
Characteristic functions for set computation
µ-factory

Fuzzy sets

Fuzzy set estimation using interval tools;

Application to localization

L. Jaulin, J. Tillet, F. Le Bars and R. Boukezzoula

AID meeting, 15-16 June 2022

Palaiseau, ENSTA-Paris

L. Jaulin, J. Tillet, F. Le Bars and R. Boukezzoula
Fuzzy set estimation using interval tools; Application to localization

https://www.ensta-bretagne.fr/jaulin/
https://www.ensta-bretagne.fr/robex/
https://www.ensta-bretagne.fr/sperob/
https://www.ensta-bretagne.fr/rob/gth/
https://www.defense.gouv.fr/dga
http://gdr-macs.cnrs.fr/
https://labsticc.fr/en/teams/robex
https://www.ensta-bretagne.fr
https://www.gdr-robotique.org/
https://www.univ-brest.fr/
https://www.ensta-bretagne.fr/jaulin/


Characteristic functions for set computation
µ-factory

Fuzzy sets

Characteristic functions for

set computation

L. Jaulin, J. Tillet, F. Le Bars and R. Boukezzoula
Fuzzy set estimation using interval tools; Application to localization

https://www.ensta-bretagne.fr/jaulin/


Characteristic functions for set computation
µ-factory

Fuzzy sets

One robot at position (x1,x2) measures a distance [d ] to the
landmark m.
The corresponding granule is

Z =

{
x ∈ R2 |

√
(x1−m1)2 + (x2−m2)2 ∈ [d ]

}
Its characteristic function is ζ (x).
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With more landmarks, we have more granules

Zj =

{
x ∈ R2 |

√
(x1−m1(j))2 + (x2−m2(j))2 ∈ [dj ]

}
j 1 2 3 4

[dj ] [2,4] [4,6] [7,9] [4,6]

m(j) (−1,3) (5,2) (8,−1) (1,−5)

and more characteristic function ζ j(x).
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We de�ne a score function σ :{0,1}m 7→ [0,1] as

σ (0,0, . . . ,0) = 0
σ (1,1, . . . ,1) = 1
∀j ,aj ≤ bj ⇒ σ (a1, . . . ,am)≤ σ (b1, . . . ,bm)
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The membership function associated with the granules Zj and the
score function σ is

µ(x) = σ
(
ζ
1(x), . . . ,ζm(x)

)
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For instance, if

σ (b1,b2,b3,b4) =
b1 +2b2 +b3 +b4

5

we get

µ(x) =
ζ 1(x) +2ζ 2(x) + ζ 3(x) + ζ 4(x)

5
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Set algebra v.s. score function
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The set associated with the granules Zj , the score function σ , the
degree α ∈ [0,1] is

X =
{
x |σ

(
ζ
1(x), . . . ,ζm(x)

)
≥ α

}
.

L. Jaulin, J. Tillet, F. Le Bars and R. Boukezzoula
Fuzzy set estimation using interval tools; Application to localization

https://www.ensta-bretagne.fr/jaulin/


Characteristic functions for set computation
µ-factory

Fuzzy sets

Example 1. We have

Z1∩Z2 =

{
x | ζ

1(x) + ζ 2(x)

2
≥ 1

}
Thus

∩ ↔
{

σ(b1,b2) = b1+b2
2

α = 1
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Equivalently

Z1∩Z2 =
{
x |min(ζ

1(x),ζ 2(x))≥ 1
}

Thus

∩ ↔
{

σ(b1,b2) = min(b1,b2)
α = 1
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Example 2. We have

Z1∪Z2 =

{
x | ζ

1(x) + ζ 2(x)

2
≥ 1

2

}
Thus

∪ ↔
{

σ(b1,b2) = b1+b2
2

α = 1
2
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Equivalently

Z1∪Z2 =
{
x |max(ζ

1(x),ζ 2(x))≥ 1
}

Thus

∪ ↔
{

σ(b1,b2) = max(b1,b2)
α = 1
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Example 3. We have

(Z1∩Z2)∪ (Z2∩Z4)∪ (Z2∩Z3)∪ (Z1∩Z3∩Z4)

