZ0o7zrdVWVldW9+obta2tnd29+z9gweV5pJQj6Q8ld0QK8qZoJ5mmtNuJilOQk474ehm6nceqVQsFfd6nNEgwQPBYkawNlLfPvIFHaDMRT7HIkLzV7Nv152GMwNaJm5J6lCi3be//CgleUKFJhwr1XOdTAcFlpoRTic1P1c0w2SEB7RnqMAJVUExW3+CTo0SoTiVpoRGM/X3RIETpcZJaDoTrIdq0ZuK/3m9XMeXQcFElmsqyPyjOOdIp2iaBYqYpETzsSGYSGZ2RWSIJSbaJFYzIbiLJy8Tr9m4ajh35/XWdZlGFY7hBM7AhQtowS20wQMCBTzDK7xZT9aL9W59zFsrVjlzCH9gff4AtXqUOg==</latexit>

¬p1 ^ p2
<latexit sha1_base64="mmkL1suG3qbXs011eGJQYvgHpUY=">AAAB+HicbVBNS8NAEJ34WetX1KOXxSJ4KkkR1FvRi8cKxhaaUDabbbt0s1l2N4US+k+8eFDx6k/x5r9x2+agrQ8GHu/NMDMvlpxp43nfztr6xubWdmWnuru3f3DoHh0/6SxXhAYk45nqxFhTzgQNDDOcdqSiOI05bceju5nfHlOlWSYezUTSKMUDwfqMYGOlnuuGgg6Q9FHIsUiQbPTcmlf35kCrxC9JDUq0eu5XmGQkT6kwhGOtu74nTVRgZRjhdFoNc00lJiM8oF1LBU6pjor55VN0bpUE9TNlSxg0V39PFDjVepLGtjPFZqiXvZn4n9fNTf86KpiQuaGCLBb1c45MhmYxoIQpSgyfWIKJYvZWRIZYYWJsWFUbgr/88ioJGvWbuvdwWWvelmlU4BTO4AJ8uIIm3EMLAiAwhmd4hTencF6cd+dj0brmlDMn8AfO5w9HRpJS</latexit><latexit sha1_base64="mmkL1suG3qbXs011eGJQYvgHpUY=">AAAB+HicbVBNS8NAEJ34WetX1KOXxSJ4KkkR1FvRi8cKxhaaUDabbbt0s1l2N4US+k+8eFDx6k/x5r9x2+agrQ8GHu/NMDMvlpxp43nfztr6xubWdmWnuru3f3DoHh0/6SxXhAYk45nqxFhTzgQNDDOcdqSiOI05bceju5nfHlOlWSYezUTSKMUDwfqMYGOlnuuGgg6Q9FHIsUiQbPTcmlf35kCrxC9JDUq0eu5XmGQkT6kwhGOtu74nTVRgZRjhdFoNc00lJiM8oF1LBU6pjor55VN0bpUE9TNlSxg0V39PFDjVepLGtjPFZqiXvZn4n9fNTf86KpiQuaGCLBb1c45MhmYxoIQpSgyfWIKJYvZWRIZYYWJsWFUbgr/88ioJGvWbuvdwWWvelmlU4BTO4AJ8uIIm3EMLAiAwhmd4hTencF6cd+dj0brmlDMn8AfO5w9HRpJS</latexit><latexit sha1_base64="mmkL1suG3qbXs011eGJQYvgHpUY=">AAAB+HicbVBNS8NAEJ34WetX1KOXxSJ4KkkR1FvRi8cKxhaaUDabbbt0s1l2N4US+k+8eFDx6k/x5r9x2+agrQ8GHu/NMDMvlpxp43nfztr6xubWdmWnuru3f3DoHh0/6SxXhAYk45nqxFhTzgQNDDOcdqSiOI05bceju5nfHlOlWSYezUTSKMUDwfqMYGOlnuuGgg6Q9FHIsUiQbPTcmlf35kCrxC9JDUq0eu5XmGQkT6kwhGOtu74nTVRgZRjhdFoNc00lJiM8oF1LBU6pjor55VN0bpUE9TNlSxg0V39PFDjVepLGtjPFZqiXvZn4n9fNTf86KpiQuaGCLBb1c45MhmYxoIQpSgyfWIKJYvZWRIZYYWJsWFUbgr/88ioJGvWbuvdwWWvelmlU4BTO4AJ8uIIm3EMLAiAwhmd4hTencF6cd+dj0brmlDMn8AfO5w9HRpJS</latexit>

p1 ^ ¬p2
<latexit sha1_base64="ggjq61G00IQD97hXBvzHbqAN6A4=">AAAB+HicbVBNS8NAEJ34WetX1KOXxSJ4KkkR1FvRi8cKxhaaUDabbbt0s1l2N4US+k+8eFDx6k/x5r9x2+agrQ8GHu/NMDMvlpxp43nfztr6xubWdmWnuru3f3DoHh0/6SxXhAYk45nqxFhTzgQNDDOcdqSiOI05bceju5nfHlOlWSYezUTSKMUDwfqMYGOlnutKH4UciwSFgg6QbPTcmlf35kCrxC9JDUq0eu5XmGQkT6kwhGOtu74nTVRgZRjhdFoNc00lJiM8oF1LBU6pjor55VN0bpUE9TNlSxg0V39PFDjVepLGtjPFZqiXvZn4n9fNTf86KpiQuaGCLBb1c45MhmYxoIQpSgyfWIKJYvZWRIZYYWJsWFUbgr/88ioJGvWbuvdwWWvelmlU4BTO4AJ8uIIm3EMLAiAwhmd4hTencF6cd+dj0brmlDMn8AfO5w9GLJJS</latexit><latexit sha1_base64="ggjq61G00IQD97hXBvzHbqAN6A4=">AAAB+HicbVBNS8NAEJ34WetX1KOXxSJ4KkkR1FvRi8cKxhaaUDabbbt0s1l2N4US+k+8eFDx6k/x5r9x2+agrQ8GHu/NMDMvlpxp43nfztr6xubWdmWnuru3f3DoHh0/6SxXhAYk45nqxFhTzgQNDDOcdqSiOI05bceju5nfHlOlWSYezUTSKMUDwfqMYGOlnutKH4UciwSFgg6QbPTcmlf35kCrxC9JDUq0eu5XmGQkT6kwhGOtu74nTVRgZRjhdFoNc00lJiM8oF1LBU6pjor55VN0bpUE9TNlSxg0V39PFDjVepLGtjPFZqiXvZn4n9fNTf86KpiQuaGCLBb1c45MhmYxoIQpSgyfWIKJYvZWRIZYYWJsWFUbgr/88ioJGvWbuvdwWWvelmlU4BTO4AJ8uIIm3EMLAiAwhmd4hTencF6cd+dj0brmlDMn8AfO5w9GLJJS</latexit><latexit sha1_base64="ggjq61G00IQD97hXBvzHbqAN6A4=">AAAB+HicbVBNS8NAEJ34WetX1KOXxSJ4KkkR1FvRi8cKxhaaUDabbbt0s1l2N4US+k+8eFDx6k/x5r9x2+agrQ8GHu/NMDMvlpxp43nfztr6xubWdmWnuru3f3DoHh0/6SxXhAYk45nqxFhTzgQNDDOcdqSiOI05bceju5nfHlOlWSYezUTSKMUDwfqMYGOlnutKH4UciwSFgg6QbPTcmlf35kCrxC9JDUq0eu5XmGQkT6kwhGOtu74nTVRgZRjhdFoNc00lJiM8oF1LBU6pjor55VN0bpUE9TNlSxg0V39PFDjVepLGtjPFZqiXvZn4n9fNTf86KpiQuaGCLBb1c45MhmYxoIQpSgyfWIKJYvZWRIZYYWJsWFUbgr/88ioJGvWbuvdwWWvelmlU4BTO4AJ8uIIm3EMLAiAwhmd4hTencF6cd+dj0brmlDMn8AfO5w9GLJJS</latexit>

X :={x, y}
I(X) :=x = 2 ^ y = 0

T (X,X 0) :=(x = 2 ! (x0 = 2 ^ y < 2))^
(x = 1 ! x0 = 1)^
y0 = y + 1 ^ y < 3

<latexit sha1_base64="KwESLT+H8VwSMVTJE0/3jt7CAYg="></latexit><latexit sha1_base64="KwESLT+H8VwSMVTJE0/3jt7CAYg="></latexit><latexit sha1_base64="KwESLT+H8VwSMVTJE0/3jt7CAYg="></latexit>
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S = hX, I(X), T (X,X 0)i
<latexit sha1_base64="lb6Ztz3zZNjAQq7wYZduKw+3scc=">AAACDHicbVDLSsNAFJ3UV62vqEs3g1VsoZREBHUhFN3ormJjA20ok+mkHTqZhJmJUEJ/wI2/4saFils/wJ1/4zTtQlsPXDiccy/33uPHjEplWd9GbmFxaXklv1pYW9/Y3DK3d+5llAhMHByxSLg+koRRThxFFSNuLAgKfUaa/uBq7DcfiJA04g01jIkXoh6nAcVIaaljHtzBC9hmiPcYgW4F3pTccgU2Sm7FPSrDtsiMjlm0qlYGOE/sKSmCKeod86vdjXASEq4wQ1K2bCtWXoqEopiRUaGdSBIjPEA90tKUo5BIL82+GcFDrXRhEAldXMFM/T2RolDKYejrzhCpvpz1xuJ/XitRwZmXUh4ninA8WRQkDKoIjqOBXSoIVmyoCcKC6lsh7iOBsNIBFnQI9uzL88Q5rp5XrduTYu1ymkYe7IF9UAI2OAU1cA3qwAEYPIJn8ArejCfjxXg3PiatOWM6swv+wPj8AVMtmCQ=</latexit><latexit sha1_base64="lb6Ztz3zZNjAQq7wYZduKw+3scc=">AAACDHicbVDLSsNAFJ3UV62vqEs3g1VsoZREBHUhFN3ormJjA20ok+mkHTqZhJmJUEJ/wI2/4saFils/wJ1/4zTtQlsPXDiccy/33uPHjEplWd9GbmFxaXklv1pYW9/Y3DK3d+5llAhMHByxSLg+koRRThxFFSNuLAgKfUaa/uBq7DcfiJA04g01jIkXoh6nAcVIaaljHtzBC9hmiPcYgW4F3pTccgU2Sm7FPSrDtsiMjlm0qlYGOE/sKSmCKeod86vdjXASEq4wQ1K2bCtWXoqEopiRUaGdSBIjPEA90tKUo5BIL82+GcFDrXRhEAldXMFM/T2RolDKYejrzhCpvpz1xuJ/XitRwZmXUh4ninA8WRQkDKoIjqOBXSoIVmyoCcKC6lsh7iOBsNIBFnQI9uzL88Q5rp5XrduTYu1ymkYe7IF9UAI2OAU1cA3qwAEYPIJn8ArejCfjxXg3PiatOWM6swv+wPj8AVMtmCQ=</latexit><latexit sha1_base64="lb6Ztz3zZNjAQq7wYZduKw+3scc=">AAACDHicbVDLSsNAFJ3UV62vqEs3g1VsoZREBHUhFN3ormJjA20ok+mkHTqZhJmJUEJ/wI2/4saFils/wJ1/4zTtQlsPXDiccy/33uPHjEplWd9GbmFxaXklv1pYW9/Y3DK3d+5llAhMHByxSLg+koRRThxFFSNuLAgKfUaa/uBq7DcfiJA04g01jIkXoh6nAcVIaaljHtzBC9hmiPcYgW4F3pTccgU2Sm7FPSrDtsiMjlm0qlYGOE/sKSmCKeod86vdjXASEq4wQ1K2bCtWXoqEopiRUaGdSBIjPEA90tKUo5BIL82+GcFDrXRhEAldXMFM/T2RolDKYejrzhCpvpz1xuJ/XitRwZmXUh4ninA8WRQkDKoIjqOBXSoIVmyoCcKC6lsh7iOBsNIBFnQI9uzL88Q5rp5XrduTYu1ymkYe7IF9UAI2OAU1cA3qwAEYPIJn8ArejCfjxXg3PiatOWM6swv+wPj8AVMtmCQ=</latexit>

P = {a1(X) < 0, a2(X) = 0, . . .}
<latexit sha1_base64="jufunZR41yfG7ecKuQt1efrxEAA=">AAACD3icbZDNSsNAFIUn9a/Wv6hLN4NFrCAlKYIKFopuXFYwttCEMJlM26GTSZiZCCX0Edz4Km5cqLh16863cdJmodUDAx/n3sude4KEUaks68soLSwuLa+UVytr6xubW+b2zp2MU4GJg2MWi26AJGGUE0dRxUg3EQRFASOdYHSV1zv3REga81s1TogXoQGnfYqR0pZvHrZhE7oZ8u1a9wheQOsYIr+RczNnl4WxktCd+GbVqltTwb9gF1AFhdq++emGMU4jwhVmSMqebSXKy5BQFDMyqbipJAnCIzQgPY0cRUR62fSgCTzQTgj7sdCPKzh1f05kKJJyHAW6M0JqKOdruflfrZeq/pmXUZ6kinA8W9RPGVQxzNOBIRUEKzbWgLCg+q8QD5FAWOkMKzoEe/7kv+A06ud16+ak2ros0iiDPbAPasAGp6AFrkEbOACDB/AEXsCr8Wg8G2/G+6y1ZBQzu+CXjI9v1mOYSQ==</latexit><latexit sha1_base64="jufunZR41yfG7ecKuQt1efrxEAA=">AAACD3icbZDNSsNAFIUn9a/Wv6hLN4NFrCAlKYIKFopuXFYwttCEMJlM26GTSZiZCCX0Edz4Km5cqLh16863cdJmodUDAx/n3sude4KEUaks68soLSwuLa+UVytr6xubW+b2zp2MU4GJg2MWi26AJGGUE0dRxUg3EQRFASOdYHSV1zv3REga81s1TogXoQGnfYqR0pZvHrZhE7oZ8u1a9wheQOsYIr+RczNnl4WxktCd+GbVqltTwb9gF1AFhdq++emGMU4jwhVmSMqebSXKy5BQFDMyqbipJAnCIzQgPY0cRUR62fSgCTzQTgj7sdCPKzh1f05kKJJyHAW6M0JqKOdruflfrZeq/pmXUZ6kinA8W9RPGVQxzNOBIRUEKzbWgLCg+q8QD5FAWOkMKzoEe/7kv+A06ud16+ak2ros0iiDPbAPasAGp6AFrkEbOACDB/AEXsCr8Wg8G2/G+6y1ZBQzu+CXjI9v1mOYSQ==</latexit><latexit sha1_base64="jufunZR41yfG7ecKuQt1efrxEAA=">AAACD3icbZDNSsNAFIUn9a/Wv6hLN4NFrCAlKYIKFopuXFYwttCEMJlM26GTSZiZCCX0Edz4Km5cqLh16863cdJmodUDAx/n3sude4KEUaks68soLSwuLa+UVytr6xubW+b2zp2MU4GJg2MWi26AJGGUE0dRxUg3EQRFASOdYHSV1zv3REga81s1TogXoQGnfYqR0pZvHrZhE7oZ8u1a9wheQOsYIr+RczNnl4WxktCd+GbVqltTwb9gF1AFhdq++emGMU4jwhVmSMqebSXKy5BQFDMyqbipJAnCIzQgPY0cRUR62fSgCTzQTgj7sdCPKzh1f05kKJJyHAW6M0JqKOdruflfrZeq/pmXUZ6kinA8W9RPGVQxzNOBIRUEKzbWgLCg+q8QD5FAWOkMKzoEe/7kv+A06ud16+ak2ros0iiDPbAPasAGp6AFrkEbOACDB/AEXsCr8Wg8G2/G+6y1ZBQzu+CXjI9v1mOYSQ==</latexit>

� Lahiri et al CAV 2006
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Discrete transition systemS = hX, I(X), T (X,X 0)i
<latexit sha1_base64="lb6Ztz3zZNjAQq7wYZduKw+3scc=">AAACDHicbVDLSsNAFJ3UV62vqEs3g1VsoZREBHUhFN3ormJjA20ok+mkHTqZhJmJUEJ/wI2/4saFils/wJ1/4zTtQlsPXDiccy/33uPHjEplWd9GbmFxaXklv1pYW9/Y3DK3d+5llAhMHByxSLg+koRRThxFFSNuLAgKfUaa/uBq7DcfiJA04g01jIkXoh6nAcVIaaljHtzBC9hmiPcYgW4F3pTccgU2Sm7FPSrDtsiMjlm0qlYGOE/sKSmCKeod86vdjXASEq4wQ1K2bCtWXoqEopiRUaGdSBIjPEA90tKUo5BIL82+GcFDrXRhEAldXMFM/T2RolDKYejrzhCpvpz1xuJ/XitRwZmXUh4ninA8WRQkDKoIjqOBXSoIVmyoCcKC6lsh7iOBsNIBFnQI9uzL88Q5rp5XrduTYu1ymkYe7IF9UAI2OAU1cA3qwAEYPIJn8ArejCfjxXg3PiatOWM6swv+wPj8AVMtmCQ=</latexit><latexit sha1_base64="lb6Ztz3zZNjAQq7wYZduKw+3scc=">AAACDHicbVDLSsNAFJ3UV62vqEs3g1VsoZREBHUhFN3ormJjA20ok+mkHTqZhJmJUEJ/wI2/4saFils/wJ1/4zTtQlsPXDiccy/33uPHjEplWd9GbmFxaXklv1pYW9/Y3DK3d+5llAhMHByxSLg+koRRThxFFSNuLAgKfUaa/uBq7DcfiJA04g01jIkXoh6nAcVIaaljHtzBC9hmiPcYgW4F3pTccgU2Sm7FPSrDtsiMjlm0qlYGOE/sKSmCKeod86vdjXASEq4wQ1K2bCtWXoqEopiRUaGdSBIjPEA90tKUo5BIL82+GcFDrXRhEAldXMFM/T2RolDKYejrzhCpvpz1xuJ/XitRwZmXUh4ninA8WRQkDKoIjqOBXSoIVmyoCcKC6lsh7iOBsNIBFnQI9uzL88Q5rp5XrduTYu1ymkYe7IF9UAI2OAU1cA3qwAEYPIJn8ArejCfjxXg3PiatOWM6swv+wPj8AVMtmCQ=</latexit><latexit sha1_base64="lb6Ztz3zZNjAQq7wYZduKw+3scc=">AAACDHicbVDLSsNAFJ3UV62vqEs3g1VsoZREBHUhFN3ormJjA20ok+mkHTqZhJmJUEJ/wI2/4saFils/wJ1/4zTtQlsPXDiccy/33uPHjEplWd9GbmFxaXklv1pYW9/Y3DK3d+5llAhMHByxSLg+koRRThxFFSNuLAgKfUaa/uBq7DcfiJA04g01jIkXoh6nAcVIaaljHtzBC9hmiPcYgW4F3pTccgU2Sm7FPSrDtsiMjlm0qlYGOE/sKSmCKeod86vdjXASEq4wQ1K2bCtWXoqEopiRUaGdSBIjPEA90tKUo5BIL82+GcFDrXRhEAldXMFM/T2RolDKYejrzhCpvpz1xuJ/XitRwZmXUh4ninA8WRQkDKoIjqOBXSoIVmyoCcKC6lsh7iOBsNIBFnQI9uzL88Q5rp5XrduTYu1ymkYe7IF9UAI2OAU1cA3qwAEYPIJn8ArejCfjxXg3PiatOWM6swv+wPj8AVMtmCQ=</latexit>

P = {a1(X) < 0, a2(X) = 0, . . .}
<latexit sha1_base64="jufunZR41yfG7ecKuQt1efrxEAA=">AAACD3icbZDNSsNAFIUn9a/Wv6hLN4NFrCAlKYIKFopuXFYwttCEMJlM26GTSZiZCCX0Edz4Km5cqLh16863cdJmodUDAx/n3sude4KEUaks68soLSwuLa+UVytr6xubW+b2zp2MU4GJg2MWi26AJGGUE0dRxUg3EQRFASOdYHSV1zv3REga81s1TogXoQGnfYqR0pZvHrZhE7oZ8u1a9wheQOsYIr+RczNnl4WxktCd+GbVqltTwb9gF1AFhdq++emGMU4jwhVmSMqebSXKy5BQFDMyqbipJAnCIzQgPY0cRUR62fSgCTzQTgj7sdCPKzh1f05kKJJyHAW6M0JqKOdruflfrZeq/pmXUZ6kinA8W9RPGVQxzNOBIRUEKzbWgLCg+q8QD5FAWOkMKzoEe/7kv+A06ud16+ak2ros0iiDPbAPasAGp6AFrkEbOACDB/AEXsCr8Wg8G2/G+6y1ZBQzu+CXjI9v1mOYSQ==</latexit><latexit sha1_base64="jufunZR41yfG7ecKuQt1efrxEAA=">AAACD3icbZDNSsNAFIUn9a/Wv6hLN4NFrCAlKYIKFopuXFYwttCEMJlM26GTSZiZCCX0Edz4Km5cqLh16863cdJmodUDAx/n3sude4KEUaks68soLSwuLa+UVytr6xubW+b2zp2MU4GJg2MWi26AJGGUE0dRxUg3EQRFASOdYHSV1zv3REga81s1TogXoQGnfYqR0pZvHrZhE7oZ8u1a9wheQOsYIr+RczNnl4WxktCd+GbVqltTwb9gF1AFhdq++emGMU4jwhVmSMqebSXKy5BQFDMyqbipJAnCIzQgPY0cRUR62fSgCTzQTgj7sdCPKzh1f05kKJJyHAW6M0JqKOdruflfrZeq/pmXUZ6kinA8W9RPGVQxzNOBIRUEKzbWgLCg+q8QD5FAWOkMKzoEe/7kv+A06ud16+ak2ros0iiDPbAPasAGp6AFrkEbOACDB/AEXsCr8Wg8G2/G+6y1ZBQzu+CXjI9v1mOYSQ==</latexit><latexit sha1_base64="jufunZR41yfG7ecKuQt1efrxEAA=">AAACD3icbZDNSsNAFIUn9a/Wv6hLN4NFrCAlKYIKFopuXFYwttCEMJlM26GTSZiZCCX0Edz4Km5cqLh16863cdJmodUDAx/n3sude4KEUaks68soLSwuLa+UVytr6xubW+b2zp2MU4GJg2MWi26AJGGUE0dRxUg3EQRFASOdYHSV1zv3REga81s1TogXoQGnfYqR0pZvHrZhE7oZ8u1a9wheQOsYIr+RczNnl4WxktCd+GbVqltTwb9gF1AFhdq++emGMU4jwhVmSMqebSXKy5BQFDMyqbipJAnCIzQgPY0cRUR62fSgCTzQTgj7sdCPKzh1f05kKJJyHAW6M0JqKOdruflfrZeq/pmXUZ6kinA8W9RPGVQxzNOBIRUEKzbWgLCg+q8QD5FAWOkMKzoEe/7kv+A06ud16+ak2ros0iiDPbAPasAGp6AFrkEbOACDB/AEXsCr8Wg8G2/G+6y1ZBQzu+CXjI9v1mOYSQ==</latexit>

