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Cart-pole control
Inverted pendulum on the cart can be modeled as follows

Or in canonical state space ODE form

i.e. control + disturbance
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Cart-pole control. PID.

The controller keeps pendulum in up right position, but position of the
cart goes to infinity....
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Cart-pole control
Lineralized model 

Design a feedback controller u = g(x) such that

robustly to any initial condition

and any disturbance
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Let’s first consider the case with no
disturbance

i.e. should be asymptotically stable

i.e. matrix K should be such that
 all eigenvalues of matrix (A-BK) have negative real parts



Eigenvalues assigntement
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Cart-pole control. 
Linear full state feedback controller
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Linear Quadratic Regulator



Linear Quadratic Regulator

Python control system library
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Cart-pole control. LQR.

When Q is “larger” the state converges “faster”



Cart-pole control. LQR.

but, to converge
faster we need to use

more aggressive
control



Cart-pole control. LQR.

but, to converge
faster we need to use

more aggressive
control

which is not always feasible
due the actuator constraints



Cart-pole control. LQR.

by increasing R we
ask the controller to

less aggressive



Cart-pole control. LQR.

but the state converges slower



 Linear Quadratic Regulator



We have designed a regulator for non
disturbed case

i.e. if (A,B) is controllable then 
we always can chose matrix K  such that

 all eigenvalues of matrix (A-BK) 
have negative real parts

Consequently                                   asymptotically stable

i.e. design a linear full state feedback controller u = -Kx such that

robustly to any initial condition



What if we do have disturbances?
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Stability of LTI systems



It is know that...



It is know that...



Let’s disturbance is bounded...
i.e. if (A,B) is controllable then 

we always can chose matrix K  such that
 all eigenvalues of matrix (A-BK) 

have negative real parts

Consequently                                   asymptotically stable

i.e. design a linear full state feedback controller u = -Kx such that

robustly to any initial condition

and any bounded disturbance



Cart-pole control. PID.
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Cart-pole control. LQR



Cart-pole control. 
Linear full state feedback controller.



Stabilisation
vs

Reference tracking



DC motor control design

A common actuator in control systems is the DC motor. It
directly provides rotary motion and, coupled with wheels

or drums and cables, can provide translational motion.



Reference tracking 

Design a linear full state feedback controller u = -Kx such that

robustly to any initial condition

and any disturbance



Reference tracking 

Design a linear full state feedback controller u = -K(x - x_ref) s.t.

robustly to any initial condition

and any disturbance

add another term



Reference tracking 

Design a linear full state feedback controller u = -K(x - x_ref) s.t.

robustly to any initial condition

and any disturbance



Reference tracking 

acts as a disturbance

The faster non disturbed system converges to zero, the better it tracks a
reference trajectory.

Unfortunately, the faster it converges, the more energy is required.

The precise tracking of x_ref is not guaranteed



Reference tracking 

Let us assume that
is constant

number of non-zero elements in x_ref is less (or equal)
than number of control inputs



Robust tracking: integral action

Let’s start with single input, 
single non - zero constant reference to track
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Robust tracking: integral action
for MIMO system
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