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Unbounded verification for polynomial systems
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Unbounded verification for polynomial systems
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How can we find the differential invariant?




Decomposing the state space: Semialgebraic Decomposition
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Defines 34 abstract states...

Sogokon, Ghorbal, Jackson, Platzer, VYMCAI 2016
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Decomposing the state space: Semialgebraic Decomposition
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Decomposing the state space: Semialgebraic Decomposition
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Decomposing the state space: Semialgebraic Decomposition
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Predicate abstraction for discrete systems
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Predicate abstraction for discrete systems
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Symbolic computation of predicate abstraction

S = (X, I[(X), T(X, X"))
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Symbolic computation of predicate abstraction

§ = (X.1(X). T(X.X)

P = {&1 (X) < 0, CLQ(X) = 0,.. } Set of predicates
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Ip = 3X.(I(X)A /\ (vp ¢ p(X)))
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Symbolic computation of predicate abstraction

§ = (X.1(X). T(X.X)

P = {&1 (X) < 0, CLQ(X) = 0,.. } Set of predicates

Compute the predicate abstraction
Sp = (Vp,Ip,Tp

Vp ={v, €B|pec P}
Ip = 3X.(I(X)A /\ (vp ¢ p(X)))

Tp =3X, X' (T(X,X)A N\ (v, & p(X)A N (v, < p(X)))

Quantifier elimination (using

a SMT solver...)

Lahiri et al CAVY 2006




Symbolic computation of predicate abstraction

® Efficient handling of the exponential blow-up in computing the
abstraction and fully automatic verification algorithms:

® efficient quantification Lahiri et al CAV 2006
® aJutomatic abstraction refinement GEELEEEIRINIelIRIY:

® implicit predicate abstraction and IC3  LEUEHERZWA
Cimatti et al TACAS 2014

® |ssues with semialgebraic decomposition

® Explicit computation of reachable states
® Computes reachable states vs. finding a sufficient invariant

® What does happen when we have hybrid systems!?
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® What does happen when we have hybrid systems!?

Can we apply symbolic techniques to compute the
semialgebraic decomposition?




Main challenges

Check of existence: now is defined only
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Main challenges

Check of existence: now is defined only

among pairs of state (i.e., does sl can
reach s2?)

O<xz NO<yNO<axz+1N0<y+1
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s1 — [)} = f(X) & (1 V s9)] sl

O0<zANO=yAN0<xz+1AN0<y+1

........... Check of existence:

S1 is a differential invariant when
the domain is restricted to sl or s2

Can we apply symbolic techniques to compute the
semialgebraic decomposition?




In this talk

® Symbolic algebraic decomposition:

® exponential encoding in the number of polynomials
® |inear-size algebraic decomposition

® encoding linear in the number of polynomials

® Experimental evaluation



Exponential (symbolic) algebraic decomposition
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Expressing the decomposition as a transition system

A=Hai,a9,...,a

X = f(X) I(X) (X)

We want to express the semialgebraic decomposition as a

transition system

Sa = (VA,Init(VA),TTCLHS(VA, VA»
Py Z:{CLNO | a € AN IXE {<7>7:}}
VA Z:{Up \p - P}

Ly :=3X.(I(X)A N (v, ¢ p(X)))
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Transition relation of the decomposition (1/2)

Ty :=3X, X' .( /\ v, > p(X
peP

V

(s1,89)€2Fa x2Fa

€

/\/\va

peEP

1 (X) A s (X)) A

_I(81 — [X = f(X

) &

(51 V s2)]51))



Transition relation of the decomposition (1/2)

TA::EIX,X’.(/\ v, > p(X /\/\ v,  p(X
peP peP

\/ (s1(X) A sa(X)VA(s1 = [X = F(X) & (51 V s2)]s1))

(s1,89)€2Fa x2Fa

Encode all the

possible
transitions




Transition relation of the decomposition (1/2)

Ty :=3X,X".( ]\ (vp = pX)A N\ (v), < p(X)A
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(s1,82)€2Fa x2Fa

Encode all the S| to s2 if

possible S| is not
transitions invariant




Transition relation of the decomposition (1/2)

TA::EIX,X’.(/\ v, > p(X /\/\ v,  p(X
peP peP

\/ (s1(X) A sa(X)VA(s1 = [X = F(X) & (51 V s2)]s1))

(s1,89)€2Fa x2Fa

Encode all the S| to s2 if

possible
transitions

S| is not
invariant

What is s1 — [X = f(X) & (s1V s2)]s1 exactly?