� Lahiri et al CAV 2006
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Discrete transition systemS = hX, I(X), T (X,X 0)i
<latexit sha1_base64="lb6Ztz3zZNjAQq7wYZduKw+3scc=">AAACDHicbVDLSsNAFJ3UV62vqEs3g1VsoZREBHUhFN3ormJjA20ok+mkHTqZhJmJUEJ/wI2/4saFils/wJ1/4zTtQlsPXDiccy/33uPHjEplWd9GbmFxaXklv1pYW9/Y3DK3d+5llAhMHByxSLg+koRRThxFFSNuLAgKfUaa/uBq7DcfiJA04g01jIkXoh6nAcVIaaljHtzBC9hmiPcYgW4F3pTccgU2Sm7FPSrDtsiMjlm0qlYGOE/sKSmCKeod86vdjXASEq4wQ1K2bCtWXoqEopiRUaGdSBIjPEA90tKUo5BIL82+GcFDrXRhEAldXMFM/T2RolDKYejrzhCpvpz1xuJ/XitRwZmXUh4ninA8WRQkDKoIjqOBXSoIVmyoCcKC6lsh7iOBsNIBFnQI9uzL88Q5rp5XrduTYu1ymkYe7IF9UAI2OAU1cA3qwAEYPIJn8ArejCfjxXg3PiatOWM6swv+wPj8AVMtmCQ=</latexit><latexit sha1_base64="lb6Ztz3zZNjAQq7wYZduKw+3scc=">AAACDHicbVDLSsNAFJ3UV62vqEs3g1VsoZREBHUhFN3ormJjA20ok+mkHTqZhJmJUEJ/wI2/4saFils/wJ1/4zTtQlsPXDiccy/33uPHjEplWd9GbmFxaXklv1pYW9/Y3DK3d+5llAhMHByxSLg+koRRThxFFSNuLAgKfUaa/uBq7DcfiJA04g01jIkXoh6nAcVIaaljHtzBC9hmiPcYgW4F3pTccgU2Sm7FPSrDtsiMjlm0qlYGOE/sKSmCKeod86vdjXASEq4wQ1K2bCtWXoqEopiRUaGdSBIjPEA90tKUo5BIL82+GcFDrXRhEAldXMFM/T2RolDKYejrzhCpvpz1xuJ/XitRwZmXUh4ninA8WRQkDKoIjqOBXSoIVmyoCcKC6lsh7iOBsNIBFnQI9uzL88Q5rp5XrduTYu1ymkYe7IF9UAI2OAU1cA3qwAEYPIJn8ArejCfjxXg3PiatOWM6swv+wPj8AVMtmCQ=</latexit><latexit sha1_base64="lb6Ztz3zZNjAQq7wYZduKw+3scc=">AAACDHicbVDLSsNAFJ3UV62vqEs3g1VsoZREBHUhFN3ormJjA20ok+mkHTqZhJmJUEJ/wI2/4saFils/wJ1/4zTtQlsPXDiccy/33uPHjEplWd9GbmFxaXklv1pYW9/Y3DK3d+5llAhMHByxSLg+koRRThxFFSNuLAgKfUaa/uBq7DcfiJA04g01jIkXoh6nAcVIaaljHtzBC9hmiPcYgW4F3pTccgU2Sm7FPSrDtsiMjlm0qlYGOE/sKSmCKeod86vdjXASEq4wQ1K2bCtWXoqEopiRUaGdSBIjPEA90tKUo5BIL82+GcFDrXRhEAldXMFM/T2RolDKYejrzhCpvpz1xuJ/XitRwZmXUh4ninA8WRQkDKoIjqOBXSoIVmyoCcKC6lsh7iOBsNIBFnQI9uzL88Q5rp5XrduTYu1ymkYe7IF9UAI2OAU1cA3qwAEYPIJn8ArejCfjxXg3PiatOWM6swv+wPj8AVMtmCQ=</latexit>

P = {a1(X) < 0, a2(X) = 0, . . .}
<latexit sha1_base64="jufunZR41yfG7ecKuQt1efrxEAA=">AAACD3icbZDNSsNAFIUn9a/Wv6hLN4NFrCAlKYIKFopuXFYwttCEMJlM26GTSZiZCCX0Edz4Km5cqLh16863cdJmodUDAx/n3sude4KEUaks68soLSwuLa+UVytr6xubW+b2zp2MU4GJg2MWi26AJGGUE0dRxUg3EQRFASOdYHSV1zv3REga81s1TogXoQGnfYqR0pZvHrZhE7oZ8u1a9wheQOsYIr+RczNnl4WxktCd+GbVqltTwb9gF1AFhdq++emGMU4jwhVmSMqebSXKy5BQFDMyqbipJAnCIzQgPY0cRUR62fSgCTzQTgj7sdCPKzh1f05kKJJyHAW6M0JqKOdruflfrZeq/pmXUZ6kinA8W9RPGVQxzNOBIRUEKzbWgLCg+q8QD5FAWOkMKzoEe/7kv+A06ud16+ak2ros0iiDPbAPasAGp6AFrkEbOACDB/AEXsCr8Wg8G2/G+6y1ZBQzu+CXjI9v1mOYSQ==</latexit><latexit sha1_base64="jufunZR41yfG7ecKuQt1efrxEAA=">AAACD3icbZDNSsNAFIUn9a/Wv6hLN4NFrCAlKYIKFopuXFYwttCEMJlM26GTSZiZCCX0Edz4Km5cqLh16863cdJmodUDAx/n3sude4KEUaks68soLSwuLa+UVytr6xubW+b2zp2MU4GJg2MWi26AJGGUE0dRxUg3EQRFASOdYHSV1zv3REga81s1TogXoQGnfYqR0pZvHrZhE7oZ8u1a9wheQOsYIr+RczNnl4WxktCd+GbVqltTwb9gF1AFhdq++emGMU4jwhVmSMqebSXKy5BQFDMyqbipJAnCIzQgPY0cRUR62fSgCTzQTgj7sdCPKzh1f05kKJJyHAW6M0JqKOdruflfrZeq/pmXUZ6kinA8W9RPGVQxzNOBIRUEKzbWgLCg+q8QD5FAWOkMKzoEe/7kv+A06ud16+ak2ros0iiDPbAPasAGp6AFrkEbOACDB/AEXsCr8Wg8G2/G+6y1ZBQzu+CXjI9v1mOYSQ==</latexit><latexit sha1_base64="jufunZR41yfG7ecKuQt1efrxEAA=">AAACD3icbZDNSsNAFIUn9a/Wv6hLN4NFrCAlKYIKFopuXFYwttCEMJlM26GTSZiZCCX0Edz4Km5cqLh16863cdJmodUDAx/n3sude4KEUaks68soLSwuLa+UVytr6xubW+b2zp2MU4GJg2MWi26AJGGUE0dRxUg3EQRFASOdYHSV1zv3REga81s1TogXoQGnfYqR0pZvHrZhE7oZ8u1a9wheQOsYIr+RczNnl4WxktCd+GbVqltTwb9gF1AFhdq++emGMU4jwhVmSMqebSXKy5BQFDMyqbipJAnCIzQgPY0cRUR62fSgCTzQTgj7sdCPKzh1f05kKJJyHAW6M0JqKOdruflfrZeq/pmXUZ6kinA8W9RPGVQxzNOBIRUEKzbWgLCg+q8QD5FAWOkMKzoEe/7kv+A06ud16+ak2ros0iiDPbAPasAGp6AFrkEbOACDB/AEXsCr8Wg8G2/G+6y1ZBQzu+CXjI9v1mOYSQ==</latexit>

Set of predicates

� Lahiri et al CAV 2006
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Discrete transition systemS = hX, I(X), T (X,X 0)i
<latexit sha1_base64="lb6Ztz3zZNjAQq7wYZduKw+3scc=">AAACDHicbVDLSsNAFJ3UV62vqEs3g1VsoZREBHUhFN3ormJjA20ok+mkHTqZhJmJUEJ/wI2/4saFils/wJ1/4zTtQlsPXDiccy/33uPHjEplWd9GbmFxaXklv1pYW9/Y3DK3d+5llAhMHByxSLg+koRRThxFFSNuLAgKfUaa/uBq7DcfiJA04g01jIkXoh6nAcVIaaljHtzBC9hmiPcYgW4F3pTccgU2Sm7FPSrDtsiMjlm0qlYGOE/sKSmCKeod86vdjXASEq4wQ1K2bCtWXoqEopiRUaGdSBIjPEA90tKUo5BIL82+GcFDrXRhEAldXMFM/T2RolDKYejrzhCpvpz1xuJ/XitRwZmXUh4ninA8WRQkDKoIjqOBXSoIVmyoCcKC6lsh7iOBsNIBFnQI9uzL88Q5rp5XrduTYu1ymkYe7IF9UAI2OAU1cA3qwAEYPIJn8ArejCfjxXg3PiatOWM6swv+wPj8AVMtmCQ=</latexit><latexit sha1_base64="lb6Ztz3zZNjAQq7wYZduKw+3scc=">AAACDHicbVDLSsNAFJ3UV62vqEs3g1VsoZREBHUhFN3ormJjA20ok+mkHTqZhJmJUEJ/wI2/4saFils/wJ1/4zTtQlsPXDiccy/33uPHjEplWd9GbmFxaXklv1pYW9/Y3DK3d+5llAhMHByxSLg+koRRThxFFSNuLAgKfUaa/uBq7DcfiJA04g01jIkXoh6nAcVIaaljHtzBC9hmiPcYgW4F3pTccgU2Sm7FPSrDtsiMjlm0qlYGOE/sKSmCKeod86vdjXASEq4wQ1K2bCtWXoqEopiRUaGdSBIjPEA90tKUo5BIL82+GcFDrXRhEAldXMFM/T2RolDKYejrzhCpvpz1xuJ/XitRwZmXUh4ninA8WRQkDKoIjqOBXSoIVmyoCcKC6lsh7iOBsNIBFnQI9uzL88Q5rp5XrduTYu1ymkYe7IF9UAI2OAU1cA3qwAEYPIJn8ArejCfjxXg3PiatOWM6swv+wPj8AVMtmCQ=</latexit><latexit sha1_base64="lb6Ztz3zZNjAQq7wYZduKw+3scc=">AAACDHicbVDLSsNAFJ3UV62vqEs3g1VsoZREBHUhFN3ormJjA20ok+mkHTqZhJmJUEJ/wI2/4saFils/wJ1/4zTtQlsPXDiccy/33uPHjEplWd9GbmFxaXklv1pYW9/Y3DK3d+5llAhMHByxSLg+koRRThxFFSNuLAgKfUaa/uBq7DcfiJA04g01jIkXoh6nAcVIaaljHtzBC9hmiPcYgW4F3pTccgU2Sm7FPSrDtsiMjlm0qlYGOE/sKSmCKeod86vdjXASEq4wQ1K2bCtWXoqEopiRUaGdSBIjPEA90tKUo5BIL82+GcFDrXRhEAldXMFM/T2RolDKYejrzhCpvpz1xuJ/XitRwZmXUh4ninA8WRQkDKoIjqOBXSoIVmyoCcKC6lsh7iOBsNIBFnQI9uzL88Q5rp5XrduTYu1ymkYe7IF9UAI2OAU1cA3qwAEYPIJn8ArejCfjxXg3PiatOWM6swv+wPj8AVMtmCQ=</latexit>

P = {a1(X) < 0, a2(X) = 0, . . .}
<latexit sha1_base64="jufunZR41yfG7ecKuQt1efrxEAA=">AAACD3icbZDNSsNAFIUn9a/Wv6hLN4NFrCAlKYIKFopuXFYwttCEMJlM26GTSZiZCCX0Edz4Km5cqLh16863cdJmodUDAx/n3sude4KEUaks68soLSwuLa+UVytr6xubW+b2zp2MU4GJg2MWi26AJGGUE0dRxUg3EQRFASOdYHSV1zv3REga81s1TogXoQGnfYqR0pZvHrZhE7oZ8u1a9wheQOsYIr+RczNnl4WxktCd+GbVqltTwb9gF1AFhdq++emGMU4jwhVmSMqebSXKy5BQFDMyqbipJAnCIzQgPY0cRUR62fSgCTzQTgj7sdCPKzh1f05kKJJyHAW6M0JqKOdruflfrZeq/pmXUZ6kinA8W9RPGVQxzNOBIRUEKzbWgLCg+q8QD5FAWOkMKzoEe/7kv+A06ud16+ak2ros0iiDPbAPasAGp6AFrkEbOACDB/AEXsCr8Wg8G2/G+6y1ZBQzu+CXjI9v1mOYSQ==</latexit><latexit sha1_base64="jufunZR41yfG7ecKuQt1efrxEAA=">AAACD3icbZDNSsNAFIUn9a/Wv6hLN4NFrCAlKYIKFopuXFYwttCEMJlM26GTSZiZCCX0Edz4Km5cqLh16863cdJmodUDAx/n3sude4KEUaks68soLSwuLa+UVytr6xubW+b2zp2MU4GJg2MWi26AJGGUE0dRxUg3EQRFASOdYHSV1zv3REga81s1TogXoQGnfYqR0pZvHrZhE7oZ8u1a9wheQOsYIr+RczNnl4WxktCd+GbVqltTwb9gF1AFhdq++emGMU4jwhVmSMqebSXKy5BQFDMyqbipJAnCIzQgPY0cRUR62fSgCTzQTgj7sdCPKzh1f05kKJJyHAW6M0JqKOdruflfrZeq/pmXUZ6kinA8W9RPGVQxzNOBIRUEKzbWgLCg+q8QD5FAWOkMKzoEe/7kv+A06ud16+ak2ros0iiDPbAPasAGp6AFrkEbOACDB/AEXsCr8Wg8G2/G+6y1ZBQzu+CXjI9v1mOYSQ==</latexit><latexit sha1_base64="jufunZR41yfG7ecKuQt1efrxEAA=">AAACD3icbZDNSsNAFIUn9a/Wv6hLN4NFrCAlKYIKFopuXFYwttCEMJlM26GTSZiZCCX0Edz4Km5cqLh16863cdJmodUDAx/n3sude4KEUaks68soLSwuLa+UVytr6xubW+b2zp2MU4GJg2MWi26AJGGUE0dRxUg3EQRFASOdYHSV1zv3REga81s1TogXoQGnfYqR0pZvHrZhE7oZ8u1a9wheQOsYIr+RczNnl4WxktCd+GbVqltTwb9gF1AFhdq++emGMU4jwhVmSMqebSXKy5BQFDMyqbipJAnCIzQgPY0cRUR62fSgCTzQTgj7sdCPKzh1f05kKJJyHAW6M0JqKOdruflfrZeq/pmXUZ6kinA8W9RPGVQxzNOBIRUEKzbWgLCg+q8QD5FAWOkMKzoEe/7kv+A06ud16+ak2ros0iiDPbAPasAGp6AFrkEbOACDB/AEXsCr8Wg8G2/G+6y1ZBQzu+CXjI9v1mOYSQ==</latexit>

Set of predicates

SP = hVP , IP , TP i
VP = {vp 2 B | p 2 P}

IP = 9X.(I(X) ^
^

p2P

(vp $ p(X)))

TP = 9X,X 0.(T (X,X 0) ^
^

p2P

(vp $ p(X)) ^
^

p2P

(v0p $ p(X 0)))

<latexit sha1_base64="K/Glv6Oc/O6jpCgEO8sEKEo/Bz4="></latexit><latexit sha1_base64="K/Glv6Oc/O6jpCgEO8sEKEo/Bz4="></latexit><latexit sha1_base64="K/Glv6Oc/O6jpCgEO8sEKEo/Bz4="></latexit>

� Lahiri et al CAV 2006
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Discrete transition systemS = hX, I(X), T (X,X 0)i
<latexit sha1_base64="lb6Ztz3zZNjAQq7wYZduKw+3scc=">AAACDHicbVDLSsNAFJ3UV62vqEs3g1VsoZREBHUhFN3ormJjA20ok+mkHTqZhJmJUEJ/wI2/4saFils/wJ1/4zTtQlsPXDiccy/33uPHjEplWd9GbmFxaXklv1pYW9/Y3DK3d+5llAhMHByxSLg+koRRThxFFSNuLAgKfUaa/uBq7DcfiJA04g01jIkXoh6nAcVIaaljHtzBC9hmiPcYgW4F3pTccgU2Sm7FPSrDtsiMjlm0qlYGOE/sKSmCKeod86vdjXASEq4wQ1K2bCtWXoqEopiRUaGdSBIjPEA90tKUo5BIL82+GcFDrXRhEAldXMFM/T2RolDKYejrzhCpvpz1xuJ/XitRwZmXUh4ninA8WRQkDKoIjqOBXSoIVmyoCcKC6lsh7iOBsNIBFnQI9uzL88Q5rp5XrduTYu1ymkYe7IF9UAI2OAU1cA3qwAEYPIJn8ArejCfjxXg3PiatOWM6swv+wPj8AVMtmCQ=</latexit><latexit sha1_base64="lb6Ztz3zZNjAQq7wYZduKw+3scc=">AAACDHicbVDLSsNAFJ3UV62vqEs3g1VsoZREBHUhFN3ormJjA20ok+mkHTqZhJmJUEJ/wI2/4saFils/wJ1/4zTtQlsPXDiccy/33uPHjEplWd9GbmFxaXklv1pYW9/Y3DK3d+5llAhMHByxSLg+koRRThxFFSNuLAgKfUaa/uBq7DcfiJA04g01jIkXoh6nAcVIaaljHtzBC9hmiPcYgW4F3pTccgU2Sm7FPSrDtsiMjlm0qlYGOE/sKSmCKeod86vdjXASEq4wQ1K2bCtWXoqEopiRUaGdSBIjPEA90tKUo5BIL82+GcFDrXRhEAldXMFM/T2RolDKYejrzhCpvpz1xuJ/XitRwZmXUh4ninA8WRQkDKoIjqOBXSoIVmyoCcKC6lsh7iOBsNIBFnQI9uzL88Q5rp5XrduTYu1ymkYe7IF9UAI2OAU1cA3qwAEYPIJn8ArejCfjxXg3PiatOWM6swv+wPj8AVMtmCQ=</latexit><latexit sha1_base64="lb6Ztz3zZNjAQq7wYZduKw+3scc=">AAACDHicbVDLSsNAFJ3UV62vqEs3g1VsoZREBHUhFN3ormJjA20ok+mkHTqZhJmJUEJ/wI2/4saFils/wJ1/4zTtQlsPXDiccy/33uPHjEplWd9GbmFxaXklv1pYW9/Y3DK3d+5llAhMHByxSLg+koRRThxFFSNuLAgKfUaa/uBq7DcfiJA04g01jIkXoh6nAcVIaaljHtzBC9hmiPcYgW4F3pTccgU2Sm7FPSrDtsiMjlm0qlYGOE/sKSmCKeod86vdjXASEq4wQ1K2bCtWXoqEopiRUaGdSBIjPEA90tKUo5BIL82+GcFDrXRhEAldXMFM/T2RolDKYejrzhCpvpz1xuJ/XitRwZmXUh4ninA8WRQkDKoIjqOBXSoIVmyoCcKC6lsh7iOBsNIBFnQI9uzL88Q5rp5XrduTYu1ymkYe7IF9UAI2OAU1cA3qwAEYPIJn8ArejCfjxXg3PiatOWM6swv+wPj8AVMtmCQ=</latexit>

P = {a1(X) < 0, a2(X) = 0, . . .}
<latexit sha1_base64="jufunZR41yfG7ecKuQt1efrxEAA=">AAACD3icbZDNSsNAFIUn9a/Wv6hLN4NFrCAlKYIKFopuXFYwttCEMJlM26GTSZiZCCX0Edz4Km5cqLh16863cdJmodUDAx/n3sude4KEUaks68soLSwuLa+UVytr6xubW+b2zp2MU4GJg2MWi26AJGGUE0dRxUg3EQRFASOdYHSV1zv3REga81s1TogXoQGnfYqR0pZvHrZhE7oZ8u1a9wheQOsYIr+RczNnl4WxktCd+GbVqltTwb9gF1AFhdq++emGMU4jwhVmSMqebSXKy5BQFDMyqbipJAnCIzQgPY0cRUR62fSgCTzQTgj7sdCPKzh1f05kKJJyHAW6M0JqKOdruflfrZeq/pmXUZ6kinA8W9RPGVQxzNOBIRUEKzbWgLCg+q8QD5FAWOkMKzoEe/7kv+A06ud16+ak2ros0iiDPbAPasAGp6AFrkEbOACDB/AEXsCr8Wg8G2/G+6y1ZBQzu+CXjI9v1mOYSQ==</latexit><latexit sha1_base64="jufunZR41yfG7ecKuQt1efrxEAA=">AAACD3icbZDNSsNAFIUn9a/Wv6hLN4NFrCAlKYIKFopuXFYwttCEMJlM26GTSZiZCCX0Edz4Km5cqLh16863cdJmodUDAx/n3sude4KEUaks68soLSwuLa+UVytr6xubW+b2zp2MU4GJg2MWi26AJGGUE0dRxUg3EQRFASOdYHSV1zv3REga81s1TogXoQGnfYqR0pZvHrZhE7oZ8u1a9wheQOsYIr+RczNnl4WxktCd+GbVqltTwb9gF1AFhdq++emGMU4jwhVmSMqebSXKy5BQFDMyqbipJAnCIzQgPY0cRUR62fSgCTzQTgj7sdCPKzh1f05kKJJyHAW6M0JqKOdruflfrZeq/pmXUZ6kinA8W9RPGVQxzNOBIRUEKzbWgLCg+q8QD5FAWOkMKzoEe/7kv+A06ud16+ak2ros0iiDPbAPasAGp6AFrkEbOACDB/AEXsCr8Wg8G2/G+6y1ZBQzu+CXjI9v1mOYSQ==</latexit><latexit sha1_base64="jufunZR41yfG7ecKuQt1efrxEAA=">AAACD3icbZDNSsNAFIUn9a/Wv6hLN4NFrCAlKYIKFopuXFYwttCEMJlM26GTSZiZCCX0Edz4Km5cqLh16863cdJmodUDAx/n3sude4KEUaks68soLSwuLa+UVytr6xubW+b2zp2MU4GJg2MWi26AJGGUE0dRxUg3EQRFASOdYHSV1zv3REga81s1TogXoQGnfYqR0pZvHrZhE7oZ8u1a9wheQOsYIr+RczNnl4WxktCd+GbVqltTwb9gF1AFhdq++emGMU4jwhVmSMqebSXKy5BQFDMyqbipJAnCIzQgPY0cRUR62fSgCTzQTgj7sdCPKzh1f05kKJJyHAW6M0JqKOdruflfrZeq/pmXUZ6kinA8W9RPGVQxzNOBIRUEKzbWgLCg+q8QD5FAWOkMKzoEe/7kv+A06ud16+ak2ros0iiDPbAPasAGp6AFrkEbOACDB/AEXsCr8Wg8G2/G+6y1ZBQzu+CXjI9v1mOYSQ==</latexit>

Set of predicates

SP = hVP , IP , TP i
VP = {vp 2 B | p 2 P}

IP = 9X.(I(X) ^
^

p2P

(vp $ p(X)))

TP = 9X,X 0.(T (X,X 0) ^
^

p2P

(vp $ p(X)) ^
^

p2P

(v0p $ p(X 0)))

<latexit sha1_base64="K/Glv6Oc/O6jpCgEO8sEKEo/Bz4="></latexit><latexit sha1_base64="K/Glv6Oc/O6jpCgEO8sEKEo/Bz4="></latexit><latexit sha1_base64="K/Glv6Oc/O6jpCgEO8sEKEo/Bz4="></latexit>

Quantifier elimination (using 
a SMT solver…)

� Lahiri et al CAV 2006

Compute the predicate abstraction



Symbolic computation of predicate abstraction

• Efficient handling of the exponential blow-up in computing the 
abstraction and fully automatic verification algorithms:

• efficient quantification

• automatic abstraction refinement

• implicit predicate abstraction and IC3

• Issues with semialgebraic decomposition

• Explicit computation of reachable states

• Computes reachable states vs. finding a sufficient invariant

• What does happen when we have hybrid systems?
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Lahiri et al CAV 2006

Henzinger et al POPL 2004

Tonetta FM 2009

Cimatti et al TACAS 2014
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abstraction and fully automatic verification algorithms:

• efficient quantification

• automatic abstraction refinement

• implicit predicate abstraction and IC3
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• Computes reachable states vs. finding a sufficient invariant

• What does happen when we have hybrid systems?
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Can we apply symbolic techniques to compute the 
semialgebraic decomposition?