=
{
x | ζ1(x)+2ζ2(x)+ζ3(x)+ζ4(x)

5
≥ 1

2

}
Thus {

σ(b1, . . . ,b4) = b1+2b2+b3+b4
5

α = 1
2
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Example 4. We have

{q}⋂
Zj =

{
x | 1

m ∑
j

ζ
j(x)≥ 1− q

m

}
Thus {

σ(b1, . . . ,bm) = 1
m ∑j bj

α = 1− q
m
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Example 5. We have

Z1 ∩
{q}⋂

Zj . =

{
x |min

(
ζ
1(x),

1

m ∑
j

ζ
j(x)

)
≥ 1− q

m

}
Thus {

σ(b1, . . . ,bm) = min
(
b1,

1
m ∑j bj

)
α = 1− q

m
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σ α X
b1+b2

2
1 Z1∩Z2

b1+b2
2

0.5 Z1∪Z2

b1+2b2+b3+b4
5

0.5
(Z1∩Z2)∪ (Z2∩Z4)∪

(Z2∩Z3)∪ (Z1∩Z3∩Z4)
1
m ∑j bj 1− q

m

⋂{q}Zj

min
(
b1,

1
m ∑j bj

)
1− q

m Z1 ∩
⋂{q}Zj .
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from codac import *

from MuSolve import SepMu

from vibes import vibes

M = [(-1,3),(5,2),(8,-1),(1,-5)]

D=[Interval(2,4),Interval(4,6),Interval(7,9),Interval(4,6)]

def σv(s):

b1,b2,b3,b4 = s

return (b1+2*b2+b3+b4)/5

S = []

for i,m in enumerate(M):

f=Function("x","y",f"({m[0]}-x)^2 + ({m[1]}-y)^2")

S.append(SepFwdBwd(f,sqr(D[i])))

SIVIA([[-10,12],[-12,10]],SepMu(S,σv,0.7))
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Characteristic functions Set algebra

Operators max,min,+,−, · ∪,∩,¬
Graduality Yes No
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Transformation
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Take
ζ 1(x) +2ζ 2(x) + ζ 3(x) + ζ 4(x)

5
≥ 1

2
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ζ1(x)+2ζ2(x)+ζ3(x)+ζ4(x)
5

≥ 1
2

→ (Z1∩Z2)∪ (Z2∩Z4)∪ (Z2∩Z3)∪ (Z1∩Z3∩Z4)
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Reciprocally

(Z1∩Z2)∪ (Z2∩Z4)∪ (Z2∩Z3)∪ (Z1∩Z3∩Z4)

→ max


min(ζ 1(x),ζ 2(x))
min(ζ 2(x),ζ 4(x))
min(ζ 2(x),ζ 3(x))

min(ζ 1(x),ζ 3(x),ζ 4(x))

≥ 1
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A contractor C [1] X is an operator IRn 7→ IRn such that

C ([x])⊂ [x] (contractance)
C ([x])∩X⊂ [x]∩X (consistency)
[x]⊂ [y] ⇒ C ([x])⊂ C ([y]) (monotonicity)
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A contractor for

X = (Z1∩Z2)∪ (Z2∩Z4)∪ (Z2∩Z3)∪ (Z1∩Z3∩Z4)

is

CX = (CZ1
∩CZ2

)∪ (CZ2
∩CZ4

)∪ (CZ2
∩CZ3

)∪ (CZ1
∩CZ3

∩CZ4
)
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The constraint

x∈(Z1∩Z2)∪ (Z2∩Z4)∪ (Z2∩Z3)∪ (Z1∩Z3∩Z4)

can be rewritten as

bi = (x ∈ Zi )
1 = (b1∧b2)∨ (b2∧b4)∨ (b2∧b3)∨ (b1∧b3∧b4)
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The constraint

x∈(Z1∩Z2)∪ (Z2∩Z4)∪ (Z2∩Z3)∪ (Z1∩Z3∩Z4)

can be rewritten as

z(i) ∈ Zi

bi = (x = z(i))
1 = (b1∧b2)∨ (b2∧b4)∨ (b2∧b3)∨ (b1∧b3∧b4)
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The constraint

x∈(Z1∩Z2)∪ (Z2∩Z4)∪ (Z2∩Z3)∪ (Z1∩Z3∩Z4)

can be rewritten as
z(i) ∈ Zi

bi = (x = z(i))
σ(b1, . . . ,b4)≥ 1
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The constraint

x∈(Z1∩Z2)∪ (Z2∩Z4)∪ (Z2∩Z3)∪ (Z1∩Z3∩Z4)

can be rewritten [3] as

z(i) ∈ Zi

σ((x = z(1)) , . . . ,(x = z(m)))≥ 1
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We de�ne