Checking differential invariants - the hard truth
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Checking differential invariants - the hard truth
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Checking differential invariants - the hard truth

RESIIYS 51— [X = £(X) & (51 V 52)]s1

-~ i - . o o
‘@ Y ¥ ¥ ¥ ¥ Some intuition: checks what happens on the
R e border using the Lie derivative

T N

T

L(J)ca —a L}a = ﬁl}jﬁlaf L}c (CE‘) > ()

12



Checking differential invariants - the hard truth

RESTIVeS 51— [X = F(X) & (51 V 82)]s1

-~ ‘ \ \ ‘ - T . o o

;D V¥ K ¥ ¥ Some intuition: checks what happens on the
< SR border using the Lie derivative

. W

L(J)caza Lia = aXLZ 1af L}c(CE‘) > ()

What if a Lie derivative is

0 (somewhere)!?




Checking differential invariants - the hard truth

S1 — [X — f(X) & (81 \V4 82)]81

Some intuition: checks what happens on the
S border using the Lie derivative

.l W —— |

L(J)caza Lia = aXLZ 1af L}c(CE‘) > ()

What if we have a semi-algebraic set?

What if a Lie derivative is N :
(boolean combination of predicates,

issues with boundaries!)

0 (somewhere)!?

12



Checking differential invariants - the hard truth

J N 51— [X = f(X) & (s1V 52)]s1

Some intuition: checks what happens on the

K ¥ o
m— border using the Lie derivative
o

L(J)ca —a Lia = ﬁl}ff_laf L}c (CE‘) > ()

What if we have a semi-algebraic set?

What if a Lie derivative is N :
(boolean combination of predicates,

issues with boundaries!)

0 (somewhere)!?

LZZs, f.51vss(X) 1= VX ((51(X) A ((51(X) V 82(X)) A gsyvs, (X)) = Ings, (X))

((ms1(X) A ((s1(X) V $2(X)) ATvlng,s,vs, (X)) = ~IvIngs, (X)))



Checking differential invariants - the hard truth

J N 51— [X = f(X) & (s1V 52)]s1

Some intuition: checks what happens on the

K ¥ o
m— border using the Lie derivative
o

L(J)ca —a Lia = ﬁl}ff_laf L}c (CE‘) > ()

What if we have a semi-algebraic set?
(boolean combination of predicates,
issues with boundaries!)

What if a Lie derivative is
0 (somewhere)!?

Conditions on the lie derivatives

LZZs, f,5,vs(X) = VX ((51(X) A ((1(X) V 52(X)) A g, v, (X)) = Ings, (X))A



Checking differential invariants - the hard truth

S1 — [X — f(X) & (81 \V4 82)]81

Some intuition: checks what happens on the
S border using the Lie derivative

.l W —— |

L(J)caza Lia = aXLZ 1af L}c(CE‘) > ()

What if we have a semi-algebraic set?
(boolean combination of predicates,
issues with boundaries!)

What if a Lie derivative is
0 (somewhere)!?

Conditions on the lie derivatives

LZZ4, fapves(X) 1= VX ((51(X) A ((51(X) V 52(X)) A g,y (X)) = Inge (X))A
(=51(X) A ((51(X) V 52(X)) A ToIngg,vsy (X)) — —TvIng,., (X))

Complete and sound (can be expressed as a semialgebraic set, i.e. nonlinear real arithmetic)




Transition relation of the decomposition (2/2)

TA::EIX,X’.(/\ v, > p(X /\/\ v, p(X
peP peEP

\/ (51(X) A so(XVYANIX.ALZZy, f.6,vs,(X)))

(s1,82)€2FPa x2Fa
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Transition relation of the decomposition (2/2)

Encode that s| moves to s2
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Transition relation of the decomposition (2/2)

Encode that s| moves to s2

(works because LZZ is
complete)

TA::EIX,X’.(/\ v, > p(X /\/\ v, p(X
peP peEP

\/ (51(X) A so(XVYANIX.ALZZy, f.6,vs,(X)))

(s1,82)€2FPa x2Fa

Issue: we still encode an exponential

number of transitions

The encoding is “trivial” but unfeasible

|3



Linear algebraic decomposition
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Restating our goal

Tp:=3X,X".( )\ (vp < p(X)A N (v, < p(X))A

\/ (51(X) A so(X)YANIX.LZZs, f.6,vs,(X)))

(s1,82)€2Fa x2Fa

simplify LZZ
encode the LZZ conditions

“by predicate” instead of “by
abstract state”

Ty :=3X,X".( N\ (v, & pX)A N (v, ¢ p(X) AT

Linear in the number of

polynomials

|5



Simplifying LZZ

LZZ4, fapves(X) 1= VX ( (51(X) A ((51(X) V 52(X)) A I yv6, (X)) = Tnge, (X))A
(=51 () A ((51(F) V 52(X)) A ToIny s,ves (X)) = —TvIng.s, (X))