Lahiri et al CAV 2006

Henzinger et al POPL 2004

Tonetta FM 2009

Cimatti et al TACAS 2014



Main challenges
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0 < x ^ 0 < y ^ 0 < x+ 1 ^ 0 < y + 1
<latexit sha1_base64="sN6FVTxhJG+028cUIelKug9QyAk=">AAACGXicbZDLSgMxFIbPeK31NurSTbAIglBmRFDBRdGNywrWFtqhZDKZNjSTGZKMdCh9Dje+ihsXKi515duYtrPoxQOBL/9/Dsn5/YQzpR3n11paXlldWy9sFDe3tnd27b39RxWnktAaiXksGz5WlDNBa5ppThuJpDjyOa37vduRX3+iUrFYPOgsoV6EO4KFjGBtpLbtOuga9VGLYxGgEWdT3EenyJ3xzL1tl5yyMy60CG4OJcir2ra/W0FM0ogKTThWquk6ifYGWGpGOB0WW6miCSY93KFNgwJHVHmD8WpDdGyUAIWxNEdoNFanJwY4UiqLfNMZYd1V895I/M9rpjq89AZMJKmmgkweClOOdIxGOaGASUo0zwxgIpn5KyJdLDHRJs2iCcGdX3kRamflq7Jzf16q3ORpFOAQjuAEXLiACtxBFWpA4Ble4R0+rBfrzfq0viatS1Y+cwAzZf38ASQ5muM=</latexit><latexit sha1_base64="sN6FVTxhJG+028cUIelKug9QyAk=">AAACGXicbZDLSgMxFIbPeK31NurSTbAIglBmRFDBRdGNywrWFtqhZDKZNjSTGZKMdCh9Dje+ihsXKi515duYtrPoxQOBL/9/Dsn5/YQzpR3n11paXlldWy9sFDe3tnd27b39RxWnktAaiXksGz5WlDNBa5ppThuJpDjyOa37vduRX3+iUrFYPOgsoV6EO4KFjGBtpLbtOuga9VGLYxGgEWdT3EenyJ3xzL1tl5yyMy60CG4OJcir2ra/W0FM0ogKTThWquk6ifYGWGpGOB0WW6miCSY93KFNgwJHVHmD8WpDdGyUAIWxNEdoNFanJwY4UiqLfNMZYd1V895I/M9rpjq89AZMJKmmgkweClOOdIxGOaGASUo0zwxgIpn5KyJdLDHRJs2iCcGdX3kRamflq7Jzf16q3ORpFOAQjuAEXLiACtxBFWpA4Ble4R0+rBfrzfq0viatS1Y+cwAzZf38ASQ5muM=</latexit><latexit sha1_base64="sN6FVTxhJG+028cUIelKug9QyAk=">AAACGXicbZDLSgMxFIbPeK31NurSTbAIglBmRFDBRdGNywrWFtqhZDKZNjSTGZKMdCh9Dje+ihsXKi515duYtrPoxQOBL/9/Dsn5/YQzpR3n11paXlldWy9sFDe3tnd27b39RxWnktAaiXksGz5WlDNBa5ppThuJpDjyOa37vduRX3+iUrFYPOgsoV6EO4KFjGBtpLbtOuga9VGLYxGgEWdT3EenyJ3xzL1tl5yyMy60CG4OJcir2ra/W0FM0ogKTThWquk6ifYGWGpGOB0WW6miCSY93KFNgwJHVHmD8WpDdGyUAIWxNEdoNFanJwY4UiqLfNMZYd1V895I/M9rpjq89AZMJKmmgkweClOOdIxGOaGASUo0zwxgIpn5KyJdLDHRJs2iCcGdX3kRamflq7Jzf16q3ORpFOAQjuAEXLiACtxBFWpA4Ble4R0+rBfrzfq0viatS1Y+cwAzZf38ASQ5muM=</latexit>

0 < x ^ 0 = y ^ 0 < x+ 1 ^ 0 < y + 1
<latexit sha1_base64="b1iLNKisLQnhcnv+PGEli3pQmxY=">AAACJ3icbVBdS8MwFE39nPNr6qMvwSEIwkhFUEFx6IuPE5wbrGWkabqFpWlJUrGU/Rxf/Cu+iKjoo//ErOvD3LwQOPecc5Ob48WcKY3QtzU3v7C4tFxaKa+urW9sVra271WUSEKbJOKRbHtYUc4EbWqmOW3HkuLQ47TlDa5HeuuBSsUicafTmLoh7gkWMIK1obqVSwTP4SN0OBY+zJz8wkxSfwgRvIDpsFDGrkNoT/TpqO9WqqiG8oKzwC5AFRTV6FbeHD8iSUiFJhwr1bFRrN0MS80Ip8OykygaYzLAPdoxUOCQKjfL9xrCfcP4MIikOULDnJ2cyHCoVBp6xhli3VfT2oj8T+skOjh1MybiRFNBxg8FCYc6gqPUoM8kJZqnBmAimdkVkj6WmGiTbdmEYE9/eRY0j2pnNXR7XK1fFWmUwC7YAwfABiegDm5AAzQBAU/gBbyDD+vZerU+ra+xdc4qZnbAn7J+fgEW+aE2</latexit><latexit sha1_base64="b1iLNKisLQnhcnv+PGEli3pQmxY=">AAACJ3icbVBdS8MwFE39nPNr6qMvwSEIwkhFUEFx6IuPE5wbrGWkabqFpWlJUrGU/Rxf/Cu+iKjoo//ErOvD3LwQOPecc5Ob48WcKY3QtzU3v7C4tFxaKa+urW9sVra271WUSEKbJOKRbHtYUc4EbWqmOW3HkuLQ47TlDa5HeuuBSsUicafTmLoh7gkWMIK1obqVSwTP4SN0OBY+zJz8wkxSfwgRvIDpsFDGrkNoT/TpqO9WqqiG8oKzwC5AFRTV6FbeHD8iSUiFJhwr1bFRrN0MS80Ip8OykygaYzLAPdoxUOCQKjfL9xrCfcP4MIikOULDnJ2cyHCoVBp6xhli3VfT2oj8T+skOjh1MybiRFNBxg8FCYc6gqPUoM8kJZqnBmAimdkVkj6WmGiTbdmEYE9/eRY0j2pnNXR7XK1fFWmUwC7YAwfABiegDm5AAzQBAU/gBbyDD+vZerU+ra+xdc4qZnbAn7J+fgEW+aE2</latexit><latexit sha1_base64="b1iLNKisLQnhcnv+PGEli3pQmxY=">AAACJ3icbVBdS8MwFE39nPNr6qMvwSEIwkhFUEFx6IuPE5wbrGWkabqFpWlJUrGU/Rxf/Cu+iKjoo//ErOvD3LwQOPecc5Ob48WcKY3QtzU3v7C4tFxaKa+urW9sVra271WUSEKbJOKRbHtYUc4EbWqmOW3HkuLQ47TlDa5HeuuBSsUicafTmLoh7gkWMIK1obqVSwTP4SN0OBY+zJz8wkxSfwgRvIDpsFDGrkNoT/TpqO9WqqiG8oKzwC5AFRTV6FbeHD8iSUiFJhwr1bFRrN0MS80Ip8OykygaYzLAPdoxUOCQKjfL9xrCfcP4MIikOULDnJ2cyHCoVBp6xhli3VfT2oj8T+skOjh1MybiRFNBxg8FCYc6gqPUoM8kJZqnBmAimdkVkj6WmGiTbdmEYE9/eRY0j2pnNXR7XK1fFWmUwC7YAwfABiegDm5AAzQBAU/gBbyDD+vZerU+ra+xdc4qZnbAn7J+fgEW+aE2</latexit>

Check of existence: now is defined only 
among pairs of state (i.e., does s1 can 

reach s2?)



Main challenges
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0 < x ^ 0 < y ^ 0 < x+ 1 ^ 0 < y + 1
<latexit sha1_base64="sN6FVTxhJG+028cUIelKug9QyAk=">AAACGXicbZDLSgMxFIbPeK31NurSTbAIglBmRFDBRdGNywrWFtqhZDKZNjSTGZKMdCh9Dje+ihsXKi515duYtrPoxQOBL/9/Dsn5/YQzpR3n11paXlldWy9sFDe3tnd27b39RxWnktAaiXksGz5WlDNBa5ppThuJpDjyOa37vduRX3+iUrFYPOgsoV6EO4KFjGBtpLbtOuga9VGLYxGgEWdT3EenyJ3xzL1tl5yyMy60CG4OJcir2ra/W0FM0ogKTThWquk6ifYGWGpGOB0WW6miCSY93KFNgwJHVHmD8WpDdGyUAIWxNEdoNFanJwY4UiqLfNMZYd1V895I/M9rpjq89AZMJKmmgkweClOOdIxGOaGASUo0zwxgIpn5KyJdLDHRJs2iCcGdX3kRamflq7Jzf16q3ORpFOAQjuAEXLiACtxBFWpA4Ble4R0+rBfrzfq0viatS1Y+cwAzZf38ASQ5muM=</latexit><latexit sha1_base64="sN6FVTxhJG+028cUIelKug9QyAk=">AAACGXicbZDLSgMxFIbPeK31NurSTbAIglBmRFDBRdGNywrWFtqhZDKZNjSTGZKMdCh9Dje+ihsXKi515duYtrPoxQOBL/9/Dsn5/YQzpR3n11paXlldWy9sFDe3tnd27b39RxWnktAaiXksGz5WlDNBa5ppThuJpDjyOa37vduRX3+iUrFYPOgsoV6EO4KFjGBtpLbtOuga9VGLYxGgEWdT3EenyJ3xzL1tl5yyMy60CG4OJcir2ra/W0FM0ogKTThWquk6ifYGWGpGOB0WW6miCSY93KFNgwJHVHmD8WpDdGyUAIWxNEdoNFanJwY4UiqLfNMZYd1V895I/M9rpjq89AZMJKmmgkweClOOdIxGOaGASUo0zwxgIpn5KyJdLDHRJs2iCcGdX3kRamflq7Jzf16q3ORpFOAQjuAEXLiACtxBFWpA4Ble4R0+rBfrzfq0viatS1Y+cwAzZf38ASQ5muM=</latexit><latexit sha1_base64="sN6FVTxhJG+028cUIelKug9QyAk=">AAACGXicbZDLSgMxFIbPeK31NurSTbAIglBmRFDBRdGNywrWFtqhZDKZNjSTGZKMdCh9Dje+ihsXKi515duYtrPoxQOBL/9/Dsn5/YQzpR3n11paXlldWy9sFDe3tnd27b39RxWnktAaiXksGz5WlDNBa5ppThuJpDjyOa37vduRX3+iUrFYPOgsoV6EO4KFjGBtpLbtOuga9VGLYxGgEWdT3EenyJ3xzL1tl5yyMy60CG4OJcir2ra/W0FM0ogKTThWquk6ifYGWGpGOB0WW6miCSY93KFNgwJHVHmD8WpDdGyUAIWxNEdoNFanJwY4UiqLfNMZYd1V895I/M9rpjq89AZMJKmmgkweClOOdIxGOaGASUo0zwxgIpn5KyJdLDHRJs2iCcGdX3kRamflq7Jzf16q3ORpFOAQjuAEXLiACtxBFWpA4Ble4R0+rBfrzfq0viatS1Y+cwAzZf38ASQ5muM=</latexit>

Check of existence:
S1 is a differential invariant when 

the domain is restricted to s1 or s2

0 < x ^ 0 = y ^ 0 < x+ 1 ^ 0 < y + 1
<latexit sha1_base64="b1iLNKisLQnhcnv+PGEli3pQmxY=">AAACJ3icbVBdS8MwFE39nPNr6qMvwSEIwkhFUEFx6IuPE5wbrGWkabqFpWlJUrGU/Rxf/Cu+iKjoo//ErOvD3LwQOPecc5Ob48WcKY3QtzU3v7C4tFxaKa+urW9sVra271WUSEKbJOKRbHtYUc4EbWqmOW3HkuLQ47TlDa5HeuuBSsUicafTmLoh7gkWMIK1obqVSwTP4SN0OBY+zJz8wkxSfwgRvIDpsFDGrkNoT/TpqO9WqqiG8oKzwC5AFRTV6FbeHD8iSUiFJhwr1bFRrN0MS80Ip8OykygaYzLAPdoxUOCQKjfL9xrCfcP4MIikOULDnJ2cyHCoVBp6xhli3VfT2oj8T+skOjh1MybiRFNBxg8FCYc6gqPUoM8kJZqnBmAimdkVkj6WmGiTbdmEYE9/eRY0j2pnNXR7XK1fFWmUwC7YAwfABiegDm5AAzQBAU/gBbyDD+vZerU+ra+xdc4qZnbAn7J+fgEW+aE2</latexit><latexit sha1_base64="b1iLNKisLQnhcnv+PGEli3pQmxY=">AAACJ3icbVBdS8MwFE39nPNr6qMvwSEIwkhFUEFx6IuPE5wbrGWkabqFpWlJUrGU/Rxf/Cu+iKjoo//ErOvD3LwQOPecc5Ob48WcKY3QtzU3v7C4tFxaKa+urW9sVra271WUSEKbJOKRbHtYUc4EbWqmOW3HkuLQ47TlDa5HeuuBSsUicafTmLoh7gkWMIK1obqVSwTP4SN0OBY+zJz8wkxSfwgRvIDpsFDGrkNoT/TpqO9WqqiG8oKzwC5AFRTV6FbeHD8iSUiFJhwr1bFRrN0MS80Ip8OykygaYzLAPdoxUOCQKjfL9xrCfcP4MIikOULDnJ2cyHCoVBp6xhli3VfT2oj8T+skOjh1MybiRFNBxg8FCYc6gqPUoM8kJZqnBmAimdkVkj6WmGiTbdmEYE9/eRY0j2pnNXR7XK1fFWmUwC7YAwfABiegDm5AAzQBAU/gBbyDD+vZerU+ra+xdc4qZnbAn7J+fgEW+aE2</latexit><latexit sha1_base64="b1iLNKisLQnhcnv+PGEli3pQmxY=">AAACJ3icbVBdS8MwFE39nPNr6qMvwSEIwkhFUEFx6IuPE5wbrGWkabqFpWlJUrGU/Rxf/Cu+iKjoo//ErOvD3LwQOPecc5Ob48WcKY3QtzU3v7C4tFxaKa+urW9sVra271WUSEKbJOKRbHtYUc4EbWqmOW3HkuLQ47TlDa5HeuuBSsUicafTmLoh7gkWMIK1obqVSwTP4SN0OBY+zJz8wkxSfwgRvIDpsFDGrkNoT/TpqO9WqqiG8oKzwC5AFRTV6FbeHD8iSUiFJhwr1bFRrN0MS80Ip8OykygaYzLAPdoxUOCQKjfL9xrCfcP4MIikOULDnJ2cyHCoVBp6xhli3VfT2oj8T+skOjh1MybiRFNBxg8FCYc6gqPUoM8kJZqnBmAimdkVkj6WmGiTbdmEYE9/eRY0j2pnNXR7XK1fFWmUwC7YAwfABiegDm5AAzQBAU/gBbyDD+vZerU+ra+xdc4qZnbAn7J+fgEW+aE2</latexit>

s1 ! [ ~̇X = ~f( ~X) & (s1 _ s2)] s1
<latexit sha1_base64="GExnhXB6FAfnI6s9wfbEFCXPeqM="></latexit><latexit sha1_base64="GExnhXB6FAfnI6s9wfbEFCXPeqM="></latexit><latexit sha1_base64="GExnhXB6FAfnI6s9wfbEFCXPeqM="></latexit>

Check of existence: now is defined only 
among pairs of state (i.e., does s1 can 

reach s2?)



Main challenges

 7

0 < x ^ 0 < y ^ 0 < x+ 1 ^ 0 < y + 1
<latexit sha1_base64="sN6FVTxhJG+028cUIelKug9QyAk=">AAACGXicbZDLSgMxFIbPeK31NurSTbAIglBmRFDBRdGNywrWFtqhZDKZNjSTGZKMdCh9Dje+ihsXKi515duYtrPoxQOBL/9/Dsn5/YQzpR3n11paXlldWy9sFDe3tnd27b39RxWnktAaiXksGz5WlDNBa5ppThuJpDjyOa37vduRX3+iUrFYPOgsoV6EO4KFjGBtpLbtOuga9VGLYxGgEWdT3EenyJ3xzL1tl5yyMy60CG4OJcir2ra/W0FM0ogKTThWquk6ifYGWGpGOB0WW6miCSY93KFNgwJHVHmD8WpDdGyUAIWxNEdoNFanJwY4UiqLfNMZYd1V895I/M9rpjq89AZMJKmmgkweClOOdIxGOaGASUo0zwxgIpn5KyJdLDHRJs2iCcGdX3kRamflq7Jzf16q3ORpFOAQjuAEXLiACtxBFWpA4Ble4R0+rBfrzfq0viatS1Y+cwAzZf38ASQ5muM=</latexit><latexit sha1_base64="sN6FVTxhJG+028cUIelKug9QyAk=">AAACGXicbZDLSgMxFIbPeK31NurSTbAIglBmRFDBRdGNywrWFtqhZDKZNjSTGZKMdCh9Dje+ihsXKi515duYtrPoxQOBL/9/Dsn5/YQzpR3n11paXlldWy9sFDe3tnd27b39RxWnktAaiXksGz5WlDNBa5ppThuJpDjyOa37vduRX3+iUrFYPOgsoV6EO4KFjGBtpLbtOuga9VGLYxGgEWdT3EenyJ3xzL1tl5yyMy60CG4OJcir2ra/W0FM0ogKTThWquk6ifYGWGpGOB0WW6miCSY93KFNgwJHVHmD8WpDdGyUAIWxNEdoNFanJwY4UiqLfNMZYd1V895I/M9rpjq89AZMJKmmgkweClOOdIxGOaGASUo0zwxgIpn5KyJdLDHRJs2iCcGdX3kRamflq7Jzf16q3ORpFOAQjuAEXLiACtxBFWpA4Ble4R0+rBfrzfq0viatS1Y+cwAzZf38ASQ5muM=</latexit><latexit sha1_base64="sN6FVTxhJG+028cUIelKug9QyAk=">AAACGXicbZDLSgMxFIbPeK31NurSTbAIglBmRFDBRdGNywrWFtqhZDKZNjSTGZKMdCh9Dje+ihsXKi515duYtrPoxQOBL/9/Dsn5/YQzpR3n11paXlldWy9sFDe3tnd27b39RxWnktAaiXksGz5WlDNBa5ppThuJpDjyOa37vduRX3+iUrFYPOgsoV6EO4KFjGBtpLbtOuga9VGLYxGgEWdT3EenyJ3xzL1tl5yyMy60CG4OJcir2ra/W0FM0ogKTThWquk6ifYGWGpGOB0WW6miCSY93KFNgwJHVHmD8WpDdGyUAIWxNEdoNFanJwY4UiqLfNMZYd1V895I/M9rpjq89AZMJKmmgkweClOOdIxGOaGASUo0zwxgIpn5KyJdLDHRJs2iCcGdX3kRamflq7Jzf16q3ORpFOAQjuAEXLiACtxBFWpA4Ble4R0+rBfrzfq0viatS1Y+cwAzZf38ASQ5muM=</latexit>

Check of existence:
S1 is a differential invariant when 

the domain is restricted to s1 or s2

0 < x ^ 0 = y ^ 0 < x+ 1 ^ 0 < y + 1
<latexit sha1_base64="b1iLNKisLQnhcnv+PGEli3pQmxY=">AAACJ3icbVBdS8MwFE39nPNr6qMvwSEIwkhFUEFx6IuPE5wbrGWkabqFpWlJUrGU/Rxf/Cu+iKjoo//ErOvD3LwQOPecc5Ob48WcKY3QtzU3v7C4tFxaKa+urW9sVra271WUSEKbJOKRbHtYUc4EbWqmOW3HkuLQ47TlDa5HeuuBSsUicafTmLoh7gkWMIK1obqVSwTP4SN0OBY+zJz8wkxSfwgRvIDpsFDGrkNoT/TpqO9WqqiG8oKzwC5AFRTV6FbeHD8iSUiFJhwr1bFRrN0MS80Ip8OykygaYzLAPdoxUOCQKjfL9xrCfcP4MIikOULDnJ2cyHCoVBp6xhli3VfT2oj8T+skOjh1MybiRFNBxg8FCYc6gqPUoM8kJZqnBmAimdkVkj6WmGiTbdmEYE9/eRY0j2pnNXR7XK1fFWmUwC7YAwfABiegDm5AAzQBAU/gBbyDD+vZerU+ra+xdc4qZnbAn7J+fgEW+aE2</latexit><latexit sha1_base64="b1iLNKisLQnhcnv+PGEli3pQmxY=">AAACJ3icbVBdS8MwFE39nPNr6qMvwSEIwkhFUEFx6IuPE5wbrGWkabqFpWlJUrGU/Rxf/Cu+iKjoo//ErOvD3LwQOPecc5Ob48WcKY3QtzU3v7C4tFxaKa+urW9sVra271WUSEKbJOKRbHtYUc4EbWqmOW3HkuLQ47TlDa5HeuuBSsUicafTmLoh7gkWMIK1obqVSwTP4SN0OBY+zJz8wkxSfwgRvIDpsFDGrkNoT/TpqO9WqqiG8oKzwC5AFRTV6FbeHD8iSUiFJhwr1bFRrN0MS80Ip8OykygaYzLAPdoxUOCQKjfL9xrCfcP4MIikOULDnJ2cyHCoVBp6xhli3VfT2oj8T+skOjh1MybiRFNBxg8FCYc6gqPUoM8kJZqnBmAimdkVkj6WmGiTbdmEYE9/eRY0j2pnNXR7XK1fFWmUwC7YAwfABiegDm5AAzQBAU/gBbyDD+vZerU+ra+xdc4qZnbAn7J+fgEW+aE2</latexit><latexit sha1_base64="b1iLNKisLQnhcnv+PGEli3pQmxY=">AAACJ3icbVBdS8MwFE39nPNr6qMvwSEIwkhFUEFx6IuPE5wbrGWkabqFpWlJUrGU/Rxf/Cu+iKjoo//ErOvD3LwQOPecc5Ob48WcKY3QtzU3v7C4tFxaKa+urW9sVra271WUSEKbJOKRbHtYUc4EbWqmOW3HkuLQ47TlDa5HeuuBSsUicafTmLoh7gkWMIK1obqVSwTP4SN0OBY+zJz8wkxSfwgRvIDpsFDGrkNoT/TpqO9WqqiG8oKzwC5AFRTV6FbeHD8iSUiFJhwr1bFRrN0MS80Ip8OykygaYzLAPdoxUOCQKjfL9xrCfcP4MIikOULDnJ2cyHCoVBp6xhli3VfT2oj8T+skOjh1MybiRFNBxg8FCYc6gqPUoM8kJZqnBmAimdkVkj6WmGiTbdmEYE9/eRY0j2pnNXR7XK1fFWmUwC7YAwfABiegDm5AAzQBAU/gBbyDD+vZerU+ra+xdc4qZnbAn7J+fgEW+aE2</latexit>

s1 ! [ ~̇X = ~f( ~X) & (s1 _ s2)] s1
<latexit sha1_base64="GExnhXB6FAfnI6s9wfbEFCXPeqM="></latexit><latexit sha1_base64="GExnhXB6FAfnI6s9wfbEFCXPeqM="></latexit><latexit sha1_base64="GExnhXB6FAfnI6s9wfbEFCXPeqM="></latexit>

Can we apply symbolic techniques to compute the 
semialgebraic decomposition?

Check of existence: now is defined only 
among pairs of state (i.e., does s1 can 

reach s2?)