µ
σ
α (x,z(1), . . . ,z(m)) ⇔ σ((x = z(1)) , . . . ,(x = z(m)))≥ α
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Constraint network [2]
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µσ
α ⊃

⋂{q]
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We mean that we propose a generalization of the relaxed
intersection algorithm
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Take
σ((x = z(1)) , . . . ,(x = z(m)))≥ α

z(i) ∈ [z](i)
x ∈ [x]

Contract [z](i) and [x].
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Example

σ ((x = z(1)) , . . . ,(x = z(m)))≥ 2
3

where

σ(b1,b2,b3) =
b1 +b2 +b3

3
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Moreover, we get the correspondences

z(1) = z(3) = x 6= z(2)

or equivalently
b1 = b3 = 1 and b2 = 0
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Proposition (De Morgan rule). The complementary set of the
X =

{
x | σ

(
ζ 1(x), . . . ,ζm(x)

)
≥ α

}
is

X =
{
x | σ̄

(
ζ̄
1(x), . . . , ζ̄m(x)

)
> ᾱ

}
where

ζ̄
j = 1−ζ

j

σ̄ (b1, . . . ,bm) = 1−σ (1−b1, . . . ,1−bm)

ᾱ = 1−α .
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from codac import *

from MuSolve import SepMu

from vibes import vibes

M = [(-1,3),(5,2),(8,-1),(1,-5)]

D=[Interval(2,4),Interval(4,6),Interval(7,9),Interval(4,6)]

def σv(s):

b1,b2,b3,b4 = s

return (b1+2*b2+b3+b4)/5

S = []

for i,m in enumerate(M):

f=Function("x","y",f"({m[0]}-x)^2 + ({m[1]}-y)^2")

S.append(SepFwdBwd(f,sqr(D[i])))

SIVIA([[-10,12],[-12,10]], SepMu(S,σv,0.7) )
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Consider m granules Z1, . . . ,Zm of Rn, and a score function σ . The
corresponding fuzzy set X is

µX :

{
Rn → [0,1]
x → σ

(
ζ 1(x), . . . ,ζm(x)

)
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An α-cut of a fuzzy set X is the crisp set:

Xα = {x |µX(x)≥ α}=
{
x | σ

(
ζ
1(x), . . . ,ζm(x)

)
≥ α

}
where α is membership degree.
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Application to localization
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Underwater robot in a pool, equipped with a sonar, a compass and
a manometer.
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Echo collected after the kth ping
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Walls: w̄ segments W(w) , w ∈ {1, . . . , w̄} .
Bearings θ1, . . . ,θk̄ .
Distance interval [dk,`]
Location x = (x1,x2)T
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The granules are

Zk,w ,` = {x ∈ R2 | ∃d ∈ [dk,`],∃m = (m1,m2) ∈W(w)
m1 = x1 +d cosθk ,m2 = x2 +d sinθk }

Z0 = Pool
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De�ne the fuzzy set X as

µX(x) =
1

k̄
∑

k∈{1,...,k̄}
max

`∈{1,...,¯̀(k)}
max

w∈{1,...,w̄}
min

(
ζ
k,w ,`(x),ζ 0(x)

)
Note that

max`∈{1,...,¯̀(k)}maxw∈{1,...,w̄}min
(
ζ k,w ,`(x),ζ 0(x)

)
= 1

⇔ ∃` ∈
{
1, . . . , ¯̀(k)

}
,∃w ∈ {1, . . . , w̄} ,x ∈ Zk,w ,`∩Z0,
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