By boolean simplifications

and distributivity of In and
lvin operators

:=VX.((=81(X)V —Inse,(X)VIngs (X))A

_ - - “simpler formula”
(51(X) V =s2(X) V -Iving s, (X)))

~LZZs1 5.s1vs2 =(51(X) Nng e, (X) A —Ing s, (X))V And in the end we want the
(m81(X) A so(X) A Tvlng g, (X)) negation of LZZ

|6



Splitting the LZZ condition

Th:=3X, X" X.(/\ (v < p(X

peP

(s1,82)€2F a x2Fa

Again... some boring

rewriting...

€

/\/\va

peP

(X)) A so(X')ANLZZs, f,51vs,))

TA::EIX,X’,Y.(/\ v, <> p(X /\/\ v, > p(X")) A (
peP peP
\/ (51(X) A sa( XY A s1(X) Ay o, (X) A=Ingq, (X))V

(s1,82)€2Fa x2Fa

\/ (51(X) A s2(X') A =51(X) A so(X) A Tvlng g, (X))))

(s1,82)€2FPa x2Fa
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Again... some boring

rewriting...

DA N (o < p(X7)A

€

peP

(X)) A so(X')ANLZZs, f,51vs,))

What we gain: split the

checks of LZZ

TA::EIX,X’,Y.(/\ v, <> p(X /\/\ v, > p(X")) A (
peP peP
Vo (510X A sa(X) A 51(R) A Tgay (X) A ~Tibgay ()
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\/ (51(X) A s2(X') A =51(X) A so(X) A Tvlng g, (X))))

(s1,82)€2FPa x2Fa

“forward’ and “backward”

|7



Splitting the LZZ condition

Th:=3X, X" X.(/\ (v < p(X

peP

V

(s1,82)€2F a x2Fa

Again... some boring

rewriting...

DA N (o < p(X7)A

€

peP

(X)) A so(X')ANLZZs, f,51vs,))

What we gain: split the

checks of LZZ

TA::EIX,X’,Y.(/\ v, <> p(X /\/\ v, > p(X")) A (
peP peP
Vo 510X A sa(X) A 51(R) A Tg s (X) A gy ()

(s1,82)€2Fa x2Fa

\/ (51(X) A s2(X') A =51(X) A so(X) A Tvlng g, (X))))

(s1,82)€2FPa x2Fa

“forward’ and “backward”

|7



Express each condition predicate-by-predicate

=V (10 A(X) Asi(X) A Inge, (X) A =Ings, (X))

(81,82)€2Pa x 2Fa

— \/ ( N\ aX)y=on A aXhon A aX)<0n A Inpao@)A \ —Inge

(s1,82)€2Pa x2Pa axi0€sy a<i0€ sy a<i0€ sy a<0€ s2 ar<i0€sq

= \/ ( /\ a(X) <0 A /\ a(X) a0 A /\ a(X) >0 A /\ Ing s (X) A \/ —Ing g

(s1,82)€2Fa x2Pa a<i0€sy ar<i0€sq ar<i0€ s ar<i0€ so a<i0€ s
= /\ a(X) <0 — a(X) > 0A
acAxe{>,<,=}
A a(X') >0 = Inf ama0(X)A

acA<e{>,<,=}

\/ a(X) <0 = (—In s apa0(X)

acAxe{>,<,=}

18
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aAUSE€ We

We get a linear encoding of the tes)
decomposition
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Evaluation
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Settings

® Non-linear safety verification benchmarks from
Sogokon, Ghorbal,

Jackson, Platzer,

® Fix polynomial for the abstraction (factors anqUVSERy

derivatives)
® Evaluate:
® “Reach™: Explicit reachability analysis Sogokon, Ghorbal,

Jackson, Platzer,

® Using different solvers: Mathematica, z3 MiSakME

® “DWCL": find invariant predicates and call reach as
subroutine

® “ic3”:linear encoding + ic3 model checking algorithm
Cimatti et al TACAS 2014

Cimatti et al TACAS 2017
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Conclusions
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Conclusions

® First step to apply symbolic techniques to polynomial
dynamics

® Mixed experimental results
® Positive: safe vs. naive reachability computation

® Negative: unsafe, vs. DWCL
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Future Works

® Near future:
® Extend the experiments

® Understand bottlenecks in the verification algorithm (e.g.,
solver...)

® Use more efficient formulation of LZZ (recent tech
report from Sogokon and Ghorbail)

® Try to prove simple hybrid systems

23