In this talk

• Symbolic algebraic decomposition:

•  exponential encoding in the number of polynomials

• Linear-size algebraic decomposition

• encoding linear in the number of polynomials

• Experimental evaluation
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Exponential (symbolic) algebraic decomposition 
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Expressing the decomposition as a transition system
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Ẋ = f(X)
<latexit sha1_base64="hkQpRJVKeoRFa+Y/DFvllqQ+xNA=">AAAB9HicbVDJSgNBEK2JW4xb1KOXJkGICGHGi3oQgl48RnDMQBJDT6cnadKz0F2jhCH/4UVwwasf482/sbMcNPFBweO9qu6q5ydSaLTtbyu3tLyyupZfL2xsbm3vFHf37nScKsZdFstYeT7VXIqIuyhQci9RnIa+5A1/cDX2Gw9caRFHtzhMeDukvUgEglE00n2rG2PmjcgFCSreUadYtqv2BGSRODNSrpVaxy8AUO8Uv8wDLA15hExSrZuOnWA7owoFk3xUaKWaJ5QNaI83DY1oyHU7m2w9IodG6ZIgVqYiJBP190RGQ62HoW86Q4p9Pe+Nxf+8ZorBWTsTUZIij9j0oyCVBGMyjoB0heIM5dAQypQwuxLWp4oyNEEVTAjO/MmLxD2pnlftG6dcu4Qp8nAAJaiAA6dQg2uogwsMFDzBK7xZj9az9W59TFtz1mxmH/7A+vwBfPWS3g==</latexit><latexit sha1_base64="U4ybBvAzJU/ZAj9NhpmYykIK22c=">AAAB9HicbVDLSsNAFJ34rPVVdelmaBEqQkncqAsh6MZlBWMDbSyT6aQdOpmEmRulhP6FCzcuVNz6Me76N04fC209cOFwzr0z954wFVyDbY+speWV1bX1wkZxc2t7Z7e0t3+vk0xR5tFEJMoPiWaCS+YBB8H8VDESh4I1wv712G88MqV5Iu9gkLIgJl3JI04JGOmh1Ukg94f4EkdV/7hdqtg1ewK8SJwZqbjl1snzyB3U26Vv8wDNYiaBCqJ107FTCHKigFPBhsVWpllKaJ90WdNQSWKmg3yy9RAfGaWDo0SZkoAn6u+JnMRaD+LQdMYEenreG4v/ec0MovMg5zLNgEk6/SjKBIYEjyPAHa4YBTEwhFDFza6Y9ogiFExQRROCM3/yIvFOaxc1+9apuFdoigI6RGVURQ46Qy66QXXkIYoUekFv6N16sl6tD+tz2rpkzWYO0B9YXz+E2ZRk</latexit><latexit sha1_base64="U4ybBvAzJU/ZAj9NhpmYykIK22c=">AAAB9HicbVDLSsNAFJ34rPVVdelmaBEqQkncqAsh6MZlBWMDbSyT6aQdOpmEmRulhP6FCzcuVNz6Me76N04fC209cOFwzr0z954wFVyDbY+speWV1bX1wkZxc2t7Z7e0t3+vk0xR5tFEJMoPiWaCS+YBB8H8VDESh4I1wv712G88MqV5Iu9gkLIgJl3JI04JGOmh1Ukg94f4EkdV/7hdqtg1ewK8SJwZqbjl1snzyB3U26Vv8wDNYiaBCqJ107FTCHKigFPBhsVWpllKaJ90WdNQSWKmg3yy9RAfGaWDo0SZkoAn6u+JnMRaD+LQdMYEenreG4v/ec0MovMg5zLNgEk6/SjKBIYEjyPAHa4YBTEwhFDFza6Y9ogiFExQRROCM3/yIvFOaxc1+9apuFdoigI6RGVURQ46Qy66QXXkIYoUekFv6N16sl6tD+tz2rpkzWYO0B9YXz+E2ZRk</latexit>

Initial states Safe statesdynamical system

A = {a1, a2, . . . , aj}
<latexit sha1_base64="tiAh24URW/BSQhD9req0NY+4SbU=">AAACAnicbVDLSsNAFJ3UV62vqDvdDBbBRSlJEdSFUHXjsoKxhSaEm8m0HTt5MDMRSii48VfcuFBx61e482+cPhbaeuDC4Zx7ufeeIOVMKsv6NgoLi0vLK8XV0tr6xuaWub1zJ5NMEOqQhCeiFYCknMXUUUxx2koFhSjgtBn0r0Z+84EKyZL4Vg1S6kXQjVmHEVBa8s29i3M3B9+ugF+rYJeHiZIVDP69O/TNslW1xsDzxJ6SMpqi4ZtfbpiQLKKxIhykbNtWqrwchGKE02HJzSRNgfShS9uaxhBR6eXjH4b4UCsh7iRCV6zwWP09kUMk5SAKdGcEqidnvZH4n9fOVOfUy1mcZorGZLKok3GsEjwKBIdMUKL4QBMggulbMemBAKJ0bCUdgj378jxxatWzqnVzXK5fTtMoon10gI6QjU5QHV2jBnIQQY/oGb2iN+PJeDHejY9Ja8GYzuyiPzA+fwD1oZYD</latexit><latexit sha1_base64="tiAh24URW/BSQhD9req0NY+4SbU=">AAACAnicbVDLSsNAFJ3UV62vqDvdDBbBRSlJEdSFUHXjsoKxhSaEm8m0HTt5MDMRSii48VfcuFBx61e482+cPhbaeuDC4Zx7ufeeIOVMKsv6NgoLi0vLK8XV0tr6xuaWub1zJ5NMEOqQhCeiFYCknMXUUUxx2koFhSjgtBn0r0Z+84EKyZL4Vg1S6kXQjVmHEVBa8s29i3M3B9+ugF+rYJeHiZIVDP69O/TNslW1xsDzxJ6SMpqi4ZtfbpiQLKKxIhykbNtWqrwchGKE02HJzSRNgfShS9uaxhBR6eXjH4b4UCsh7iRCV6zwWP09kUMk5SAKdGcEqidnvZH4n9fOVOfUy1mcZorGZLKok3GsEjwKBIdMUKL4QBMggulbMemBAKJ0bCUdgj378jxxatWzqnVzXK5fTtMoon10gI6QjU5QHV2jBnIQQY/oGb2iN+PJeDHejY9Ja8GYzuyiPzA+fwD1oZYD</latexit><latexit sha1_base64="tiAh24URW/BSQhD9req0NY+4SbU=">AAACAnicbVDLSsNAFJ3UV62vqDvdDBbBRSlJEdSFUHXjsoKxhSaEm8m0HTt5MDMRSii48VfcuFBx61e482+cPhbaeuDC4Zx7ufeeIOVMKsv6NgoLi0vLK8XV0tr6xuaWub1zJ5NMEOqQhCeiFYCknMXUUUxx2koFhSjgtBn0r0Z+84EKyZL4Vg1S6kXQjVmHEVBa8s29i3M3B9+ugF+rYJeHiZIVDP69O/TNslW1xsDzxJ6SMpqi4ZtfbpiQLKKxIhykbNtWqrwchGKE02HJzSRNgfShS9uaxhBR6eXjH4b4UCsh7iRCV6zwWP09kUMk5SAKdGcEqidnvZH4n9fOVOfUy1mcZorGZLKok3GsEjwKBIdMUKL4QBMggulbMemBAKJ0bCUdgj378jxxatWzqnVzXK5fTtMoon10gI6QjU5QHV2jBnIQQY/oGb2iN+PJeDHejY9Ja8GYzuyiPzA+fwD1oZYD</latexit>

I(X)
<latexit sha1_base64="ZzILutyNkXZir31TOK85kmAE9Fc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoignoretFbBWMLbSib7aZdursJuxuhhP4FLx5UvPqLvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0srq2vlHerGxt7+zuVfcPHnWcKkJ9EvNYdUKsKWeS+oYZTjuJoliEnLbD8U3ut5+o0iyWD2aS0EDgoWQRI9jk0l29c9qv1tyGOwNaJl5BalCg1a9+9QYxSQWVhnCsdddzExNkWBlGOJ1WeqmmCSZjPKRdSyUWVAfZ7NYpOrHKAEWxsiUNmqm/JzIstJ6I0HYKbEZ60cvF/7xuaqLLIGMySQ2VZL4oSjkyMcofRwOmKDF8YgkmitlbERlhhYmx8VRsCN7iy8vEP2tcNdz781rzukijDEdwDHXw4AKacAst8IHACJ7hFd4c4bw4787HvLXkFDOH8AfO5w98/I1n</latexit><latexit sha1_base64="ZzILutyNkXZir31TOK85kmAE9Fc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoignoretFbBWMLbSib7aZdursJuxuhhP4FLx5UvPqLvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0srq2vlHerGxt7+zuVfcPHnWcKkJ9EvNYdUKsKWeS+oYZTjuJoliEnLbD8U3ut5+o0iyWD2aS0EDgoWQRI9jk0l29c9qv1tyGOwNaJl5BalCg1a9+9QYxSQWVhnCsdddzExNkWBlGOJ1WeqmmCSZjPKRdSyUWVAfZ7NYpOrHKAEWxsiUNmqm/JzIstJ6I0HYKbEZ60cvF/7xuaqLLIGMySQ2VZL4oSjkyMcofRwOmKDF8YgkmitlbERlhhYmx8VRsCN7iy8vEP2tcNdz781rzukijDEdwDHXw4AKacAst8IHACJ7hFd4c4bw4787HvLXkFDOH8AfO5w98/I1n</latexit><latexit sha1_base64="ZzILutyNkXZir31TOK85kmAE9Fc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoignoretFbBWMLbSib7aZdursJuxuhhP4FLx5UvPqLvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0srq2vlHerGxt7+zuVfcPHnWcKkJ9EvNYdUKsKWeS+oYZTjuJoliEnLbD8U3ut5+o0iyWD2aS0EDgoWQRI9jk0l29c9qv1tyGOwNaJl5BalCg1a9+9QYxSQWVhnCsdddzExNkWBlGOJ1WeqmmCSZjPKRdSyUWVAfZ7NYpOrHKAEWxsiUNmqm/JzIstJ6I0HYKbEZ60cvF/7xuaqLLIGMySQ2VZL4oSjkyMcofRwOmKDF8YgkmitlbERlhhYmx8VRsCN7iy8vEP2tcNdz781rzukijDEdwDHXw4AKacAst8IHACJ7hFd4c4bw4787HvLXkFDOH8AfO5w98/I1n</latexit>

 (X)
<latexit sha1_base64="FxAOcago61Vv3J5nSRFo7nRHY3c=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoN6KXjxWcG2hXUo2zbah2WxIskJZ+iO8eFDx6v/x5r8xbfegrQ8GHu/NMDMvUoIb63nfaGV1bX1js7RV3t7Z3duvHBw+mjTTlAU0FaluR8QwwSULLLeCtZVmJIkEa0Wj26nfemLa8FQ+2LFiYUIGksecEuukVlcZXmuf9SpVr+7NgJeJX5AqFGj2Kl/dfkqzhElLBTGm43vKhjnRllPBJuVuZpgidEQGrOOoJAkzYT47d4JPndLHcapdSYtn6u+JnCTGjJPIdSbEDs2iNxX/8zqZja/CnEuVWSbpfFGcCWxTPP0d97lm1IqxI4Rq7m7FdEg0odYlVHYh+IsvL5PgvH5d9+4vqo2bIo0SHMMJ1MCHS2jAHTQhAAojeIZXeEMKvaB39DFvXUHFzBH8Afr8AQULjuQ=</latexit><latexit sha1_base64="FxAOcago61Vv3J5nSRFo7nRHY3c=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoN6KXjxWcG2hXUo2zbah2WxIskJZ+iO8eFDx6v/x5r8xbfegrQ8GHu/NMDMvUoIb63nfaGV1bX1js7RV3t7Z3duvHBw+mjTTlAU0FaluR8QwwSULLLeCtZVmJIkEa0Wj26nfemLa8FQ+2LFiYUIGksecEuukVlcZXmuf9SpVr+7NgJeJX5AqFGj2Kl/dfkqzhElLBTGm43vKhjnRllPBJuVuZpgidEQGrOOoJAkzYT47d4JPndLHcapdSYtn6u+JnCTGjJPIdSbEDs2iNxX/8zqZja/CnEuVWSbpfFGcCWxTPP0d97lm1IqxI4Rq7m7FdEg0odYlVHYh+IsvL5PgvH5d9+4vqo2bIo0SHMMJ1MCHS2jAHTQhAAojeIZXeEMKvaB39DFvXUHFzBH8Afr8AQULjuQ=</latexit><latexit sha1_base64="FxAOcago61Vv3J5nSRFo7nRHY3c=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoN6KXjxWcG2hXUo2zbah2WxIskJZ+iO8eFDx6v/x5r8xbfegrQ8GHu/NMDMvUoIb63nfaGV1bX1js7RV3t7Z3duvHBw+mjTTlAU0FaluR8QwwSULLLeCtZVmJIkEa0Wj26nfemLa8FQ+2LFiYUIGksecEuukVlcZXmuf9SpVr+7NgJeJX5AqFGj2Kl/dfkqzhElLBTGm43vKhjnRllPBJuVuZpgidEQGrOOoJAkzYT47d4JPndLHcapdSYtn6u+JnCTGjJPIdSbEDs2iNxX/8zqZja/CnEuVWSbpfFGcCWxTPP0d97lm1IqxI4Rq7m7FdEg0odYlVHYh+IsvL5PgvH5d9+4vqo2bIo0SHMMJ1MCHS2jAHTQhAAojeIZXeEMKvaB39DFvXUHFzBH8Afr8AQULjuQ=</latexit><latexit sha1_base64="C39OhB+IczRcjLNINXH29e9lt8M=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCpTN+pOcOOygmML7VAymTttaCYzJHeEMvQFXLhRfDB3vo3pz0KtBwIf5yTk3hMXSloKgi+vtrW9s7tX3/cPGv7h0XGz8WTz0ggMRa5y04+5RSU1hiRJYb8wyLNYYS+e3i3y3jMaK3P9SLMCo4yPtUyl4OSs7qjZCtrBUmwTOmtowVqj5ucwyUWZoSahuLWDTlBQVHFDUiic+8PSYsHFlI9x4FDzDG1ULcecs3PnJCzNjTua2NL9+aLimbWzLHY3M04T+zdbmP9lg5LS66iSuigJtVh9lJaKUc4WO7NEGhSkZg64MNLNysSEGy7INeO7Djp/N96E8LJ90w4eAqjDKZzBBXTgCm7hHroQgoAEXuDNm3iv3vuqqpq37uwEfsn7+Aap5IoM</latexit><latexit sha1_base64="UaZWAiuFHRgJ7pucQ4O+DDAbHww=">AAAB4nicbZDNSgMxFIXv1L9aq1a3boJFqJsy48a6E9y4rODYQjuUTHqnDc1kQpIRytCHcONCxYdy59uY/iy09UDg45yE3HtiJbixvv/tlba2d3b3yvuVg+rh0XHtpPpkslwzDFkmMt2NqUHBJYaWW4FdpZGmscBOPLmb551n1IZn8tFOFUYpHUmecEatszp9ZXijezmo1f2mvxDZhGAFdVipPah99YcZy1OUlglqTC/wlY0Kqi1nAmeVfm5QUTahI+w5lDRFExWLcWfkwjlDkmTaHWnJwv39oqCpMdM0djdTasdmPZub/2W93CatqOBS5RYlW36U5ILYjMx3J0OukVkxdUCZ5m5WwsZUU2ZdQxVXQrC+8iaEV82bpv/gQxnO4BwaEMA13MI9tCEEBhN4gTd495T36n0s2yp5q9pO4Y+8zx/ceo2M</latexit><latexit sha1_base64="UaZWAiuFHRgJ7pucQ4O+DDAbHww=">AAAB4nicbZDNSgMxFIXv1L9aq1a3boJFqJsy48a6E9y4rODYQjuUTHqnDc1kQpIRytCHcONCxYdy59uY/iy09UDg45yE3HtiJbixvv/tlba2d3b3yvuVg+rh0XHtpPpkslwzDFkmMt2NqUHBJYaWW4FdpZGmscBOPLmb551n1IZn8tFOFUYpHUmecEatszp9ZXijezmo1f2mvxDZhGAFdVipPah99YcZy1OUlglqTC/wlY0Kqi1nAmeVfm5QUTahI+w5lDRFExWLcWfkwjlDkmTaHWnJwv39oqCpMdM0djdTasdmPZub/2W93CatqOBS5RYlW36U5ILYjMx3J0OukVkxdUCZ5m5WwsZUU2ZdQxVXQrC+8iaEV82bpv/gQxnO4BwaEMA13MI9tCEEBhN4gTd495T36n0s2yp5q9pO4Y+8zx/ceo2M</latexit><latexit sha1_base64="4cypBSEkj7YcjV2LbZEs9uJDry4=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmKCF9L1ot6IXjxi4goJbEi3dKGh223argnZ8CO8eFDj1f/jzX9jgT0o+JJJXt6bycy8SAluLMbfXmltfWNzq7xd2dnd2z+oHh49mjTTlAU0FanuRMQwwSULLLeCdZRmJIkEa0fj25nffmLa8FQ+2IliYUKGksecEuukdk8ZXu+c96s13MBzoFXiF6QGBVr96ldvkNIsYdJSQYzp+ljZMCfacirYtNLLDFOEjsmQdR2VJGEmzOfnTtGZUwYoTrUradFc/T2Rk8SYSRK5zoTYkVn2ZuJ/Xjez8VWYc6kyyyRdLIozgWyKZr+jAdeMWjFxhFDN3a2Ijogm1LqEKi4Ef/nlVRJcNK4b+B7XmjdFGmU4gVOogw+X0IQ7aEEAFMbwDK/w5invxXv3PhatJa+YOYY/8D5/AAPLjuA=</latexit><latexit sha1_base64="FxAOcago61Vv3J5nSRFo7nRHY3c=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoN6KXjxWcG2hXUo2zbah2WxIskJZ+iO8eFDx6v/x5r8xbfegrQ8GHu/NMDMvUoIb63nfaGV1bX1js7RV3t7Z3duvHBw+mjTTlAU0FaluR8QwwSULLLeCtZVmJIkEa0Wj26nfemLa8FQ+2LFiYUIGksecEuukVlcZXmuf9SpVr+7NgJeJX5AqFGj2Kl/dfkqzhElLBTGm43vKhjnRllPBJuVuZpgidEQGrOOoJAkzYT47d4JPndLHcapdSYtn6u+JnCTGjJPIdSbEDs2iNxX/8zqZja/CnEuVWSbpfFGcCWxTPP0d97lm1IqxI4Rq7m7FdEg0odYlVHYh+IsvL5PgvH5d9+4vqo2bIo0SHMMJ1MCHS2jAHTQhAAojeIZXeEMKvaB39DFvXUHFzBH8Afr8AQULjuQ=</latexit><latexit sha1_base64="FxAOcago61Vv3J5nSRFo7nRHY3c=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoN6KXjxWcG2hXUo2zbah2WxIskJZ+iO8eFDx6v/x5r8xbfegrQ8GHu/NMDMvUoIb63nfaGV1bX1js7RV3t7Z3duvHBw+mjTTlAU0FaluR8QwwSULLLeCtZVmJIkEa0Wj26nfemLa8FQ+2LFiYUIGksecEuukVlcZXmuf9SpVr+7NgJeJX5AqFGj2Kl/dfkqzhElLBTGm43vKhjnRllPBJuVuZpgidEQGrOOoJAkzYT47d4JPndLHcapdSYtn6u+JnCTGjJPIdSbEDs2iNxX/8zqZja/CnEuVWSbpfFGcCWxTPP0d97lm1IqxI4Rq7m7FdEg0odYlVHYh+IsvL5PgvH5d9+4vqo2bIo0SHMMJ1MCHS2jAHTQhAAojeIZXeEMKvaB39DFvXUHFzBH8Afr8AQULjuQ=</latexit><latexit sha1_base64="FxAOcago61Vv3J5nSRFo7nRHY3c=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoN6KXjxWcG2hXUo2zbah2WxIskJZ+iO8eFDx6v/x5r8xbfegrQ8GHu/NMDMvUoIb63nfaGV1bX1js7RV3t7Z3duvHBw+mjTTlAU0FaluR8QwwSULLLeCtZVmJIkEa0Wj26nfemLa8FQ+2LFiYUIGksecEuukVlcZXmuf9SpVr+7NgJeJX5AqFGj2Kl/dfkqzhElLBTGm43vKhjnRllPBJuVuZpgidEQGrOOoJAkzYT47d4JPndLHcapdSYtn6u+JnCTGjJPIdSbEDs2iNxX/8zqZja/CnEuVWSbpfFGcCWxTPP0d97lm1IqxI4Rq7m7FdEg0odYlVHYh+IsvL5PgvH5d9+4vqo2bIo0SHMMJ1MCHS2jAHTQhAAojeIZXeEMKvaB39DFvXUHFzBH8Afr8AQULjuQ=</latexit><latexit sha1_base64="FxAOcago61Vv3J5nSRFo7nRHY3c=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoN6KXjxWcG2hXUo2zbah2WxIskJZ+iO8eFDx6v/x5r8xbfegrQ8GHu/NMDMvUoIb63nfaGV1bX1js7RV3t7Z3duvHBw+mjTTlAU0FaluR8QwwSULLLeCtZVmJIkEa0Wj26nfemLa8FQ+2LFiYUIGksecEuukVlcZXmuf9SpVr+7NgJeJX5AqFGj2Kl/dfkqzhElLBTGm43vKhjnRllPBJuVuZpgidEQGrOOoJAkzYT47d4JPndLHcapdSYtn6u+JnCTGjJPIdSbEDs2iNxX/8zqZja/CnEuVWSbpfFGcCWxTPP0d97lm1IqxI4Rq7m7FdEg0odYlVHYh+IsvL5PgvH5d9+4vqo2bIo0SHMMJ1MCHS2jAHTQhAAojeIZXeEMKvaB39DFvXUHFzBH8Afr8AQULjuQ=</latexit><latexit sha1_base64="FxAOcago61Vv3J5nSRFo7nRHY3c=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoN6KXjxWcG2hXUo2zbah2WxIskJZ+iO8eFDx6v/x5r8xbfegrQ8GHu/NMDMvUoIb63nfaGV1bX1js7RV3t7Z3duvHBw+mjTTlAU0FaluR8QwwSULLLeCtZVmJIkEa0Wj26nfemLa8FQ+2LFiYUIGksecEuukVlcZXmuf9SpVr+7NgJeJX5AqFGj2Kl/dfkqzhElLBTGm43vKhjnRllPBJuVuZpgidEQGrOOoJAkzYT47d4JPndLHcapdSYtn6u+JnCTGjJPIdSbEDs2iNxX/8zqZja/CnEuVWSbpfFGcCWxTPP0d97lm1IqxI4Rq7m7FdEg0odYlVHYh+IsvL5PgvH5d9+4vqo2bIo0SHMMJ1MCHS2jAHTQhAAojeIZXeEMKvaB39DFvXUHFzBH8Afr8AQULjuQ=</latexit>

Polynomials

SA := hVA, Init(VA), T rans(VA, V
0
A)i

<latexit sha1_base64="/0AHLLo7wqGt1StDrvosT9cnQg0=">AAACHnicbZDLSgMxFIYz9VbrbdSlm2ARWyhlKuINhFY3uqvYG7RlyKSZNjSTGZKMUErfxI2v4saFiuBK38bMdBba+sOBj/+cQ3J+J2BUKsv6NlILi0vLK+nVzNr6xuaWub3TkH4oMKljn/mi5SBJGOWkrqhipBUIgjyHkaYzvI76zQciJPV5TY0C0vVQn1OXYqS0ZZsn93YFXlzCDkO8zwhs2JUCvOVU5TTlC7AmEJcRF3Qd5mFHxHO2mbWKViw4D6UEsiBR1TY/Oz0fhx7hCjMkZbtkBao7RkJRzMgk0wklCRAeoj5pa+TII7I7ju+bwAPt9KDrC11cwdj9vTFGnpQjz9GTHlIDOduLzP967VC5Z90x5UGoCMfTh9yQQeXDKCzYo4JgxUYaEBZU/xXiARIIKx1pRodQmj15HupHxfOidXecLV8laaTBHtgHOVACp6AMbkAV1AEGj+AZvII348l4Md6Nj+loykh2dsEfGV8/gA6fKQ==</latexit><latexit sha1_base64="/0AHLLo7wqGt1StDrvosT9cnQg0=">AAACHnicbZDLSgMxFIYz9VbrbdSlm2ARWyhlKuINhFY3uqvYG7RlyKSZNjSTGZKMUErfxI2v4saFiuBK38bMdBba+sOBj/+cQ3J+J2BUKsv6NlILi0vLK+nVzNr6xuaWub3TkH4oMKljn/mi5SBJGOWkrqhipBUIgjyHkaYzvI76zQciJPV5TY0C0vVQn1OXYqS0ZZsn93YFXlzCDkO8zwhs2JUCvOVU5TTlC7AmEJcRF3Qd5mFHxHO2mbWKViw4D6UEsiBR1TY/Oz0fhx7hCjMkZbtkBao7RkJRzMgk0wklCRAeoj5pa+TII7I7ju+bwAPt9KDrC11cwdj9vTFGnpQjz9GTHlIDOduLzP967VC5Z90x5UGoCMfTh9yQQeXDKCzYo4JgxUYaEBZU/xXiARIIKx1pRodQmj15HupHxfOidXecLV8laaTBHtgHOVACp6AMbkAV1AEGj+AZvII348l4Md6Nj+loykh2dsEfGV8/gA6fKQ==</latexit><latexit sha1_base64="/0AHLLo7wqGt1StDrvosT9cnQg0=">AAACHnicbZDLSgMxFIYz9VbrbdSlm2ARWyhlKuINhFY3uqvYG7RlyKSZNjSTGZKMUErfxI2v4saFiuBK38bMdBba+sOBj/+cQ3J+J2BUKsv6NlILi0vLK+nVzNr6xuaWub3TkH4oMKljn/mi5SBJGOWkrqhipBUIgjyHkaYzvI76zQciJPV5TY0C0vVQn1OXYqS0ZZsn93YFXlzCDkO8zwhs2JUCvOVU5TTlC7AmEJcRF3Qd5mFHxHO2mbWKViw4D6UEsiBR1TY/Oz0fhx7hCjMkZbtkBao7RkJRzMgk0wklCRAeoj5pa+TII7I7ju+bwAPt9KDrC11cwdj9vTFGnpQjz9GTHlIDOduLzP967VC5Z90x5UGoCMfTh9yQQeXDKCzYo4JgxUYaEBZU/xXiARIIKx1pRodQmj15HupHxfOidXecLV8laaTBHtgHOVACp6AMbkAV1AEGj+AZvII348l4Md6Nj+loykh2dsEfGV8/gA6fKQ==</latexit>

PA :={a ./ 0 | a 2 A ^ ./2 {<,>,=}}
VA :={vp | p 2 P}

IA :=9X.(I(X) ^
^

p2P

(vp $ p(X)))

<latexit sha1_base64="qBtYWO/MoI/ySBp+lQb5HaMnfcU="></latexit><latexit sha1_base64="qBtYWO/MoI/ySBp+lQb5HaMnfcU="></latexit><latexit sha1_base64="qBtYWO/MoI/ySBp+lQb5HaMnfcU="></latexit>

We want to express the semialgebraic decomposition as a 
transition system



Transition relation of the decomposition (1/2)
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TA := 9X,X 0.(
^

p2P

(vp $ p(X)) ^
^

p2P

(v0p $ p(X 0))^

_

(s1,s2)22Pa⇥2Pa

(s1(X) ^ s2(X
0) ^ ¬(s1 ! [Ẋ = f(X) & (s1 _ s2)]s1))

<latexit sha1_base64="MV0LWscdukHm4dZAWqDZok0Mh2M="></latexit><latexit sha1_base64="MV0LWscdukHm4dZAWqDZok0Mh2M="></latexit><latexit sha1_base64="MV0LWscdukHm4dZAWqDZok0Mh2M="></latexit>



Transition relation of the decomposition (1/2)

 11

Encode all the 
possible 

transitions

TA := 9X,X 0.(
^

p2P

(vp $ p(X)) ^
^

p2P

(v0p $ p(X 0))^

_

(s1,s2)22Pa⇥2Pa

(s1(X) ^ s2(X
0) ^ ¬(s1 ! [Ẋ = f(X) & (s1 _ s2)]s1))

<latexit sha1_base64="MV0LWscdukHm4dZAWqDZok0Mh2M="></latexit><latexit sha1_base64="MV0LWscdukHm4dZAWqDZok0Mh2M="></latexit><latexit sha1_base64="MV0LWscdukHm4dZAWqDZok0Mh2M="></latexit>



Transition relation of the decomposition (1/2)
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Encode all the 
possible 

transitions

S1 to s2 if
S1 is not 
invariant 

TA := 9X,X 0.(
^

p2P

(vp $ p(X)) ^
^

p2P

(v0p $ p(X 0))^

_

(s1,s2)22Pa⇥2Pa

(s1(X) ^ s2(X
0) ^ ¬(s1 ! [Ẋ = f(X) & (s1 _ s2)]s1))

<latexit sha1_base64="MV0LWscdukHm4dZAWqDZok0Mh2M="></latexit><latexit sha1_base64="MV0LWscdukHm4dZAWqDZok0Mh2M="></latexit><latexit sha1_base64="MV0LWscdukHm4dZAWqDZok0Mh2M="></latexit>



Transition relation of the decomposition (1/2)

 11

Encode all the 
possible 

transitions

S1 to s2 if
S1 is not 
invariant 

TA := 9X,X 0.(
^

p2P

(vp $ p(X)) ^
^

p2P

(v0p $ p(X 0))^

_

(s1,s2)22Pa⇥2Pa

(s1(X) ^ s2(X
0) ^ ¬(s1 ! [Ẋ = f(X) & (s1 _ s2)]s1))

<latexit sha1_base64="MV0LWscdukHm4dZAWqDZok0Mh2M="></latexit><latexit sha1_base64="MV0LWscdukHm4dZAWqDZok0Mh2M="></latexit><latexit sha1_base64="MV0LWscdukHm4dZAWqDZok0Mh2M="></latexit>

What is              dddddddddd         exactly?s1 ! [Ẋ = f(X) & (s1 _ s2)]s1
<latexit sha1_base64="MK7tg4eOyvcCZonOuqDChsWZq5I=">AAACIHicbVC7TsMwFHV4lvIqMLJYVKB2qZIKiTIgVbAwFonSSEkUOa7TWnUesm9AVdRfYeFXWBgAwQZfg/sYoOUM1tE5917fe4JUcAWm+WUsLa+srq0XNoqbW9s7u6W9/TuVZJKyNk1EIu2AKCZ4zNrAQTA7lYxEgWCdYHA19jv3TCqexLcwTJkXkV7MQ04JaMkvNZRvYVfyXh+IlMkDdtxuArk9whc4rNhVF7snLq5MqvQsrPx61dOv5ZfKZs2cAC8Sa0bKaIaWX/rUk2kWsRioIEo5lpmClxMJnAo2KrqZYimhA9JjjqYxiZjy8smFI3yslS4O9QJhEgOeqL87chIpNYwCXRkR6Kt5byz+5zkZhA0v53GaAYvp9KMwExgSPI4Ld7lkFMRQE0Il17ti2ieSUNChFnUI1vzJi6Rdr53XzJvTcvNylkYBHaIjVEEWOkNNdI1aqI0oekTP6BW9GU/Gi/FufExLl4xZzwH6A+P7B1L+oKs=</latexit><latexit sha1_base64="MK7tg4eOyvcCZonOuqDChsWZq5I=">AAACIHicbVC7TsMwFHV4lvIqMLJYVKB2qZIKiTIgVbAwFonSSEkUOa7TWnUesm9AVdRfYeFXWBgAwQZfg/sYoOUM1tE5917fe4JUcAWm+WUsLa+srq0XNoqbW9s7u6W9/TuVZJKyNk1EIu2AKCZ4zNrAQTA7lYxEgWCdYHA19jv3TCqexLcwTJkXkV7MQ04JaMkvNZRvYVfyXh+IlMkDdtxuArk9whc4rNhVF7snLq5MqvQsrPx61dOv5ZfKZs2cAC8Sa0bKaIaWX/rUk2kWsRioIEo5lpmClxMJnAo2KrqZYimhA9JjjqYxiZjy8smFI3yslS4O9QJhEgOeqL87chIpNYwCXRkR6Kt5byz+5zkZhA0v53GaAYvp9KMwExgSPI4Ld7lkFMRQE0Il17ti2ieSUNChFnUI1vzJi6Rdr53XzJvTcvNylkYBHaIjVEEWOkNNdI1aqI0oekTP6BW9GU/Gi/FufExLl4xZzwH6A+P7B1L+oKs=</latexit><latexit sha1_base64="MK7tg4eOyvcCZonOuqDChsWZq5I=">AAACIHicbVC7TsMwFHV4lvIqMLJYVKB2qZIKiTIgVbAwFonSSEkUOa7TWnUesm9AVdRfYeFXWBgAwQZfg/sYoOUM1tE5917fe4JUcAWm+WUsLa+srq0XNoqbW9s7u6W9/TuVZJKyNk1EIu2AKCZ4zNrAQTA7lYxEgWCdYHA19jv3TCqexLcwTJkXkV7MQ04JaMkvNZRvYVfyXh+IlMkDdtxuArk9whc4rNhVF7snLq5MqvQsrPx61dOv5ZfKZs2cAC8Sa0bKaIaWX/rUk2kWsRioIEo5lpmClxMJnAo2KrqZYimhA9JjjqYxiZjy8smFI3yslS4O9QJhEgOeqL87chIpNYwCXRkR6Kt5byz+5zkZhA0v53GaAYvp9KMwExgSPI4Ld7lkFMRQE0Il17ti2ieSUNChFnUI1vzJi6Rdr53XzJvTcvNylkYBHaIjVEEWOkNNdI1aqI0oekTP6BW9GU/Gi/FufExLl4xZzwH6A+P7B1L+oKs=</latexit>



Checking differential invariants - the hard truth
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s1 ! [Ẋ = f(X) & (s1 _ s2)]s1
<latexit sha1_base64="MK7tg4eOyvcCZonOuqDChsWZq5I=">AAACIHicbVC7TsMwFHV4lvIqMLJYVKB2qZIKiTIgVbAwFonSSEkUOa7TWnUesm9AVdRfYeFXWBgAwQZfg/sYoOUM1tE5917fe4JUcAWm+WUsLa+srq0XNoqbW9s7u6W9/TuVZJKyNk1EIu2AKCZ4zNrAQTA7lYxEgWCdYHA19jv3TCqexLcwTJkXkV7MQ04JaMkvNZRvYVfyXh+IlMkDdtxuArk9whc4rNhVF7snLq5MqvQsrPx61dOv5ZfKZs2cAC8Sa0bKaIaWX/rUk2kWsRioIEo5lpmClxMJnAo2KrqZYimhA9JjjqYxiZjy8smFI3yslS4O9QJhEgOeqL87chIpNYwCXRkR6Kt5byz+5zkZhA0v53GaAYvp9KMwExgSPI4Ld7lkFMRQE0Il17ti2ieSUNChFnUI1vzJi6Rdr53XzJvTcvNylkYBHaIjVEEWOkNNdI1aqI0oekTP6BW9GU/Gi/FufExLl4xZzwH6A+P7B1L+oKs=</latexit><latexit sha1_base64="MK7tg4eOyvcCZonOuqDChsWZq5I=">AAACIHicbVC7TsMwFHV4lvIqMLJYVKB2qZIKiTIgVbAwFonSSEkUOa7TWnUesm9AVdRfYeFXWBgAwQZfg/sYoOUM1tE5917fe4JUcAWm+WUsLa+srq0XNoqbW9s7u6W9/TuVZJKyNk1EIu2AKCZ4zNrAQTA7lYxEgWCdYHA19jv3TCqexLcwTJkXkV7MQ04JaMkvNZRvYVfyXh+IlMkDdtxuArk9whc4rNhVF7snLq5MqvQsrPx61dOv5ZfKZs2cAC8Sa0bKaIaWX/rUk2kWsRioIEo5lpmClxMJnAo2KrqZYimhA9JjjqYxiZjy8smFI3yslS4O9QJhEgOeqL87chIpNYwCXRkR6Kt5byz+5zkZhA0v53GaAYvp9KMwExgSPI4Ld7lkFMRQE0Il17ti2ieSUNChFnUI1vzJi6Rdr53XzJvTcvNylkYBHaIjVEEWOkNNdI1aqI0oekTP6BW9GU/Gi/FufExLl4xZzwH6A+P7B1L+oKs=</latexit><latexit sha1_base64="MK7tg4eOyvcCZonOuqDChsWZq5I=">AAACIHicbVC7TsMwFHV4lvIqMLJYVKB2qZIKiTIgVbAwFonSSEkUOa7TWnUesm9AVdRfYeFXWBgAwQZfg/sYoOUM1tE5917fe4JUcAWm+WUsLa+srq0XNoqbW9s7u6W9/TuVZJKyNk1EIu2AKCZ4zNrAQTA7lYxEgWCdYHA19jv3TCqexLcwTJkXkV7MQ04JaMkvNZRvYVfyXh+IlMkDdtxuArk9whc4rNhVF7snLq5MqvQsrPx61dOv5ZfKZs2cAC8Sa0bKaIaWX/rUk2kWsRioIEo5lpmClxMJnAo2KrqZYimhA9JjjqYxiZjy8smFI3yslS4O9QJhEgOeqL87chIpNYwCXRkR6Kt5byz+5zkZhA0v53GaAYvp9KMwExgSPI4Ld7lkFMRQE0Il17ti2ieSUNChFnUI1vzJi6Rdr53XzJvTcvNylkYBHaIjVEEWOkNNdI1aqI0oekTP6BW9GU/Gi/FufExLl4xZzwH6A+P7B1L+oKs=</latexit>

s1
<latexit sha1_base64="+15UIRcDe+urLtzBR6Vm1cSwYrE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsJ+3SzSbsboQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LBjFMMYjqQPOKMGivd657Xq9bcujsDWSZeQWpQoNmrfnX7CctilIYJqnXHc1MT5FQZzgROKt1MY0rZiA6wY6mkMeogn506ISdW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZselUbAje4svLxD+rX9Xdu/Na47pIowxHcAyn4MEFNOAWmuADgwE8wyu8OcJ5cd6dj3lrySlmDuEPnM8fcYqNbg==</latexit><latexit sha1_base64="+15UIRcDe+urLtzBR6Vm1cSwYrE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsJ+3SzSbsboQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LBjFMMYjqQPOKMGivd657Xq9bcujsDWSZeQWpQoNmrfnX7CctilIYJqnXHc1MT5FQZzgROKt1MY0rZiA6wY6mkMeogn506ISdW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZselUbAje4svLxD+rX9Xdu/Na47pIowxHcAyn4MEFNOAWmuADgwE8wyu8OcJ5cd6dj3lrySlmDuEPnM8fcYqNbg==</latexit><latexit sha1_base64="+15UIRcDe+urLtzBR6Vm1cSwYrE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsJ+3SzSbsboQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LBjFMMYjqQPOKMGivd657Xq9bcujsDWSZeQWpQoNmrfnX7CctilIYJqnXHc1MT5FQZzgROKt1MY0rZiA6wY6mkMeogn506ISdW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZselUbAje4svLxD+rX9Xdu/Na47pIowxHcAyn4MEFNOAWmuADgwE8wyu8OcJ5cd6dj3lrySlmDuEPnM8fcYqNbg==</latexit>

s2
<latexit sha1_base64="6rC2UHO+psOOYorXm9HouZe859o=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8eKxhbaUDbbSbt0swm7G6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6iRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTP3WEyrNE/lgxikGMR1IHnFGjZXuda/eq1TdmjsDWSZeQapQoNmrfHX7CctilIYJqnXHc1MT5FQZzgROyt1MY0rZiA6wY6mkMeogn506IadW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZsemUbQje4svLxK/Xrmru3Xm1cV2kUYJjOIEz8OACGnALTfCBwQCe4RXeHOG8OO/Ox7x1xSlmjuAPnM8fcw2Nbw==</latexit><latexit sha1_base64="6rC2UHO+psOOYorXm9HouZe859o=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8eKxhbaUDbbSbt0swm7G6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6iRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTP3WEyrNE/lgxikGMR1IHnFGjZXuda/eq1TdmjsDWSZeQapQoNmrfHX7CctilIYJqnXHc1MT5FQZzgROyt1MY0rZiA6wY6mkMeogn506IadW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZsemUbQje4svLxK/Xrmru3Xm1cV2kUYJjOIEz8OACGnALTfCBwQCe4RXeHOG8OO/Ox7x1xSlmjuAPnM8fcw2Nbw==</latexit><latexit sha1_base64="6rC2UHO+psOOYorXm9HouZe859o=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8eKxhbaUDbbSbt0swm7G6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6iRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTP3WEyrNE/lgxikGMR1IHnFGjZXuda/eq1TdmjsDWSZeQapQoNmrfHX7CctilIYJqnXHc1MT5FQZzgROyt1MY0rZiA6wY6mkMeogn506IadW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZsemUbQje4svLxK/Xrmru3Xm1cV2kUYJjOIEz8OACGnALTfCBwQCe4RXeHOG8OO/Ox7x1xSlmjuAPnM8fcw2Nbw==</latexit>
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s1 ! [Ẋ = f(X) & (s1 _ s2)]s1
<latexit sha1_base64="MK7tg4eOyvcCZonOuqDChsWZq5I=">AAACIHicbVC7TsMwFHV4lvIqMLJYVKB2qZIKiTIgVbAwFonSSEkUOa7TWnUesm9AVdRfYeFXWBgAwQZfg/sYoOUM1tE5917fe4JUcAWm+WUsLa+srq0XNoqbW9s7u6W9/TuVZJKyNk1EIu2AKCZ4zNrAQTA7lYxEgWCdYHA19jv3TCqexLcwTJkXkV7MQ04JaMkvNZRvYVfyXh+IlMkDdtxuArk9whc4rNhVF7snLq5MqvQsrPx61dOv5ZfKZs2cAC8Sa0bKaIaWX/rUk2kWsRioIEo5lpmClxMJnAo2KrqZYimhA9JjjqYxiZjy8smFI3yslS4O9QJhEgOeqL87chIpNYwCXRkR6Kt5byz+5zkZhA0v53GaAYvp9KMwExgSPI4Ld7lkFMRQE0Il17ti2ieSUNChFnUI1vzJi6Rdr53XzJvTcvNylkYBHaIjVEEWOkNNdI1aqI0oekTP6BW9GU/Gi/FufExLl4xZzwH6A+P7B1L+oKs=</latexit><latexit sha1_base64="MK7tg4eOyvcCZonOuqDChsWZq5I=">AAACIHicbVC7TsMwFHV4lvIqMLJYVKB2qZIKiTIgVbAwFonSSEkUOa7TWnUesm9AVdRfYeFXWBgAwQZfg/sYoOUM1tE5917fe4JUcAWm+WUsLa+srq0XNoqbW9s7u6W9/TuVZJKyNk1EIu2AKCZ4zNrAQTA7lYxEgWCdYHA19jv3TCqexLcwTJkXkV7MQ04JaMkvNZRvYVfyXh+IlMkDdtxuArk9whc4rNhVF7snLq5MqvQsrPx61dOv5ZfKZs2cAC8Sa0bKaIaWX/rUk2kWsRioIEo5lpmClxMJnAo2KrqZYimhA9JjjqYxiZjy8smFI3yslS4O9QJhEgOeqL87chIpNYwCXRkR6Kt5byz+5zkZhA0v53GaAYvp9KMwExgSPI4Ld7lkFMRQE0Il17ti2ieSUNChFnUI1vzJi6Rdr53XzJvTcvNylkYBHaIjVEEWOkNNdI1aqI0oekTP6BW9GU/Gi/FufExLl4xZzwH6A+P7B1L+oKs=</latexit><latexit sha1_base64="MK7tg4eOyvcCZonOuqDChsWZq5I=">AAACIHicbVC7TsMwFHV4lvIqMLJYVKB2qZIKiTIgVbAwFonSSEkUOa7TWnUesm9AVdRfYeFXWBgAwQZfg/sYoOUM1tE5917fe4JUcAWm+WUsLa+srq0XNoqbW9s7u6W9/TuVZJKyNk1EIu2AKCZ4zNrAQTA7lYxEgWCdYHA19jv3TCqexLcwTJkXkV7MQ04JaMkvNZRvYVfyXh+IlMkDdtxuArk9whc4rNhVF7snLq5MqvQsrPx61dOv5ZfKZs2cAC8Sa0bKaIaWX/rUk2kWsRioIEo5lpmClxMJnAo2KrqZYimhA9JjjqYxiZjy8smFI3yslS4O9QJhEgOeqL87chIpNYwCXRkR6Kt5byz+5zkZhA0v53GaAYvp9KMwExgSPI4Ld7lkFMRQE0Il17ti2ieSUNChFnUI1vzJi6Rdr53XzJvTcvNylkYBHaIjVEEWOkNNdI1aqI0oekTP6BW9GU/Gi/FufExLl4xZzwH6A+P7B1L+oKs=</latexit>

s1
<latexit sha1_base64="+15UIRcDe+urLtzBR6Vm1cSwYrE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsJ+3SzSbsboQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LBjFMMYjqQPOKMGivd657Xq9bcujsDWSZeQWpQoNmrfnX7CctilIYJqnXHc1MT5FQZzgROKt1MY0rZiA6wY6mkMeogn506ISdW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZselUbAje4svLxD+rX9Xdu/Na47pIowxHcAyn4MEFNOAWmuADgwE8wyu8OcJ5cd6dj3lrySlmDuEPnM8fcYqNbg==</latexit><latexit sha1_base64="+15UIRcDe+urLtzBR6Vm1cSwYrE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsJ+3SzSbsboQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LBjFMMYjqQPOKMGivd657Xq9bcujsDWSZeQWpQoNmrfnX7CctilIYJqnXHc1MT5FQZzgROKt1MY0rZiA6wY6mkMeogn506ISdW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZselUbAje4svLxD+rX9Xdu/Na47pIowxHcAyn4MEFNOAWmuADgwE8wyu8OcJ5cd6dj3lrySlmDuEPnM8fcYqNbg==</latexit><latexit sha1_base64="+15UIRcDe+urLtzBR6Vm1cSwYrE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsJ+3SzSbsboQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LBjFMMYjqQPOKMGivd657Xq9bcujsDWSZeQWpQoNmrfnX7CctilIYJqnXHc1MT5FQZzgROKt1MY0rZiA6wY6mkMeogn506ISdW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZselUbAje4svLxD+rX9Xdu/Na47pIowxHcAyn4MEFNOAWmuADgwE8wyu8OcJ5cd6dj3lrySlmDuEPnM8fcYqNbg==</latexit>

s2
<latexit sha1_base64="6rC2UHO+psOOYorXm9HouZe859o=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8eKxhbaUDbbSbt0swm7G6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6iRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTP3WEyrNE/lgxikGMR1IHnFGjZXuda/eq1TdmjsDWSZeQapQoNmrfHX7CctilIYJqnXHc1MT5FQZzgROyt1MY0rZiA6wY6mkMeogn506IadW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZsemUbQje4svLxK/Xrmru3Xm1cV2kUYJjOIEz8OACGnALTfCBwQCe4RXeHOG8OO/Ox7x1xSlmjuAPnM8fcw2Nbw==</latexit><latexit sha1_base64="6rC2UHO+psOOYorXm9HouZe859o=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8eKxhbaUDbbSbt0swm7G6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6iRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTP3WEyrNE/lgxikGMR1IHnFGjZXuda/eq1TdmjsDWSZeQapQoNmrfHX7CctilIYJqnXHc1MT5FQZzgROyt1MY0rZiA6wY6mkMeogn506IadW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZsemUbQje4svLxK/Xrmru3Xm1cV2kUYJjOIEz8OACGnALTfCBwQCe4RXeHOG8OO/Ox7x1xSlmjuAPnM8fcw2Nbw==</latexit><latexit sha1_base64="6rC2UHO+psOOYorXm9HouZe859o=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8eKxhbaUDbbSbt0swm7G6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6iRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTP3WEyrNE/lgxikGMR1IHnFGjZXuda/eq1TdmjsDWSZeQapQoNmrfHX7CctilIYJqnXHc1MT5FQZzgROyt1MY0rZiA6wY6mkMeogn506IadW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZsemUbQje4svLxK/Xrmru3Xm1cV2kUYJjOIEz8OACGnALTfCBwQCe4RXeHOG8OO/Ox7x1xSlmjuAPnM8fcw2Nbw==</latexit>

“LZZ” procedure
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s1 ! [Ẋ = f(X) & (s1 _ s2)]s1
<latexit sha1_base64="MK7tg4eOyvcCZonOuqDChsWZq5I=">AAACIHicbVC7TsMwFHV4lvIqMLJYVKB2qZIKiTIgVbAwFonSSEkUOa7TWnUesm9AVdRfYeFXWBgAwQZfg/sYoOUM1tE5917fe4JUcAWm+WUsLa+srq0XNoqbW9s7u6W9/TuVZJKyNk1EIu2AKCZ4zNrAQTA7lYxEgWCdYHA19jv3TCqexLcwTJkXkV7MQ04JaMkvNZRvYVfyXh+IlMkDdtxuArk9whc4rNhVF7snLq5MqvQsrPx61dOv5ZfKZs2cAC8Sa0bKaIaWX/rUk2kWsRioIEo5lpmClxMJnAo2KrqZYimhA9JjjqYxiZjy8smFI3yslS4O9QJhEgOeqL87chIpNYwCXRkR6Kt5byz+5zkZhA0v53GaAYvp9KMwExgSPI4Ld7lkFMRQE0Il17ti2ieSUNChFnUI1vzJi6Rdr53XzJvTcvNylkYBHaIjVEEWOkNNdI1aqI0oekTP6BW9GU/Gi/FufExLl4xZzwH6A+P7B1L+oKs=</latexit><latexit sha1_base64="MK7tg4eOyvcCZonOuqDChsWZq5I=">AAACIHicbVC7TsMwFHV4lvIqMLJYVKB2qZIKiTIgVbAwFonSSEkUOa7TWnUesm9AVdRfYeFXWBgAwQZfg/sYoOUM1tE5917fe4JUcAWm+WUsLa+srq0XNoqbW9s7u6W9/TuVZJKyNk1EIu2AKCZ4zNrAQTA7lYxEgWCdYHA19jv3TCqexLcwTJkXkV7MQ04JaMkvNZRvYVfyXh+IlMkDdtxuArk9whc4rNhVF7snLq5MqvQsrPx61dOv5ZfKZs2cAC8Sa0bKaIaWX/rUk2kWsRioIEo5lpmClxMJnAo2KrqZYimhA9JjjqYxiZjy8smFI3yslS4O9QJhEgOeqL87chIpNYwCXRkR6Kt5byz+5zkZhA0v53GaAYvp9KMwExgSPI4Ld7lkFMRQE0Il17ti2ieSUNChFnUI1vzJi6Rdr53XzJvTcvNylkYBHaIjVEEWOkNNdI1aqI0oekTP6BW9GU/Gi/FufExLl4xZzwH6A+P7B1L+oKs=</latexit><latexit sha1_base64="MK7tg4eOyvcCZonOuqDChsWZq5I=">AAACIHicbVC7TsMwFHV4lvIqMLJYVKB2qZIKiTIgVbAwFonSSEkUOa7TWnUesm9AVdRfYeFXWBgAwQZfg/sYoOUM1tE5917fe4JUcAWm+WUsLa+srq0XNoqbW9s7u6W9/TuVZJKyNk1EIu2AKCZ4zNrAQTA7lYxEgWCdYHA19jv3TCqexLcwTJkXkV7MQ04JaMkvNZRvYVfyXh+IlMkDdtxuArk9whc4rNhVF7snLq5MqvQsrPx61dOv5ZfKZs2cAC8Sa0bKaIaWX/rUk2kWsRioIEo5lpmClxMJnAo2KrqZYimhA9JjjqYxiZjy8smFI3yslS4O9QJhEgOeqL87chIpNYwCXRkR6Kt5byz+5zkZhA0v53GaAYvp9KMwExgSPI4Ld7lkFMRQE0Il17ti2ieSUNChFnUI1vzJi6Rdr53XzJvTcvNylkYBHaIjVEEWOkNNdI1aqI0oekTP6BW9GU/Gi/FufExLl4xZzwH6A+P7B1L+oKs=</latexit>

s1
<latexit sha1_base64="+15UIRcDe+urLtzBR6Vm1cSwYrE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsJ+3SzSbsboQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LBjFMMYjqQPOKMGivd657Xq9bcujsDWSZeQWpQoNmrfnX7CctilIYJqnXHc1MT5FQZzgROKt1MY0rZiA6wY6mkMeogn506ISdW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZselUbAje4svLxD+rX9Xdu/Na47pIowxHcAyn4MEFNOAWmuADgwE8wyu8OcJ5cd6dj3lrySlmDuEPnM8fcYqNbg==</latexit><latexit sha1_base64="+15UIRcDe+urLtzBR6Vm1cSwYrE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsJ+3SzSbsboQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LBjFMMYjqQPOKMGivd657Xq9bcujsDWSZeQWpQoNmrfnX7CctilIYJqnXHc1MT5FQZzgROKt1MY0rZiA6wY6mkMeogn506ISdW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZselUbAje4svLxD+rX9Xdu/Na47pIowxHcAyn4MEFNOAWmuADgwE8wyu8OcJ5cd6dj3lrySlmDuEPnM8fcYqNbg==</latexit><latexit sha1_base64="+15UIRcDe+urLtzBR6Vm1cSwYrE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsJ+3SzSbsboQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LBjFMMYjqQPOKMGivd657Xq9bcujsDWSZeQWpQoNmrfnX7CctilIYJqnXHc1MT5FQZzgROKt1MY0rZiA6wY6mkMeogn506ISdW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZselUbAje4svLxD+rX9Xdu/Na47pIowxHcAyn4MEFNOAWmuADgwE8wyu8OcJ5cd6dj3lrySlmDuEPnM8fcYqNbg==</latexit>

s2
<latexit sha1_base64="6rC2UHO+psOOYorXm9HouZe859o=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8eKxhbaUDbbSbt0swm7G6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6iRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTP3WEyrNE/lgxikGMR1IHnFGjZXuda/eq1TdmjsDWSZeQapQoNmrfHX7CctilIYJqnXHc1MT5FQZzgROyt1MY0rZiA6wY6mkMeogn506IadW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZsemUbQje4svLxK/Xrmru3Xm1cV2kUYJjOIEz8OACGnALTfCBwQCe4RXeHOG8OO/Ox7x1xSlmjuAPnM8fcw2Nbw==</latexit><latexit sha1_base64="6rC2UHO+psOOYorXm9HouZe859o=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8eKxhbaUDbbSbt0swm7G6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6iRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTP3WEyrNE/lgxikGMR1IHnFGjZXuda/eq1TdmjsDWSZeQapQoNmrfHX7CctilIYJqnXHc1MT5FQZzgROyt1MY0rZiA6wY6mkMeogn506IadW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZsemUbQje4svLxK/Xrmru3Xm1cV2kUYJjOIEz8OACGnALTfCBwQCe4RXeHOG8OO/Ox7x1xSlmjuAPnM8fcw2Nbw==</latexit><latexit sha1_base64="6rC2UHO+psOOYorXm9HouZe859o=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8eKxhbaUDbbSbt0swm7G6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6iRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTP3WEyrNE/lgxikGMR1IHnFGjZXuda/eq1TdmjsDWSZeQapQoNmrfHX7CctilIYJqnXHc1MT5FQZzgROyt1MY0rZiA6wY6mkMeogn506IadW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZsemUbQje4svLxK/Xrmru3Xm1cV2kUYJjOIEz8OACGnALTfCBwQCe4RXeHOG8OO/Ox7x1xSlmjuAPnM8fcw2Nbw==</latexit>

“LZZ” procedure

Some intuition: checks what happens on the 
border using the Lie derivative

L0
fa = a L1

fa =
@

@ ~X
Li�1
f af

<latexit sha1_base64="bUc0ItRnZMb2ZQrSJLfiYnm5Qks="></latexit><latexit sha1_base64="bUc0ItRnZMb2ZQrSJLfiYnm5Qks="></latexit><latexit sha1_base64="bUc0ItRnZMb2ZQrSJLfiYnm5Qks="></latexit>

L1
f (x) > 0

<latexit sha1_base64="Nl956ViU/BZKmPWNSu/8HIEbthU=">AAAB93icbVBNS8NAEJ34WetHox69LBahXkoignqRohcPHioYW2hj2Ww37dLNJuxuxBr6S7x4UPHqX/Hmv3Hb5qCtDwYe780wMy9IOFPacb6thcWl5ZXVwlpxfWNzq2Rv79ypOJWEeiTmsWwGWFHOBPU005w2E0lxFHDaCAaXY7/xQKVisbjVw4T6Ee4JFjKCtZE6dum6k4WjexdVHg/ROXI6dtmpOhOgeeLmpAw56h37q92NSRpRoQnHSrVcJ9F+hqVmhNNRsZ0qmmAywD3aMlTgiCo/mxw+QgdG6aIwlqaERhP190SGI6WGUWA6I6z7atYbi/95rVSHp37GRJJqKsh0UZhypGM0TgF1maRE86EhmEhmbkWkjyUm2mRVNCG4sy/PE++oelZ1bo7LtYs8jQLswT5UwIUTqMEV1MEDAik8wyu8WU/Wi/VufUxbF6x8Zhf+wPr8AZHBkUM=</latexit><latexit sha1_base64="Nl956ViU/BZKmPWNSu/8HIEbthU=">AAAB93icbVBNS8NAEJ34WetHox69LBahXkoignqRohcPHioYW2hj2Ww37dLNJuxuxBr6S7x4UPHqX/Hmv3Hb5qCtDwYe780wMy9IOFPacb6thcWl5ZXVwlpxfWNzq2Rv79ypOJWEeiTmsWwGWFHOBPU005w2E0lxFHDaCAaXY7/xQKVisbjVw4T6Ee4JFjKCtZE6dum6k4WjexdVHg/ROXI6dtmpOhOgeeLmpAw56h37q92NSRpRoQnHSrVcJ9F+hqVmhNNRsZ0qmmAywD3aMlTgiCo/mxw+QgdG6aIwlqaERhP190SGI6WGUWA6I6z7atYbi/95rVSHp37GRJJqKsh0UZhypGM0TgF1maRE86EhmEhmbkWkjyUm2mRVNCG4sy/PE++oelZ1bo7LtYs8jQLswT5UwIUTqMEV1MEDAik8wyu8WU/Wi/VufUxbF6x8Zhf+wPr8AZHBkUM=</latexit><latexit sha1_base64="Nl956ViU/BZKmPWNSu/8HIEbthU=">AAAB93icbVBNS8NAEJ34WetHox69LBahXkoignqRohcPHioYW2hj2Ww37dLNJuxuxBr6S7x4UPHqX/Hmv3Hb5qCtDwYe780wMy9IOFPacb6thcWl5ZXVwlpxfWNzq2Rv79ypOJWEeiTmsWwGWFHOBPU005w2E0lxFHDaCAaXY7/xQKVisbjVw4T6Ee4JFjKCtZE6dum6k4WjexdVHg/ROXI6dtmpOhOgeeLmpAw56h37q92NSRpRoQnHSrVcJ9F+hqVmhNNRsZ0qmmAywD3aMlTgiCo/mxw+QgdG6aIwlqaERhP190SGI6WGUWA6I6z7atYbi/95rVSHp37GRJJqKsh0UZhypGM0TgF1maRE86EhmEhmbkWkjyUm2mRVNCG4sy/PE++oelZ1bo7LtYs8jQLswT5UwIUTqMEV1MEDAik8wyu8WU/Wi/VufUxbF6x8Zhf+wPr8AZHBkUM=</latexit>
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s1 ! [Ẋ = f(X) & (s1 _ s2)]s1
<latexit sha1_base64="MK7tg4eOyvcCZonOuqDChsWZq5I=">AAACIHicbVC7TsMwFHV4lvIqMLJYVKB2qZIKiTIgVbAwFonSSEkUOa7TWnUesm9AVdRfYeFXWBgAwQZfg/sYoOUM1tE5917fe4JUcAWm+WUsLa+srq0XNoqbW9s7u6W9/TuVZJKyNk1EIu2AKCZ4zNrAQTA7lYxEgWCdYHA19jv3TCqexLcwTJkXkV7MQ04JaMkvNZRvYVfyXh+IlMkDdtxuArk9whc4rNhVF7snLq5MqvQsrPx61dOv5ZfKZs2cAC8Sa0bKaIaWX/rUk2kWsRioIEo5lpmClxMJnAo2KrqZYimhA9JjjqYxiZjy8smFI3yslS4O9QJhEgOeqL87chIpNYwCXRkR6Kt5byz+5zkZhA0v53GaAYvp9KMwExgSPI4Ld7lkFMRQE0Il17ti2ieSUNChFnUI1vzJi6Rdr53XzJvTcvNylkYBHaIjVEEWOkNNdI1aqI0oekTP6BW9GU/Gi/FufExLl4xZzwH6A+P7B1L+oKs=</latexit><latexit sha1_base64="MK7tg4eOyvcCZonOuqDChsWZq5I=">AAACIHicbVC7TsMwFHV4lvIqMLJYVKB2qZIKiTIgVbAwFonSSEkUOa7TWnUesm9AVdRfYeFXWBgAwQZfg/sYoOUM1tE5917fe4JUcAWm+WUsLa+srq0XNoqbW9s7u6W9/TuVZJKyNk1EIu2AKCZ4zNrAQTA7lYxEgWCdYHA19jv3TCqexLcwTJkXkV7MQ04JaMkvNZRvYVfyXh+IlMkDdtxuArk9whc4rNhVF7snLq5MqvQsrPx61dOv5ZfKZs2cAC8Sa0bKaIaWX/rUk2kWsRioIEo5lpmClxMJnAo2KrqZYimhA9JjjqYxiZjy8smFI3yslS4O9QJhEgOeqL87chIpNYwCXRkR6Kt5byz+5zkZhA0v53GaAYvp9KMwExgSPI4Ld7lkFMRQE0Il17ti2ieSUNChFnUI1vzJi6Rdr53XzJvTcvNylkYBHaIjVEEWOkNNdI1aqI0oekTP6BW9GU/Gi/FufExLl4xZzwH6A+P7B1L+oKs=</latexit><latexit sha1_base64="MK7tg4eOyvcCZonOuqDChsWZq5I=">AAACIHicbVC7TsMwFHV4lvIqMLJYVKB2qZIKiTIgVbAwFonSSEkUOa7TWnUesm9AVdRfYeFXWBgAwQZfg/sYoOUM1tE5917fe4JUcAWm+WUsLa+srq0XNoqbW9s7u6W9/TuVZJKyNk1EIu2AKCZ4zNrAQTA7lYxEgWCdYHA19jv3TCqexLcwTJkXkV7MQ04JaMkvNZRvYVfyXh+IlMkDdtxuArk9whc4rNhVF7snLq5MqvQsrPx61dOv5ZfKZs2cAC8Sa0bKaIaWX/rUk2kWsRioIEo5lpmClxMJnAo2KrqZYimhA9JjjqYxiZjy8smFI3yslS4O9QJhEgOeqL87chIpNYwCXRkR6Kt5byz+5zkZhA0v53GaAYvp9KMwExgSPI4Ld7lkFMRQE0Il17ti2ieSUNChFnUI1vzJi6Rdr53XzJvTcvNylkYBHaIjVEEWOkNNdI1aqI0oekTP6BW9GU/Gi/FufExLl4xZzwH6A+P7B1L+oKs=</latexit>

s1
<latexit sha1_base64="+15UIRcDe+urLtzBR6Vm1cSwYrE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsJ+3SzSbsboQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LBjFMMYjqQPOKMGivd657Xq9bcujsDWSZeQWpQoNmrfnX7CctilIYJqnXHc1MT5FQZzgROKt1MY0rZiA6wY6mkMeogn506ISdW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZselUbAje4svLxD+rX9Xdu/Na47pIowxHcAyn4MEFNOAWmuADgwE8wyu8OcJ5cd6dj3lrySlmDuEPnM8fcYqNbg==</latexit><latexit sha1_base64="+15UIRcDe+urLtzBR6Vm1cSwYrE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsJ+3SzSbsboQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LBjFMMYjqQPOKMGivd657Xq9bcujsDWSZeQWpQoNmrfnX7CctilIYJqnXHc1MT5FQZzgROKt1MY0rZiA6wY6mkMeogn506ISdW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZselUbAje4svLxD+rX9Xdu/Na47pIowxHcAyn4MEFNOAWmuADgwE8wyu8OcJ5cd6dj3lrySlmDuEPnM8fcYqNbg==</latexit><latexit sha1_base64="+15UIRcDe+urLtzBR6Vm1cSwYrE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsJ+3SzSbsboQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LBjFMMYjqQPOKMGivd657Xq9bcujsDWSZeQWpQoNmrfnX7CctilIYJqnXHc1MT5FQZzgROKt1MY0rZiA6wY6mkMeogn506ISdW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZselUbAje4svLxD+rX9Xdu/Na47pIowxHcAyn4MEFNOAWmuADgwE8wyu8OcJ5cd6dj3lrySlmDuEPnM8fcYqNbg==</latexit>

s2
<latexit sha1_base64="6rC2UHO+psOOYorXm9HouZe859o=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8eKxhbaUDbbSbt0swm7G6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6iRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTP3WEyrNE/lgxikGMR1IHnFGjZXuda/eq1TdmjsDWSZeQapQoNmrfHX7CctilIYJqnXHc1MT5FQZzgROyt1MY0rZiA6wY6mkMeogn506IadW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZsemUbQje4svLxK/Xrmru3Xm1cV2kUYJjOIEz8OACGnALTfCBwQCe4RXeHOG8OO/Ox7x1xSlmjuAPnM8fcw2Nbw==</latexit><latexit sha1_base64="6rC2UHO+psOOYorXm9HouZe859o=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8eKxhbaUDbbSbt0swm7G6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6iRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTP3WEyrNE/lgxikGMR1IHnFGjZXuda/eq1TdmjsDWSZeQapQoNmrfHX7CctilIYJqnXHc1MT5FQZzgROyt1MY0rZiA6wY6mkMeogn506IadW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZsemUbQje4svLxK/Xrmru3Xm1cV2kUYJjOIEz8OACGnALTfCBwQCe4RXeHOG8OO/Ox7x1xSlmjuAPnM8fcw2Nbw==</latexit><latexit sha1_base64="6rC2UHO+psOOYorXm9HouZe859o=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8eKxhbaUDbbSbt0swm7G6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6iRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTP3WEyrNE/lgxikGMR1IHnFGjZXuda/eq1TdmjsDWSZeQapQoNmrfHX7CctilIYJqnXHc1MT5FQZzgROyt1MY0rZiA6wY6mkMeogn506IadW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZsemUbQje4svLxK/Xrmru3Xm1cV2kUYJjOIEz8OACGnALTfCBwQCe4RXeHOG8OO/Ox7x1xSlmjuAPnM8fcw2Nbw==</latexit>

“LZZ” procedure

Some intuition: checks what happens on the 
border using the Lie derivative

L0
fa = a L1

fa =
@

@ ~X
Li�1
f af

<latexit sha1_base64="bUc0ItRnZMb2ZQrSJLfiYnm5Qks="></latexit><latexit sha1_base64="bUc0ItRnZMb2ZQrSJLfiYnm5Qks="></latexit><latexit sha1_base64="bUc0ItRnZMb2ZQrSJLfiYnm5Qks="></latexit>

What if a Lie derivative is 
0 (somewhere)?

L1
f (x) > 0

<latexit sha1_base64="Nl956ViU/BZKmPWNSu/8HIEbthU=">AAAB93icbVBNS8NAEJ34WetHox69LBahXkoignqRohcPHioYW2hj2Ww37dLNJuxuxBr6S7x4UPHqX/Hmv3Hb5qCtDwYe780wMy9IOFPacb6thcWl5ZXVwlpxfWNzq2Rv79ypOJWEeiTmsWwGWFHOBPU005w2E0lxFHDaCAaXY7/xQKVisbjVw4T6Ee4JFjKCtZE6dum6k4WjexdVHg/ROXI6dtmpOhOgeeLmpAw56h37q92NSRpRoQnHSrVcJ9F+hqVmhNNRsZ0qmmAywD3aMlTgiCo/mxw+QgdG6aIwlqaERhP190SGI6WGUWA6I6z7atYbi/95rVSHp37GRJJqKsh0UZhypGM0TgF1maRE86EhmEhmbkWkjyUm2mRVNCG4sy/PE++oelZ1bo7LtYs8jQLswT5UwIUTqMEV1MEDAik8wyu8WU/Wi/VufUxbF6x8Zhf+wPr8AZHBkUM=</latexit><latexit sha1_base64="Nl956ViU/BZKmPWNSu/8HIEbthU=">AAAB93icbVBNS8NAEJ34WetHox69LBahXkoignqRohcPHioYW2hj2Ww37dLNJuxuxBr6S7x4UPHqX/Hmv3Hb5qCtDwYe780wMy9IOFPacb6thcWl5ZXVwlpxfWNzq2Rv79ypOJWEeiTmsWwGWFHOBPU005w2E0lxFHDaCAaXY7/xQKVisbjVw4T6Ee4JFjKCtZE6dum6k4WjexdVHg/ROXI6dtmpOhOgeeLmpAw56h37q92NSRpRoQnHSrVcJ9F+hqVmhNNRsZ0qmmAywD3aMlTgiCo/mxw+QgdG6aIwlqaERhP190SGI6WGUWA6I6z7atYbi/95rVSHp37GRJJqKsh0UZhypGM0TgF1maRE86EhmEhmbkWkjyUm2mRVNCG4sy/PE++oelZ1bo7LtYs8jQLswT5UwIUTqMEV1MEDAik8wyu8WU/Wi/VufUxbF6x8Zhf+wPr8AZHBkUM=</latexit><latexit sha1_base64="Nl956ViU/BZKmPWNSu/8HIEbthU=">AAAB93icbVBNS8NAEJ34WetHox69LBahXkoignqRohcPHioYW2hj2Ww37dLNJuxuxBr6S7x4UPHqX/Hmv3Hb5qCtDwYe780wMy9IOFPacb6thcWl5ZXVwlpxfWNzq2Rv79ypOJWEeiTmsWwGWFHOBPU005w2E0lxFHDaCAaXY7/xQKVisbjVw4T6Ee4JFjKCtZE6dum6k4WjexdVHg/ROXI6dtmpOhOgeeLmpAw56h37q92NSRpRoQnHSrVcJ9F+hqVmhNNRsZ0qmmAywD3aMlTgiCo/mxw+QgdG6aIwlqaERhP190SGI6WGUWA6I6z7atYbi/95rVSHp37GRJJqKsh0UZhypGM0TgF1maRE86EhmEhmbkWkjyUm2mRVNCG4sy/PE++oelZ1bo7LtYs8jQLswT5UwIUTqMEV1MEDAik8wyu8WU/Wi/VufUxbF6x8Zhf+wPr8AZHBkUM=</latexit>
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s1 ! [Ẋ = f(X) & (s1 _ s2)]s1
<latexit sha1_base64="MK7tg4eOyvcCZonOuqDChsWZq5I=">AAACIHicbVC7TsMwFHV4lvIqMLJYVKB2qZIKiTIgVbAwFonSSEkUOa7TWnUesm9AVdRfYeFXWBgAwQZfg/sYoOUM1tE5917fe4JUcAWm+WUsLa+srq0XNoqbW9s7u6W9/TuVZJKyNk1EIu2AKCZ4zNrAQTA7lYxEgWCdYHA19jv3TCqexLcwTJkXkV7MQ04JaMkvNZRvYVfyXh+IlMkDdtxuArk9whc4rNhVF7snLq5MqvQsrPx61dOv5ZfKZs2cAC8Sa0bKaIaWX/rUk2kWsRioIEo5lpmClxMJnAo2KrqZYimhA9JjjqYxiZjy8smFI3yslS4O9QJhEgOeqL87chIpNYwCXRkR6Kt5byz+5zkZhA0v53GaAYvp9KMwExgSPI4Ld7lkFMRQE0Il17ti2ieSUNChFnUI1vzJi6Rdr53XzJvTcvNylkYBHaIjVEEWOkNNdI1aqI0oekTP6BW9GU/Gi/FufExLl4xZzwH6A+P7B1L+oKs=</latexit><latexit sha1_base64="MK7tg4eOyvcCZonOuqDChsWZq5I=">AAACIHicbVC7TsMwFHV4lvIqMLJYVKB2qZIKiTIgVbAwFonSSEkUOa7TWnUesm9AVdRfYeFXWBgAwQZfg/sYoOUM1tE5917fe4JUcAWm+WUsLa+srq0XNoqbW9s7u6W9/TuVZJKyNk1EIu2AKCZ4zNrAQTA7lYxEgWCdYHA19jv3TCqexLcwTJkXkV7MQ04JaMkvNZRvYVfyXh+IlMkDdtxuArk9whc4rNhVF7snLq5MqvQsrPx61dOv5ZfKZs2cAC8Sa0bKaIaWX/rUk2kWsRioIEo5lpmClxMJnAo2KrqZYimhA9JjjqYxiZjy8smFI3yslS4O9QJhEgOeqL87chIpNYwCXRkR6Kt5byz+5zkZhA0v53GaAYvp9KMwExgSPI4Ld7lkFMRQE0Il17ti2ieSUNChFnUI1vzJi6Rdr53XzJvTcvNylkYBHaIjVEEWOkNNdI1aqI0oekTP6BW9GU/Gi/FufExLl4xZzwH6A+P7B1L+oKs=</latexit><latexit sha1_base64="MK7tg4eOyvcCZonOuqDChsWZq5I=">AAACIHicbVC7TsMwFHV4lvIqMLJYVKB2qZIKiTIgVbAwFonSSEkUOa7TWnUesm9AVdRfYeFXWBgAwQZfg/sYoOUM1tE5917fe4JUcAWm+WUsLa+srq0XNoqbW9s7u6W9/TuVZJKyNk1EIu2AKCZ4zNrAQTA7lYxEgWCdYHA19jv3TCqexLcwTJkXkV7MQ04JaMkvNZRvYVfyXh+IlMkDdtxuArk9whc4rNhVF7snLq5MqvQsrPx61dOv5ZfKZs2cAC8Sa0bKaIaWX/rUk2kWsRioIEo5lpmClxMJnAo2KrqZYimhA9JjjqYxiZjy8smFI3yslS4O9QJhEgOeqL87chIpNYwCXRkR6Kt5byz+5zkZhA0v53GaAYvp9KMwExgSPI4Ld7lkFMRQE0Il17ti2ieSUNChFnUI1vzJi6Rdr53XzJvTcvNylkYBHaIjVEEWOkNNdI1aqI0oekTP6BW9GU/Gi/FufExLl4xZzwH6A+P7B1L+oKs=</latexit>

s1
<latexit sha1_base64="+15UIRcDe+urLtzBR6Vm1cSwYrE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsJ+3SzSbsboQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LBjFMMYjqQPOKMGivd657Xq9bcujsDWSZeQWpQoNmrfnX7CctilIYJqnXHc1MT5FQZzgROKt1MY0rZiA6wY6mkMeogn506ISdW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZselUbAje4svLxD+rX9Xdu/Na47pIowxHcAyn4MEFNOAWmuADgwE8wyu8OcJ5cd6dj3lrySlmDuEPnM8fcYqNbg==</latexit><latexit sha1_base64="+15UIRcDe+urLtzBR6Vm1cSwYrE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsJ+3SzSbsboQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LBjFMMYjqQPOKMGivd657Xq9bcujsDWSZeQWpQoNmrfnX7CctilIYJqnXHc1MT5FQZzgROKt1MY0rZiA6wY6mkMeogn506ISdW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZselUbAje4svLxD+rX9Xdu/Na47pIowxHcAyn4MEFNOAWmuADgwE8wyu8OcJ5cd6dj3lrySlmDuEPnM8fcYqNbg==</latexit><latexit sha1_base64="+15UIRcDe+urLtzBR6Vm1cSwYrE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsJ+3SzSbsboQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LBjFMMYjqQPOKMGivd657Xq9bcujsDWSZeQWpQoNmrfnX7CctilIYJqnXHc1MT5FQZzgROKt1MY0rZiA6wY6mkMeogn506ISdW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZselUbAje4svLxD+rX9Xdu/Na47pIowxHcAyn4MEFNOAWmuADgwE8wyu8OcJ5cd6dj3lrySlmDuEPnM8fcYqNbg==</latexit>

s2
<latexit sha1_base64="6rC2UHO+psOOYorXm9HouZe859o=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8eKxhbaUDbbSbt0swm7G6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6iRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTP3WEyrNE/lgxikGMR1IHnFGjZXuda/eq1TdmjsDWSZeQapQoNmrfHX7CctilIYJqnXHc1MT5FQZzgROyt1MY0rZiA6wY6mkMeogn506IadW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZsemUbQje4svLxK/Xrmru3Xm1cV2kUYJjOIEz8OACGnALTfCBwQCe4RXeHOG8OO/Ox7x1xSlmjuAPnM8fcw2Nbw==</latexit><latexit sha1_base64="6rC2UHO+psOOYorXm9HouZe859o=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8eKxhbaUDbbSbt0swm7G6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6iRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTP3WEyrNE/lgxikGMR1IHnFGjZXuda/eq1TdmjsDWSZeQapQoNmrfHX7CctilIYJqnXHc1MT5FQZzgROyt1MY0rZiA6wY6mkMeogn506IadW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZsemUbQje4svLxK/Xrmru3Xm1cV2kUYJjOIEz8OACGnALTfCBwQCe4RXeHOG8OO/Ox7x1xSlmjuAPnM8fcw2Nbw==</latexit><latexit sha1_base64="6rC2UHO+psOOYorXm9HouZe859o=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8eKxhbaUDbbSbt0swm7G6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6iRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTP3WEyrNE/lgxikGMR1IHnFGjZXuda/eq1TdmjsDWSZeQapQoNmrfHX7CctilIYJqnXHc1MT5FQZzgROyt1MY0rZiA6wY6mkMeogn506IadW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZsemUbQje4svLxK/Xrmru3Xm1cV2kUYJjOIEz8OACGnALTfCBwQCe4RXeHOG8OO/Ox7x1xSlmjuAPnM8fcw2Nbw==</latexit>

“LZZ” procedure

Some intuition: checks what happens on the 
border using the Lie derivative

L0
fa = a L1

fa =
@

@ ~X
Li�1
f af

<latexit sha1_base64="bUc0ItRnZMb2ZQrSJLfiYnm5Qks="></latexit><latexit sha1_base64="bUc0ItRnZMb2ZQrSJLfiYnm5Qks="></latexit><latexit sha1_base64="bUc0ItRnZMb2ZQrSJLfiYnm5Qks="></latexit>

What if a Lie derivative is 
0 (somewhere)?

What if we have a semi-algebraic set? 
(boolean combination of predicates, 

issues with boundaries!)

L1
f (x) > 0

<latexit sha1_base64="Nl956ViU/BZKmPWNSu/8HIEbthU=">AAAB93icbVBNS8NAEJ34WetHox69LBahXkoignqRohcPHioYW2hj2Ww37dLNJuxuxBr6S7x4UPHqX/Hmv3Hb5qCtDwYe780wMy9IOFPacb6thcWl5ZXVwlpxfWNzq2Rv79ypOJWEeiTmsWwGWFHOBPU005w2E0lxFHDaCAaXY7/xQKVisbjVw4T6Ee4JFjKCtZE6dum6k4WjexdVHg/ROXI6dtmpOhOgeeLmpAw56h37q92NSRpRoQnHSrVcJ9F+hqVmhNNRsZ0qmmAywD3aMlTgiCo/mxw+QgdG6aIwlqaERhP190SGI6WGUWA6I6z7atYbi/95rVSHp37GRJJqKsh0UZhypGM0TgF1maRE86EhmEhmbkWkjyUm2mRVNCG4sy/PE++oelZ1bo7LtYs8jQLswT5UwIUTqMEV1MEDAik8wyu8WU/Wi/VufUxbF6x8Zhf+wPr8AZHBkUM=</latexit><latexit sha1_base64="Nl956ViU/BZKmPWNSu/8HIEbthU=">AAAB93icbVBNS8NAEJ34WetHox69LBahXkoignqRohcPHioYW2hj2Ww37dLNJuxuxBr6S7x4UPHqX/Hmv3Hb5qCtDwYe780wMy9IOFPacb6thcWl5ZXVwlpxfWNzq2Rv79ypOJWEeiTmsWwGWFHOBPU005w2E0lxFHDaCAaXY7/xQKVisbjVw4T6Ee4JFjKCtZE6dum6k4WjexdVHg/ROXI6dtmpOhOgeeLmpAw56h37q92NSRpRoQnHSrVcJ9F+hqVmhNNRsZ0qmmAywD3aMlTgiCo/mxw+QgdG6aIwlqaERhP190SGI6WGUWA6I6z7atYbi/95rVSHp37GRJJqKsh0UZhypGM0TgF1maRE86EhmEhmbkWkjyUm2mRVNCG4sy/PE++oelZ1bo7LtYs8jQLswT5UwIUTqMEV1MEDAik8wyu8WU/Wi/VufUxbF6x8Zhf+wPr8AZHBkUM=</latexit><latexit sha1_base64="Nl956ViU/BZKmPWNSu/8HIEbthU=">AAAB93icbVBNS8NAEJ34WetHox69LBahXkoignqRohcPHioYW2hj2Ww37dLNJuxuxBr6S7x4UPHqX/Hmv3Hb5qCtDwYe780wMy9IOFPacb6thcWl5ZXVwlpxfWNzq2Rv79ypOJWEeiTmsWwGWFHOBPU005w2E0lxFHDaCAaXY7/xQKVisbjVw4T6Ee4JFjKCtZE6dum6k4WjexdVHg/ROXI6dtmpOhOgeeLmpAw56h37q92NSRpRoQnHSrVcJ9F+hqVmhNNRsZ0qmmAywD3aMlTgiCo/mxw+QgdG6aIwlqaERhP190SGI6WGUWA6I6z7atYbi/95rVSHp37GRJJqKsh0UZhypGM0TgF1maRE86EhmEhmbkWkjyUm2mRVNCG4sy/PE++oelZ1bo7LtYs8jQLswT5UwIUTqMEV1MEDAik8wyu8WU/Wi/VufUxbF6x8Zhf+wPr8AZHBkUM=</latexit>
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s1 ! [Ẋ = f(X) & (s1 _ s2)]s1
<latexit sha1_base64="MK7tg4eOyvcCZonOuqDChsWZq5I=">AAACIHicbVC7TsMwFHV4lvIqMLJYVKB2qZIKiTIgVbAwFonSSEkUOa7TWnUesm9AVdRfYeFXWBgAwQZfg/sYoOUM1tE5917fe4JUcAWm+WUsLa+srq0XNoqbW9s7u6W9/TuVZJKyNk1EIu2AKCZ4zNrAQTA7lYxEgWCdYHA19jv3TCqexLcwTJkXkV7MQ04JaMkvNZRvYVfyXh+IlMkDdtxuArk9whc4rNhVF7snLq5MqvQsrPx61dOv5ZfKZs2cAC8Sa0bKaIaWX/rUk2kWsRioIEo5lpmClxMJnAo2KrqZYimhA9JjjqYxiZjy8smFI3yslS4O9QJhEgOeqL87chIpNYwCXRkR6Kt5byz+5zkZhA0v53GaAYvp9KMwExgSPI4Ld7lkFMRQE0Il17ti2ieSUNChFnUI1vzJi6Rdr53XzJvTcvNylkYBHaIjVEEWOkNNdI1aqI0oekTP6BW9GU/Gi/FufExLl4xZzwH6A+P7B1L+oKs=</latexit><latexit sha1_base64="MK7tg4eOyvcCZonOuqDChsWZq5I=">AAACIHicbVC7TsMwFHV4lvIqMLJYVKB2qZIKiTIgVbAwFonSSEkUOa7TWnUesm9AVdRfYeFXWBgAwQZfg/sYoOUM1tE5917fe4JUcAWm+WUsLa+srq0XNoqbW9s7u6W9/TuVZJKyNk1EIu2AKCZ4zNrAQTA7lYxEgWCdYHA19jv3TCqexLcwTJkXkV7MQ04JaMkvNZRvYVfyXh+IlMkDdtxuArk9whc4rNhVF7snLq5MqvQsrPx61dOv5ZfKZs2cAC8Sa0bKaIaWX/rUk2kWsRioIEo5lpmClxMJnAo2KrqZYimhA9JjjqYxiZjy8smFI3yslS4O9QJhEgOeqL87chIpNYwCXRkR6Kt5byz+5zkZhA0v53GaAYvp9KMwExgSPI4Ld7lkFMRQE0Il17ti2ieSUNChFnUI1vzJi6Rdr53XzJvTcvNylkYBHaIjVEEWOkNNdI1aqI0oekTP6BW9GU/Gi/FufExLl4xZzwH6A+P7B1L+oKs=</latexit><latexit sha1_base64="MK7tg4eOyvcCZonOuqDChsWZq5I=">AAACIHicbVC7TsMwFHV4lvIqMLJYVKB2qZIKiTIgVbAwFonSSEkUOa7TWnUesm9AVdRfYeFXWBgAwQZfg/sYoOUM1tE5917fe4JUcAWm+WUsLa+srq0XNoqbW9s7u6W9/TuVZJKyNk1EIu2AKCZ4zNrAQTA7lYxEgWCdYHA19jv3TCqexLcwTJkXkV7MQ04JaMkvNZRvYVfyXh+IlMkDdtxuArk9whc4rNhVF7snLq5MqvQsrPx61dOv5ZfKZs2cAC8Sa0bKaIaWX/rUk2kWsRioIEo5lpmClxMJnAo2KrqZYimhA9JjjqYxiZjy8smFI3yslS4O9QJhEgOeqL87chIpNYwCXRkR6Kt5byz+5zkZhA0v53GaAYvp9KMwExgSPI4Ld7lkFMRQE0Il17ti2ieSUNChFnUI1vzJi6Rdr53XzJvTcvNylkYBHaIjVEEWOkNNdI1aqI0oekTP6BW9GU/Gi/FufExLl4xZzwH6A+P7B1L+oKs=</latexit>

LZZs1,f,s1_s2(X) := 8X.((s1(X) ^ ((s1(X) _ s2(X)) ^ Inf,s1_s2(X)) ! Inf,s1(X))^
((¬s1(X) ^ ((s1(X) _ s2(X)) ^ IvInf,s1_s2(X)) ! ¬IvInf,s1(X)))

<latexit sha1_base64="qXyXHkx6a9mciH/wlT7kYC0OeF8="></latexit><latexit sha1_base64="qXyXHkx6a9mciH/wlT7kYC0OeF8="></latexit><latexit sha1_base64="qXyXHkx6a9mciH/wlT7kYC0OeF8="></latexit>

s1
<latexit sha1_base64="+15UIRcDe+urLtzBR6Vm1cSwYrE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsJ+3SzSbsboQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LBjFMMYjqQPOKMGivd657Xq9bcujsDWSZeQWpQoNmrfnX7CctilIYJqnXHc1MT5FQZzgROKt1MY0rZiA6wY6mkMeogn506ISdW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZselUbAje4svLxD+rX9Xdu/Na47pIowxHcAyn4MEFNOAWmuADgwE8wyu8OcJ5cd6dj3lrySlmDuEPnM8fcYqNbg==</latexit><latexit sha1_base64="+15UIRcDe+urLtzBR6Vm1cSwYrE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsJ+3SzSbsboQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LBjFMMYjqQPOKMGivd657Xq9bcujsDWSZeQWpQoNmrfnX7CctilIYJqnXHc1MT5FQZzgROKt1MY0rZiA6wY6mkMeogn506ISdW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZselUbAje4svLxD+rX9Xdu/Na47pIowxHcAyn4MEFNOAWmuADgwE8wyu8OcJ5cd6dj3lrySlmDuEPnM8fcYqNbg==</latexit><latexit sha1_base64="+15UIRcDe+urLtzBR6Vm1cSwYrE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsJ+3SzSbsboQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LBjFMMYjqQPOKMGivd657Xq9bcujsDWSZeQWpQoNmrfnX7CctilIYJqnXHc1MT5FQZzgROKt1MY0rZiA6wY6mkMeogn506ISdW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZselUbAje4svLxD+rX9Xdu/Na47pIowxHcAyn4MEFNOAWmuADgwE8wyu8OcJ5cd6dj3lrySlmDuEPnM8fcYqNbg==</latexit>

s2
<latexit sha1_base64="6rC2UHO+psOOYorXm9HouZe859o=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8eKxhbaUDbbSbt0swm7G6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6iRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTP3WEyrNE/lgxikGMR1IHnFGjZXuda/eq1TdmjsDWSZeQapQoNmrfHX7CctilIYJqnXHc1MT5FQZzgROyt1MY0rZiA6wY6mkMeogn506IadW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZsemUbQje4svLxK/Xrmru3Xm1cV2kUYJjOIEz8OACGnALTfCBwQCe4RXeHOG8OO/Ox7x1xSlmjuAPnM8fcw2Nbw==</latexit><latexit sha1_base64="6rC2UHO+psOOYorXm9HouZe859o=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8eKxhbaUDbbSbt0swm7G6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6iRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTP3WEyrNE/lgxikGMR1IHnFGjZXuda/eq1TdmjsDWSZeQapQoNmrfHX7CctilIYJqnXHc1MT5FQZzgROyt1MY0rZiA6wY6mkMeogn506IadW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZsemUbQje4svLxK/Xrmru3Xm1cV2kUYJjOIEz8OACGnALTfCBwQCe4RXeHOG8OO/Ox7x1xSlmjuAPnM8fcw2Nbw==</latexit><latexit sha1_base64="6rC2UHO+psOOYorXm9HouZe859o=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8eKxhbaUDbbSbt0swm7G6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6iRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTP3WEyrNE/lgxikGMR1IHnFGjZXuda/eq1TdmjsDWSZeQapQoNmrfHX7CctilIYJqnXHc1MT5FQZzgROyt1MY0rZiA6wY6mkMeogn506IadW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZsemUbQje4svLxK/Xrmru3Xm1cV2kUYJjOIEz8OACGnALTfCBwQCe4RXeHOG8OO/Ox7x1xSlmjuAPnM8fcw2Nbw==</latexit>

“LZZ” procedure

Some intuition: checks what happens on the 
border using the Lie derivative

L0
fa = a L1

fa =
@

@ ~X
Li�1
f af

<latexit sha1_base64="bUc0ItRnZMb2ZQrSJLfiYnm5Qks="></latexit><latexit sha1_base64="bUc0ItRnZMb2ZQrSJLfiYnm5Qks="></latexit><latexit sha1_base64="bUc0ItRnZMb2ZQrSJLfiYnm5Qks="></latexit>

What if a Lie derivative is 
0 (somewhere)?

What if we have a semi-algebraic set? 
(boolean combination of predicates, 

issues with boundaries!)

L1
f (x) > 0

<latexit sha1_base64="Nl956ViU/BZKmPWNSu/8HIEbthU=">AAAB93icbVBNS8NAEJ34WetHox69LBahXkoignqRohcPHioYW2hj2Ww37dLNJuxuxBr6S7x4UPHqX/Hmv3Hb5qCtDwYe780wMy9IOFPacb6thcWl5ZXVwlpxfWNzq2Rv79ypOJWEeiTmsWwGWFHOBPU005w2E0lxFHDaCAaXY7/xQKVisbjVw4T6Ee4JFjKCtZE6dum6k4WjexdVHg/ROXI6dtmpOhOgeeLmpAw56h37q92NSRpRoQnHSrVcJ9F+hqVmhNNRsZ0qmmAywD3aMlTgiCo/mxw+QgdG6aIwlqaERhP190SGI6WGUWA6I6z7atYbi/95rVSHp37GRJJqKsh0UZhypGM0TgF1maRE86EhmEhmbkWkjyUm2mRVNCG4sy/PE++oelZ1bo7LtYs8jQLswT5UwIUTqMEV1MEDAik8wyu8WU/Wi/VufUxbF6x8Zhf+wPr8AZHBkUM=</latexit><latexit sha1_base64="Nl956ViU/BZKmPWNSu/8HIEbthU=">AAAB93icbVBNS8NAEJ34WetHox69LBahXkoignqRohcPHioYW2hj2Ww37dLNJuxuxBr6S7x4UPHqX/Hmv3Hb5qCtDwYe780wMy9IOFPacb6thcWl5ZXVwlpxfWNzq2Rv79ypOJWEeiTmsWwGWFHOBPU005w2E0lxFHDaCAaXY7/xQKVisbjVw4T6Ee4JFjKCtZE6dum6k4WjexdVHg/ROXI6dtmpOhOgeeLmpAw56h37q92NSRpRoQnHSrVcJ9F+hqVmhNNRsZ0qmmAywD3aMlTgiCo/mxw+QgdG6aIwlqaERhP190SGI6WGUWA6I6z7atYbi/95rVSHp37GRJJqKsh0UZhypGM0TgF1maRE86EhmEhmbkWkjyUm2mRVNCG4sy/PE++oelZ1bo7LtYs8jQLswT5UwIUTqMEV1MEDAik8wyu8WU/Wi/VufUxbF6x8Zhf+wPr8AZHBkUM=</latexit><latexit sha1_base64="Nl956ViU/BZKmPWNSu/8HIEbthU=">AAAB93icbVBNS8NAEJ34WetHox69LBahXkoignqRohcPHioYW2hj2Ww37dLNJuxuxBr6S7x4UPHqX/Hmv3Hb5qCtDwYe780wMy9IOFPacb6thcWl5ZXVwlpxfWNzq2Rv79ypOJWEeiTmsWwGWFHOBPU005w2E0lxFHDaCAaXY7/xQKVisbjVw4T6Ee4JFjKCtZE6dum6k4WjexdVHg/ROXI6dtmpOhOgeeLmpAw56h37q92NSRpRoQnHSrVcJ9F+hqVmhNNRsZ0qmmAywD3aMlTgiCo/mxw+QgdG6aIwlqaERhP190SGI6WGUWA6I6z7atYbi/95rVSHp37GRJJqKsh0UZhypGM0TgF1maRE86EhmEhmbkWkjyUm2mRVNCG4sy/PE++oelZ1bo7LtYs8jQLswT5UwIUTqMEV1MEDAik8wyu8WU/Wi/VufUxbF6x8Zhf+wPr8AZHBkUM=</latexit>
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s1 ! [Ẋ = f(X) & (s1 _ s2)]s1
<latexit sha1_base64="MK7tg4eOyvcCZonOuqDChsWZq5I=">AAACIHicbVC7TsMwFHV4lvIqMLJYVKB2qZIKiTIgVbAwFonSSEkUOa7TWnUesm9AVdRfYeFXWBgAwQZfg/sYoOUM1tE5917fe4JUcAWm+WUsLa+srq0XNoqbW9s7u6W9/TuVZJKyNk1EIu2AKCZ4zNrAQTA7lYxEgWCdYHA19jv3TCqexLcwTJkXkV7MQ04JaMkvNZRvYVfyXh+IlMkDdtxuArk9whc4rNhVF7snLq5MqvQsrPx61dOv5ZfKZs2cAC8Sa0bKaIaWX/rUk2kWsRioIEo5lpmClxMJnAo2KrqZYimhA9JjjqYxiZjy8smFI3yslS4O9QJhEgOeqL87chIpNYwCXRkR6Kt5byz+5zkZhA0v53GaAYvp9KMwExgSPI4Ld7lkFMRQE0Il17ti2ieSUNChFnUI1vzJi6Rdr53XzJvTcvNylkYBHaIjVEEWOkNNdI1aqI0oekTP6BW9GU/Gi/FufExLl4xZzwH6A+P7B1L+oKs=</latexit><latexit sha1_base64="MK7tg4eOyvcCZonOuqDChsWZq5I=">AAACIHicbVC7TsMwFHV4lvIqMLJYVKB2qZIKiTIgVbAwFonSSEkUOa7TWnUesm9AVdRfYeFXWBgAwQZfg/sYoOUM1tE5917fe4JUcAWm+WUsLa+srq0XNoqbW9s7u6W9/TuVZJKyNk1EIu2AKCZ4zNrAQTA7lYxEgWCdYHA19jv3TCqexLcwTJkXkV7MQ04JaMkvNZRvYVfyXh+IlMkDdtxuArk9whc4rNhVF7snLq5MqvQsrPx61dOv5ZfKZs2cAC8Sa0bKaIaWX/rUk2kWsRioIEo5lpmClxMJnAo2KrqZYimhA9JjjqYxiZjy8smFI3yslS4O9QJhEgOeqL87chIpNYwCXRkR6Kt5byz+5zkZhA0v53GaAYvp9KMwExgSPI4Ld7lkFMRQE0Il17ti2ieSUNChFnUI1vzJi6Rdr53XzJvTcvNylkYBHaIjVEEWOkNNdI1aqI0oekTP6BW9GU/Gi/FufExLl4xZzwH6A+P7B1L+oKs=</latexit><latexit sha1_base64="MK7tg4eOyvcCZonOuqDChsWZq5I=">AAACIHicbVC7TsMwFHV4lvIqMLJYVKB2qZIKiTIgVbAwFonSSEkUOa7TWnUesm9AVdRfYeFXWBgAwQZfg/sYoOUM1tE5917fe4JUcAWm+WUsLa+srq0XNoqbW9s7u6W9/TuVZJKyNk1EIu2AKCZ4zNrAQTA7lYxEgWCdYHA19jv3TCqexLcwTJkXkV7MQ04JaMkvNZRvYVfyXh+IlMkDdtxuArk9whc4rNhVF7snLq5MqvQsrPx61dOv5ZfKZs2cAC8Sa0bKaIaWX/rUk2kWsRioIEo5lpmClxMJnAo2KrqZYimhA9JjjqYxiZjy8smFI3yslS4O9QJhEgOeqL87chIpNYwCXRkR6Kt5byz+5zkZhA0v53GaAYvp9KMwExgSPI4Ld7lkFMRQE0Il17ti2ieSUNChFnUI1vzJi6Rdr53XzJvTcvNylkYBHaIjVEEWOkNNdI1aqI0oekTP6BW9GU/Gi/FufExLl4xZzwH6A+P7B1L+oKs=</latexit>

LZZs1,f,s1_s2(X) := 8X.((s1(X) ^ ((s1(X) _ s2(X)) ^ Inf,s1_s2(X)) ! Inf,s1(X))^
((¬s1(X) ^ ((s1(X) _ s2(X)) ^ IvInf,s1_s2(X)) ! ¬IvInf,s1(X)))

<latexit sha1_base64="qXyXHkx6a9mciH/wlT7kYC0OeF8="></latexit><latexit sha1_base64="qXyXHkx6a9mciH/wlT7kYC0OeF8="></latexit><latexit sha1_base64="qXyXHkx6a9mciH/wlT7kYC0OeF8="></latexit>

s1
<latexit sha1_base64="+15UIRcDe+urLtzBR6Vm1cSwYrE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsJ+3SzSbsboQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LBjFMMYjqQPOKMGivd657Xq9bcujsDWSZeQWpQoNmrfnX7CctilIYJqnXHc1MT5FQZzgROKt1MY0rZiA6wY6mkMeogn506ISdW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZselUbAje4svLxD+rX9Xdu/Na47pIowxHcAyn4MEFNOAWmuADgwE8wyu8OcJ5cd6dj3lrySlmDuEPnM8fcYqNbg==</latexit><latexit sha1_base64="+15UIRcDe+urLtzBR6Vm1cSwYrE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsJ+3SzSbsboQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LBjFMMYjqQPOKMGivd657Xq9bcujsDWSZeQWpQoNmrfnX7CctilIYJqnXHc1MT5FQZzgROKt1MY0rZiA6wY6mkMeogn506ISdW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZselUbAje4svLxD+rX9Xdu/Na47pIowxHcAyn4MEFNOAWmuADgwE8wyu8OcJ5cd6dj3lrySlmDuEPnM8fcYqNbg==</latexit><latexit sha1_base64="+15UIRcDe+urLtzBR6Vm1cSwYrE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsJ+3SzSbsboQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LBjFMMYjqQPOKMGivd657Xq9bcujsDWSZeQWpQoNmrfnX7CctilIYJqnXHc1MT5FQZzgROKt1MY0rZiA6wY6mkMeogn506ISdW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZselUbAje4svLxD+rX9Xdu/Na47pIowxHcAyn4MEFNOAWmuADgwE8wyu8OcJ5cd6dj3lrySlmDuEPnM8fcYqNbg==</latexit>

s2
<latexit sha1_base64="6rC2UHO+psOOYorXm9HouZe859o=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8eKxhbaUDbbSbt0swm7G6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6iRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTP3WEyrNE/lgxikGMR1IHnFGjZXuda/eq1TdmjsDWSZeQapQoNmrfHX7CctilIYJqnXHc1MT5FQZzgROyt1MY0rZiA6wY6mkMeogn506IadW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZsemUbQje4svLxK/Xrmru3Xm1cV2kUYJjOIEz8OACGnALTfCBwQCe4RXeHOG8OO/Ox7x1xSlmjuAPnM8fcw2Nbw==</latexit><latexit sha1_base64="6rC2UHO+psOOYorXm9HouZe859o=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8eKxhbaUDbbSbt0swm7G6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6iRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTP3WEyrNE/lgxikGMR1IHnFGjZXuda/eq1TdmjsDWSZeQapQoNmrfHX7CctilIYJqnXHc1MT5FQZzgROyt1MY0rZiA6wY6mkMeogn506IadW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZsemUbQje4svLxK/Xrmru3Xm1cV2kUYJjOIEz8OACGnALTfCBwQCe4RXeHOG8OO/Ox7x1xSlmjuAPnM8fcw2Nbw==</latexit><latexit sha1_base64="6rC2UHO+psOOYorXm9HouZe859o=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8eKxhbaUDbbSbt0swm7G6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6iRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTP3WEyrNE/lgxikGMR1IHnFGjZXuda/eq1TdmjsDWSZeQapQoNmrfHX7CctilIYJqnXHc1MT5FQZzgROyt1MY0rZiA6wY6mkMeogn506IadW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZsemUbQje4svLxK/Xrmru3Xm1cV2kUYJjOIEz8OACGnALTfCBwQCe4RXeHOG8OO/Ox7x1xSlmjuAPnM8fcw2Nbw==</latexit>

“LZZ” procedure

Some intuition: checks what happens on the 
border using the Lie derivative

L0
fa = a L1

fa =
@

@ ~X
Li�1
f af

<latexit sha1_base64="bUc0ItRnZMb2ZQrSJLfiYnm5Qks="></latexit><latexit sha1_base64="bUc0ItRnZMb2ZQrSJLfiYnm5Qks="></latexit><latexit sha1_base64="bUc0ItRnZMb2ZQrSJLfiYnm5Qks="></latexit>

What if a Lie derivative is 
0 (somewhere)?

What if we have a semi-algebraic set? 
(boolean combination of predicates, 

issues with boundaries!)

L1
f (x) > 0

<latexit sha1_base64="Nl956ViU/BZKmPWNSu/8HIEbthU=">AAAB93icbVBNS8NAEJ34WetHox69LBahXkoignqRohcPHioYW2hj2Ww37dLNJuxuxBr6S7x4UPHqX/Hmv3Hb5qCtDwYe780wMy9IOFPacb6thcWl5ZXVwlpxfWNzq2Rv79ypOJWEeiTmsWwGWFHOBPU005w2E0lxFHDaCAaXY7/xQKVisbjVw4T6Ee4JFjKCtZE6dum6k4WjexdVHg/ROXI6dtmpOhOgeeLmpAw56h37q92NSRpRoQnHSrVcJ9F+hqVmhNNRsZ0qmmAywD3aMlTgiCo/mxw+QgdG6aIwlqaERhP190SGI6WGUWA6I6z7atYbi/95rVSHp37GRJJqKsh0UZhypGM0TgF1maRE86EhmEhmbkWkjyUm2mRVNCG4sy/PE++oelZ1bo7LtYs8jQLswT5UwIUTqMEV1MEDAik8wyu8WU/Wi/VufUxbF6x8Zhf+wPr8AZHBkUM=</latexit><latexit sha1_base64="Nl956ViU/BZKmPWNSu/8HIEbthU=">AAAB93icbVBNS8NAEJ34WetHox69LBahXkoignqRohcPHioYW2hj2Ww37dLNJuxuxBr6S7x4UPHqX/Hmv3Hb5qCtDwYe780wMy9IOFPacb6thcWl5ZXVwlpxfWNzq2Rv79ypOJWEeiTmsWwGWFHOBPU005w2E0lxFHDaCAaXY7/xQKVisbjVw4T6Ee4JFjKCtZE6dum6k4WjexdVHg/ROXI6dtmpOhOgeeLmpAw56h37q92NSRpRoQnHSrVcJ9F+hqVmhNNRsZ0qmmAywD3aMlTgiCo/mxw+QgdG6aIwlqaERhP190SGI6WGUWA6I6z7atYbi/95rVSHp37GRJJqKsh0UZhypGM0TgF1maRE86EhmEhmbkWkjyUm2mRVNCG4sy/PE++oelZ1bo7LtYs8jQLswT5UwIUTqMEV1MEDAik8wyu8WU/Wi/VufUxbF6x8Zhf+wPr8AZHBkUM=</latexit><latexit sha1_base64="Nl956ViU/BZKmPWNSu/8HIEbthU=">AAAB93icbVBNS8NAEJ34WetHox69LBahXkoignqRohcPHioYW2hj2Ww37dLNJuxuxBr6S7x4UPHqX/Hmv3Hb5qCtDwYe780wMy9IOFPacb6thcWl5ZXVwlpxfWNzq2Rv79ypOJWEeiTmsWwGWFHOBPU005w2E0lxFHDaCAaXY7/xQKVisbjVw4T6Ee4JFjKCtZE6dum6k4WjexdVHg/ROXI6dtmpOhOgeeLmpAw56h37q92NSRpRoQnHSrVcJ9F+hqVmhNNRsZ0qmmAywD3aMlTgiCo/mxw+QgdG6aIwlqaERhP190SGI6WGUWA6I6z7atYbi/95rVSHp37GRJJqKsh0UZhypGM0TgF1maRE86EhmEhmbkWkjyUm2mRVNCG4sy/PE++oelZ1bo7LtYs8jQLswT5UwIUTqMEV1MEDAik8wyu8WU/Wi/VufUxbF6x8Zhf+wPr8AZHBkUM=</latexit>

Conditions on the lie derivatives
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s1 ! [Ẋ = f(X) & (s1 _ s2)]s1
<latexit sha1_base64="MK7tg4eOyvcCZonOuqDChsWZq5I=">AAACIHicbVC7TsMwFHV4lvIqMLJYVKB2qZIKiTIgVbAwFonSSEkUOa7TWnUesm9AVdRfYeFXWBgAwQZfg/sYoOUM1tE5917fe4JUcAWm+WUsLa+srq0XNoqbW9s7u6W9/TuVZJKyNk1EIu2AKCZ4zNrAQTA7lYxEgWCdYHA19jv3TCqexLcwTJkXkV7MQ04JaMkvNZRvYVfyXh+IlMkDdtxuArk9whc4rNhVF7snLq5MqvQsrPx61dOv5ZfKZs2cAC8Sa0bKaIaWX/rUk2kWsRioIEo5lpmClxMJnAo2KrqZYimhA9JjjqYxiZjy8smFI3yslS4O9QJhEgOeqL87chIpNYwCXRkR6Kt5byz+5zkZhA0v53GaAYvp9KMwExgSPI4Ld7lkFMRQE0Il17ti2ieSUNChFnUI1vzJi6Rdr53XzJvTcvNylkYBHaIjVEEWOkNNdI1aqI0oekTP6BW9GU/Gi/FufExLl4xZzwH6A+P7B1L+oKs=</latexit><latexit sha1_base64="MK7tg4eOyvcCZonOuqDChsWZq5I=">AAACIHicbVC7TsMwFHV4lvIqMLJYVKB2qZIKiTIgVbAwFonSSEkUOa7TWnUesm9AVdRfYeFXWBgAwQZfg/sYoOUM1tE5917fe4JUcAWm+WUsLa+srq0XNoqbW9s7u6W9/TuVZJKyNk1EIu2AKCZ4zNrAQTA7lYxEgWCdYHA19jv3TCqexLcwTJkXkV7MQ04JaMkvNZRvYVfyXh+IlMkDdtxuArk9whc4rNhVF7snLq5MqvQsrPx61dOv5ZfKZs2cAC8Sa0bKaIaWX/rUk2kWsRioIEo5lpmClxMJnAo2KrqZYimhA9JjjqYxiZjy8smFI3yslS4O9QJhEgOeqL87chIpNYwCXRkR6Kt5byz+5zkZhA0v53GaAYvp9KMwExgSPI4Ld7lkFMRQE0Il17ti2ieSUNChFnUI1vzJi6Rdr53XzJvTcvNylkYBHaIjVEEWOkNNdI1aqI0oekTP6BW9GU/Gi/FufExLl4xZzwH6A+P7B1L+oKs=</latexit><latexit sha1_base64="MK7tg4eOyvcCZonOuqDChsWZq5I=">AAACIHicbVC7TsMwFHV4lvIqMLJYVKB2qZIKiTIgVbAwFonSSEkUOa7TWnUesm9AVdRfYeFXWBgAwQZfg/sYoOUM1tE5917fe4JUcAWm+WUsLa+srq0XNoqbW9s7u6W9/TuVZJKyNk1EIu2AKCZ4zNrAQTA7lYxEgWCdYHA19jv3TCqexLcwTJkXkV7MQ04JaMkvNZRvYVfyXh+IlMkDdtxuArk9whc4rNhVF7snLq5MqvQsrPx61dOv5ZfKZs2cAC8Sa0bKaIaWX/rUk2kWsRioIEo5lpmClxMJnAo2KrqZYimhA9JjjqYxiZjy8smFI3yslS4O9QJhEgOeqL87chIpNYwCXRkR6Kt5byz+5zkZhA0v53GaAYvp9KMwExgSPI4Ld7lkFMRQE0Il17ti2ieSUNChFnUI1vzJi6Rdr53XzJvTcvNylkYBHaIjVEEWOkNNdI1aqI0oekTP6BW9GU/Gi/FufExLl4xZzwH6A+P7B1L+oKs=</latexit>

LZZs1,f,s1_s2(X) := 8X.((s1(X) ^ ((s1(X) _ s2(X)) ^ Inf,s1_s2(X)) ! Inf,s1(X))^
((¬s1(X) ^ ((s1(X) _ s2(X)) ^ IvInf,s1_s2(X)) ! ¬IvInf,s1(X)))

<latexit sha1_base64="qXyXHkx6a9mciH/wlT7kYC0OeF8="></latexit><latexit sha1_base64="qXyXHkx6a9mciH/wlT7kYC0OeF8="></latexit><latexit sha1_base64="qXyXHkx6a9mciH/wlT7kYC0OeF8="></latexit>

s1
<latexit sha1_base64="+15UIRcDe+urLtzBR6Vm1cSwYrE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsJ+3SzSbsboQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LBjFMMYjqQPOKMGivd657Xq9bcujsDWSZeQWpQoNmrfnX7CctilIYJqnXHc1MT5FQZzgROKt1MY0rZiA6wY6mkMeogn506ISdW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZselUbAje4svLxD+rX9Xdu/Na47pIowxHcAyn4MEFNOAWmuADgwE8wyu8OcJ5cd6dj3lrySlmDuEPnM8fcYqNbg==</latexit><latexit sha1_base64="+15UIRcDe+urLtzBR6Vm1cSwYrE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsJ+3SzSbsboQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LBjFMMYjqQPOKMGivd657Xq9bcujsDWSZeQWpQoNmrfnX7CctilIYJqnXHc1MT5FQZzgROKt1MY0rZiA6wY6mkMeogn506ISdW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZselUbAje4svLxD+rX9Xdu/Na47pIowxHcAyn4MEFNOAWmuADgwE8wyu8OcJ5cd6dj3lrySlmDuEPnM8fcYqNbg==</latexit><latexit sha1_base64="+15UIRcDe+urLtzBR6Vm1cSwYrE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsJ+3SzSbsboQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LBjFMMYjqQPOKMGivd657Xq9bcujsDWSZeQWpQoNmrfnX7CctilIYJqnXHc1MT5FQZzgROKt1MY0rZiA6wY6mkMeogn506ISdW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZselUbAje4svLxD+rX9Xdu/Na47pIowxHcAyn4MEFNOAWmuADgwE8wyu8OcJ5cd6dj3lrySlmDuEPnM8fcYqNbg==</latexit>

s2
<latexit sha1_base64="6rC2UHO+psOOYorXm9HouZe859o=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8eKxhbaUDbbSbt0swm7G6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6iRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTP3WEyrNE/lgxikGMR1IHnFGjZXuda/eq1TdmjsDWSZeQapQoNmrfHX7CctilIYJqnXHc1MT5FQZzgROyt1MY0rZiA6wY6mkMeogn506IadW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZsemUbQje4svLxK/Xrmru3Xm1cV2kUYJjOIEz8OACGnALTfCBwQCe4RXeHOG8OO/Ox7x1xSlmjuAPnM8fcw2Nbw==</latexit><latexit sha1_base64="6rC2UHO+psOOYorXm9HouZe859o=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8eKxhbaUDbbSbt0swm7G6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6iRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTP3WEyrNE/lgxikGMR1IHnFGjZXuda/eq1TdmjsDWSZeQapQoNmrfHX7CctilIYJqnXHc1MT5FQZzgROyt1MY0rZiA6wY6mkMeogn506IadW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZsemUbQje4svLxK/Xrmru3Xm1cV2kUYJjOIEz8OACGnALTfCBwQCe4RXeHOG8OO/Ox7x1xSlmjuAPnM8fcw2Nbw==</latexit><latexit sha1_base64="6rC2UHO+psOOYorXm9HouZe859o=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FvRi8eKxhbaUDbbSbt0swm7G6GE/gQvHlS8+o+8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6iRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTP3WEyrNE/lgxikGMR1IHnFGjZXuda/eq1TdmjsDWSZeQapQoNmrfHX7CctilIYJqnXHc1MT5FQZzgROyt1MY0rZiA6wY6mkMeogn506IadW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZsemUbQje4svLxK/Xrmru3Xm1cV2kUYJjOIEz8OACGnALTfCBwQCe4RXeHOG8OO/Ox7x1xSlmjuAPnM8fcw2Nbw==</latexit>

“LZZ” procedure

Some intuition: checks what happens on the 
border using the Lie derivative

L0
fa = a L1

fa =
@

@ ~X
Li�1
f af
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What if a Lie derivative is 
0 (somewhere)?

What if we have a semi-algebraic set? 
(boolean combination of predicates, 

issues with boundaries!)

L1
f (x) > 0
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Conditions on the lie derivatives

Complete and sound (can be expressed as a semialgebraic set, i.e. nonlinear real arithmetic)



Transition relation of the decomposition (2/2)

 13

TA := 9X,X 0.(
^

p2P

(vp $ p(X)) ^
^

p2P

(v0p $ p(X 0))^

_

(s1,s2)22Pa⇥2Pa

(s1(X) ^ s2(X
0) ^ 9X.¬LZZs1,f,s1_s2(X)))
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Transition relation of the decomposition (2/2)

 13

Encode that s1 moves to s2
(works because LZZ is 

complete)

TA := 9X,X 0.(
^

p2P

(vp $ p(X)) ^
^

p2P

(v0p $ p(X 0))^

_

(s1,s2)22Pa⇥2Pa

(s1(X) ^ s2(X
0) ^ 9X.¬LZZs1,f,s1_s2(X)))
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Transition relation of the decomposition (2/2)

 13

Issue: we still encode an exponential 
number of transitions

Encode that s1 moves to s2
(works because LZZ is 

complete)

TA := 9X,X 0.(
^

p2P

(vp $ p(X)) ^
^

p2P

(v0p $ p(X 0))^

_

(s1,s2)22Pa⇥2Pa

(s1(X) ^ s2(X
0) ^ 9X.¬LZZs1,f,s1_s2(X)))
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Transition relation of the decomposition (2/2)

 13

Issue: we still encode an exponential 
number of transitions

Encode that s1 moves to s2
(works because LZZ is 

complete)

The encoding is “trivial” but unfeasible

TA := 9X,X 0.(
^

p2P

(vp $ p(X)) ^
^

p2P

(v0p $ p(X 0))^

_

(s1,s2)22Pa⇥2Pa

(s1(X) ^ s2(X
0) ^ 9X.¬LZZs1,f,s1_s2(X)))
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Linear algebraic decomposition 

 14



Restating our goal

 15

TA := 9X,X 0.(
^

p2P

(vp $ p(X)) ^
^

p2P

(v0p $ p(X 0))^

_

(s1,s2)22Pa⇥2Pa

(s1(X) ^ s2(X
0) ^ 9X.¬LZZs1,f,s1_s2(X)))
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TA := 9X,X 0.(
^

p2P

(vp $ p(X)) ^
^

p2P

(v0p $ p(X 0)) ^T0)
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Linear in the number of 
polynomials

- simplify LZZ
- encode the LZZ conditions 

“by predicate” instead of “by 
abstract state”



Simplifying LZZ

 16

LZZs1,f,s1_s2(X) := 8X.( (s1(X) ^ ((s1(X) _ s2(X)) ^ Inf,s1_s2(X)) ! Inf,s1(X))^
((¬s1(X) ^ ((s1(X) _ s2(X)) ^ IvInf,s1_s2(X)) ! ¬IvInf,s1(X)))

:= . . .

:= 8X.( (¬s1(X) _ ¬Inf,s2(X) _ Inf,s1(X))^
(s1(X) _ ¬s2(X) _ ¬IvInf,s1(X)))

<latexit sha1_base64="mGm1qbpE5SedQ54s7HzznMOUt1s="></latexit><latexit sha1_base64="mGm1qbpE5SedQ54s7HzznMOUt1s="></latexit><latexit sha1_base64="mGm1qbpE5SedQ54s7HzznMOUt1s="></latexit>

:= 8X.((¬s1(X) _ ¬Inf,s2(X) _ Inf,s1(X))^
(s1(X) _ ¬s2(X) _ ¬IvInf,s1(X)))
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“simpler formula”

By boolean simplifications 
and distributivity of In and 

IvIn operators

And in the end we want the 
negation of LZZ

¬LZZs1,f,s1_s2 :=(s1(X) ^ Inf,s2(X) ^ ¬Inf,s1(X))_
(¬s1(X) ^ s2(X) ^ IvInf,s1(X)))
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Splitting the LZZ condition

 17

TA := 9X,X 0, X.(
^

p2P

(vp $ p(X)) ^
^

p2P

(v0p $ p(X 0))^

_

(s1,s2)22Pa⇥2Pa

(s1(X) ^ s2(X
0) ^ ¬LZZs1,f,s1_s2))
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Again… some boring 
rewriting… 

TA := 9X,X 0, X.(
^

p2P

(vp $ p(X)) ^
^

p2P

(v0p $ p(X 0)) ^ (

_

(s1,s2)22Pa⇥2Pa

(s1(X) ^ s2(X
0) ^ s1(X) ^ Inf,s2(X) ^ ¬Inf,s1(X))_

_

(s1,s2)22Pa⇥2Pa

(s1(X) ^ s2(X
0) ^ ¬s1(X) ^ s2(X) ^ IvInf,s1(X))))
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Splitting the LZZ condition

 17

TA := 9X,X 0, X.(
^

p2P

(vp $ p(X)) ^
^

p2P

(v0p $ p(X 0))^

_

(s1,s2)22Pa⇥2Pa

(s1(X) ^ s2(X
0) ^ ¬LZZs1,f,s1_s2))
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Again… some boring 
rewriting… 

What we gain:  split the 
“forward” and “backward” 

checks of LZZ

TA := 9X,X 0, X.(
^

p2P

(vp $ p(X)) ^
^

p2P

(v0p $ p(X 0)) ^ (

_

(s1,s2)22Pa⇥2Pa

(s1(X) ^ s2(X
0) ^ s1(X) ^ Inf,s2(X) ^ ¬Inf,s1(X))_

_

(s1,s2)22Pa⇥2Pa

(s1(X) ^ s2(X
0) ^ ¬s1(X) ^ s2(X) ^ IvInf,s1(X))))
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Splitting the LZZ condition

 17

TA := 9X,X 0, X.(
^

p2P

(vp $ p(X)) ^
^

p2P

(v0p $ p(X 0))^

_

(s1,s2)22Pa⇥2Pa

(s1(X) ^ s2(X
0) ^ ¬LZZs1,f,s1_s2))

<latexit sha1_base64="8rlo11Aw9SNmlftiCwz0n6KCj9Y="></latexit><latexit sha1_base64="8rlo11Aw9SNmlftiCwz0n6KCj9Y="></latexit><latexit sha1_base64="8rlo11Aw9SNmlftiCwz0n6KCj9Y="></latexit>

Again… some boring 
rewriting… 

What we gain:  split the 
“forward” and “backward” 

checks of LZZ

TA := 9X,X 0, X.(
^

p2P

(vp $ p(X)) ^
^

p2P

(v0p $ p(X 0)) ^ (

_

(s1,s2)22Pa⇥2Pa

(s1(X) ^ s2(X
0) ^ s1(X) ^ Inf,s2(X) ^ ¬Inf,s1(X))_

_

(s1,s2)22Pa⇥2Pa

(s1(X) ^ s2(X
0) ^ ¬s1(X) ^ s2(X) ^ IvInf,s1(X))))
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Express each condition predicate-by-predicate

 18

=
_

(s1,s2)22Pa⇥2Pa

(s1(X) ^ s2(X
0) ^ s1(X) ^ Inf,s2(X) ^ ¬Inf,s1(X))

=
_

(s1,s2)22Pa⇥2Pa

(
^

a./02s1

a(X) ./ 0 ^
^

a./02s1

a(X 0) ./ 0 ^
^

a./02s1

a(X) ./ 0 ^
^

a./02s2

Inf,a./0(X) ^
_

a./02s1

¬Inf,a./0(X))

=
^

a2A,./2{>,<,=}

a(X) ./ 0 ! a(X) ./ 0^

^

a2A,./2{>,<,=}

a(X 0) ./ 0 ! Inf,a./0(X)^

_

a2A,./2{>,<,=}

a(X) ./ 0 ! (¬Inf,a./0(X)
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=
_

(s1,s2)22Pa⇥2Pa

(s1(X) ^ s2(X
0) ^ s1(X) ^ Inf,s2(X) ^ ¬Inf,s1(X))

=
_

(s1,s2)22Pa⇥2Pa

(
^

a./02s1

a(X) ./ 0 ^
^

a./02s1

a(X 0) ./ 0 ^
^

a./02s1

a(X) ./ 0 ^
^

a./02s2

Inf,a./0(X) ^
_

a./02s1

¬Inf,a./0(X))

=
^

a2A,./2{>,<,=}

a(X) ./ 0 ! a(X) ./ 0^

^

a2A,./2{>,<,=}

a(X 0) ./ 0 ! Inf,a./0(X)^

_

a2A,./2{>,<,=}

a(X) ./ 0 ! (¬Inf,a./0(X)
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Express each condition predicate-by-predicate

 18

def. of abstract state

=
_

(s1,s2)22Pa⇥2Pa

(s1(X) ^ s2(X
0) ^ s1(X) ^ Inf,s2(X) ^ ¬Inf,s1(X))

=
_

(s1,s2)22Pa⇥2Pa
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^

a./02s1
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^

a./02s1

a(X 0) ./ 0 ^
^

a./02s1

a(X) ./ 0 ^
^

a./02s2

Inf,a./0(X) ^
_

a./02s1

¬Inf,a./0(X))

=
^

a2A,./2{>,<,=}

a(X) ./ 0 ! a(X) ./ 0^

^

a2A,./2{>,<,=}

a(X 0) ./ 0 ! Inf,a./0(X)^

_

a2A,./2{>,<,=}

a(X) ./ 0 ! (¬Inf,a./0(X)
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=
_

(s1,s2)22Pa⇥2Pa

(s1(X) ^ s2(X
0) ^ s1(X) ^ Inf,s2(X) ^ ¬Inf,s1(X))

=
_

(s1,s2)22Pa⇥2Pa

(
^

a./02s1
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Inf,a./0(X) ^
_

a./02s1

¬Inf,a./0(X))
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^
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^

a2A,./2{>,<,=}
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_
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a(X) ./ 0 ! (¬Inf,a./0(X)
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Express each condition predicate-by-predicate

 18

def. of abstract state
In distributes over a 

conjunction of predicates

=
_

(s1,s2)22Pa⇥2Pa

(s1(X) ^ s2(X
0) ^ s1(X) ^ Inf,s2(X) ^ ¬Inf,s1(X))

=
_

(s1,s2)22Pa⇥2Pa
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^

a./02s1

a(X) ./ 0 ^
^

a./02s1

a(X 0) ./ 0 ^
^

a./02s1

a(X) ./ 0 ^
^

a./02s2

Inf,a./0(X) ^
_

a./02s1

¬Inf,a./0(X))
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^
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a(X) ./ 0 ! a(X) ./ 0^

^

a2A,./2{>,<,=}

a(X 0) ./ 0 ! Inf,a./0(X)^

_
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a(X) ./ 0 ! (¬Inf,a./0(X)
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=
_

(s1,s2)22Pa⇥2Pa

(s1(X) ^ s2(X
0) ^ s1(X) ^ Inf,s2(X) ^ ¬Inf,s1(X))

=
_

(s1,s2)22Pa⇥2Pa

(
^

a./02s1

a(X) ./ 0 ^
^

a./02s1

a(X 0) ./ 0 ^
^

a./02s1

a(X) ./ 0 ^
^

a./02s2

Inf,a./0(X) ^
_

a./02s1

¬Inf,a./0(X))

=
^
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Settings

• Non-linear safety verification benchmarks from

• Fix polynomial for the abstraction (factors and lie 
derivatives) 

• Evaluate:

• “Reach”: Explicit reachability analysis

• Using different solvers: Mathematica, z3

• “DWCL”: find invariant predicates and call reach as 
subroutine

• “ic3”: linear encoding + ic3 model checking algorithm
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Conclusions

• First step to apply symbolic techniques to polynomial 
dynamics

• Mixed experimental results

• Positive: safe vs. naive reachability computation

• Negative: unsafe, vs. DWCL
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Future Works

• Near future:

• Extend the experiments

• Understand bottlenecks in the verification algorithm (e.g., 
solver…)

• Use more efficient formulation of LZZ (recent tech 
report from Sogokon and Ghorbail)

• Try to prove simple hybrid systems
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